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Abstract: In this paper, we investigate a class of multi-term implicit fractional differential equation
with boundary conditions. The application of the Schauder fixed point theorem and the Banach
fixed point theorem allows us to establish the criterion for a solution that exists for the given
equation, and the solution is unique. Afterwards, we give the criteria of Ulam–Hyers stability
and Ulam–Hyers–Rassias stability. Additionally, we present an example to illustrate the practical
application and effectiveness of the results.
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1. Introduction

In recent years, because of the prevalence of fractional derivatives and integrals in
modeling biological systems, such as population dynamics and erythrocyte sedimentation
rates, etc. (see [1–3]), the qualitative and stability analyses of fractional differential equa-
tions has garnered considerable interest and attention. Regarding the studies of stability
problems, based on the Lyapunov method, scholars proposed many different concepts of
stability, such as equi-stability, Lipschitz stability, and practical stability, which are docu-
mented in the literature [4–6]. However, the difficulty lies in finding and calculating the
appropriate Lyapunov functions, which limited the application of this method in a certain
sense. Ulam [7] introduced the concept of Ulam stability in 1940. This stability is not
only convenient to obtain, but also solves the problem of finding exact solutions of nonlin-
ear differential equations. It ensures the existence of approximate solutions to equations,
which is crucial in optimization and numerical analysis. Since then, Hyers [8] refined the
Ulam–Hyers stability, and Rassias [9] further developed the Ulam–Hyers–Rassias stability.
At present, researchers have made progress in studying the existence and Ulam stability
analysis of fractional differential equations (see [10–14]). We note that there are few results
on fractional differential equations with multiple terms. For example, Alam et al. [15] con-
ducted a study on the existence and Ulam–Hyers stability of two-term implicit fractional
order differential equations as follows:

(K1
cDα1 + K2

R Iα2)u(t) =R Iα3 ϕ1(t, (K1
cDα1 + K2

R Iα2)u(t))
+ ϕ2(t, (K1

cDα1 + K2
R Iα2)u(t)),

u(0) = 0, cD1u(0) = 0,∫ 1
0 u(s)ds +

∫ 1
0

cD1u(s)ds =
∫ 1

0
(1−s)α4−1

Γ(α4)
u(s)ds,
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where the functions ϕ1, ϕ2 : J ×R → R, and the parameters α1 ∈ (2, 3), α2, α3, α4 ∈ (0, 1),
t ∈ J = [0, 1]. K1, K2 are nonzero constants. cDα1 u(t) represents the Caputo fractional
derivative of the function u(t), and R Iα2 u(t) represents the Riemann–Liouville fractional
integral of the function u(t).

In 2022, Rahman et al. [16] focused on exploring the existence and Ulam–Hyers–
Rassias stability of a class of n-order multi-term fractional differential equations with
a delay: 

(
n
∑

i=1
λi

cDαi )x(t) = f (t, x(t), x(σt)),

x(0) = 0, dl x(0)
dxl = 0, l = 1, 2, · · · , n − 2,

x(1) =
n−2
∑

l=1
δl x(ηl), δl ∈ R, ηl ∈ (0, 1), l = 1, 2, · · · , n − 2,

where the function f : J ×R×R → R, the parameters α1 ∈ (n − 1, n), αi ∈ (0, 1), i = 2,
3, · · · , n. t ∈ J = [0, 1]. λi are positive constants. cDαi x(t) represents the Caputo fractional
derivative of the function x(t).

In this paper, we extend our investigation to address a multi-term implicit fractional
differential equation that includes boundary problems:

(
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Iqj)u(s) = f (s, u(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Iqj))u(s)),

u(0) = 0, cDlu(0) = 0, l = 1, 2, · · · , n − 2,
u(1) = R Iωu(η),

(1)

where the function f : J ×R×R → R, and the parameters q1 ∈ (n − 1, n), qi ∈ (0, 1), i = 2,
3, · · · , n, pj ∈ (0, 1), j = 1, 2, · · · , n. ω ∈ (0, 1), s ∈ J = [0, 1], η ∈ [0, 1]. λi, Kj are positive
constants. cDqi u(s) represents the Caputo fractional derivative of the function u(s), and
R Ipj u(s) represents the Riemann–Liouville fractional integral of the function u(s).

The purpose of this paper is extend the form of high-order implicit differential equa-
tions with integral terms, and obtain results on the existence, uniqueness, and stability
of the solutions to such equations. We employ the fixed point theorem to establish the
existence results of Equation (1). Additionally, we give the criteria of Ulam–Hyers stability
and Ulam–Hyers–Rassias stability for Equation (1). Furthermore, we provide an illustrative
example to showcase the practical effectiveness of the obtained results.

2. Existence of Solutions

The following basic definitions, lemmas and theorems are provided first.
Let C(J,R) denote the Banach space of all continuous functions from J to R, where

the norm is defined as ||u||∞ = sup
s∈J

{|u(s)|}.

Definition 1 (See [2]). The q order Riemann–Liouville fractional integral of the integrable function
u(s) is defined as

R Iqu(s) =
1

Γ(q)

∫ s

0
(s − z)q−1u(z)dz, s ∈ J.

Definition 2 (See [2]). The q order Caputo fractional derivative of the differentiable function u(s)
is defined as

cDqu(s) =
1

Γ(n − q)

∫ s

0
(s − z)q+n−1u(n)(z)dz, s ∈ J,

where n = [q], i.e., n is the smallest integer not exceeding q.
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Lemma 1 (See [2]). Let q1 > q2 > 0, and u(s) is a integrable function on [0, b]; then, for any
s ∈ [0, b], there is

R Iq1
0+(

R Iq2
0+u(s)) = R Iq1+q2

0+ u(s);
cDq1

0+(
cDq2

0+u(s)) = cDq1+q2
0+ u(s);

R Iq1
0+(

cDq2
0+u(s)) = R Iq1−q2

0+ u(s).

Lemma 2 (See [17]). The solution of fractional differential equation cDqu(s) = 0 (n − 1 < q ≤ n)
is given by

u(s) = a0 + a1s + a2s2 + · · ·+ an−1sn−1,

where ak ∈ R, k = 0, 1, 2, . . . , n − 1.

To establish the existence results of Equation (1), we derive an equivalent integral
expression of Equation (1).

Theorem 1. Let u(s) ∈ C(J,R); the equivalent integral form of Equation (1) is

u(s) =
1
q1

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz +

sn−1

∆

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ϕ(z)dz

−
m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1u(z)dz −

m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1u(z)dz

− 1
Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1ϕ(z)dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1u(z)dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1u(z)dz

]}
,

where ϕ(s) = f (s, u(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)u(s)), and ∆ = 1− ηn+ω

Γ(ω)ω(ω+1)···(ω+n)(n−1)! ̸= 0.

Proof. After integrating the q1 order on both sides of Equation (1), according to Lemmas 1 and 2,
we obtain

R Iq[cDqu(s)] =
1

λ1

[ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz

]
.

Then, we use the following relationship that exists between fractional integral and
derivative [17]

R Iq[cDqu(s)] = u(s) + b0 + b1s + b2s2 + · · ·+ bn−1sn−1, (2)
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where ak ∈ R, k = 0, 1, 2, . . . , n − 1, and we obtain

u(s) =
1

λ1

[ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz

]
+ a0 + a1s + a2s2 + · · ·+ an−1sn−1.

(3)

Using the boundary condition u(0) = 0, we have a0 = 0. Then, by differentiating (3),
we obtain

cD1u(s) =
1

λ1

[ 1
Γ(q1)

∫ s

0
(s − z)q1−2ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − αi − 1)

∫ s

0
(s − z)q1−qi−2u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj − 1)

∫ s

0
(s − z)q1+pj−2u(z)dz

]
+ a1 + · · ·+ (n − 1)an−1sn−2. (4)

From the boundary condition cD1u(0) = 0, we have a1 = 0. Continuing differentiating
(4), we obtain a2 = 0. Repeating the process, we obtain a3 = a4 = · · · = an−2 = 0. Then,

u(s) =
1

λ1

[ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz

]
+ an−1sn−1.

(5)

By integrating the ω order on both sides of (5), we obtain

R Iωu(s) =
1

λ1

[ 1
Γ(q1)

∫ s

0
(s − z)ω+q1−1ϕ(z)dz

−
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ s

0
(s − z)ω+q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ s

0
(s − z)ω+q1+pj−1u(z)dz

]
+ an−1

sn+ω

Γ(ω)ω(ω + 1) · · · (ω + n)(n − 1)!
.

(6)

According to the boundary condition u(1) = R Iωu(η), it follows that

an−1

(
1 − ηn+ω

Γ(ω)ω(ω + 1) · · · (ω + n)(n − 1)!

)
=

1
q1

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1u(z)dz − 1

Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1ϕ(z)dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1u(z)dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1u(z)dz

]
.

Let ∆ = 1 − ηn+ω

Γ(ω)ω(ω+1)···(ω+n)(n−1)! , then we obtain
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an−1 =
1

λ1∆

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1u(z)dz − 1

Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1ϕ(z)dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1u(z)dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1u(z)dz

]
.

(7)

Substituting (7) into (3), there is

u(s) =
1

λ1

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz +

sn−1

∆

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ϕ(z)dz

−
m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1u(z)dz −

m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1u(z)dz

− 1
Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1ϕ(z)dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1u(z)dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1u(z)dz

]}
.

In summary, the conclusion is confirmed.

In order to demonstrate the existence and uniqueness results, it is customary to assume
that the following conditions are satisfied.

Hypothesis 1 (H1). For any s ∈ J, there exist non-negative constants L1 and L2, such that

| f (s, u1, u2)− f (s, v1, v2)| ≤ L1|u1 − u1|+ L2|v2 − v2|.

Hypothesis 2 (H2). For any s ∈ J, there exist bounded functions c1(s), c2(s) and c3(s), such that

| f (s, u1(s), u2(s))| ≤ c1(s) + c2(s)|u1(s)|+ c3(s)|u2(s)|.

Define the operator F : C(J,R) → C(J,R) as

Fx(t) =
1
q1

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1ϕ(z)dz −

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1u(z)dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1u(z)dz +

sn−1

∆

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ϕ(z)dz

−
m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1u(z)dz −

n

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1u(z)dz

− 1
Γ(q + ω)

∫ η

0
(η − z)ω+q1−1ϕ(z)dz
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+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1u(z)dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1u(z)dz

]}
,

where ϕ(s) = f (s, u(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)u(s)).

2.1. Existence Result Using the Shauder Fixed Point Theorem

In this current subsection, we prove the existence result of Equation (1) using the
Shauder fixed point theorem.

Theorem 2. Assume that the conditions (H1) and (H2) are satisfied; then, Equation (1) has at least
one solution.

Proof. We define a subspace B = {u ∈ C(J,R) : ||u|| ≤ d}, where

d ≤ c1

λ1|∆|

( 1 + |∆|
Γ(q1 + 1)

+
ηω+q1

Γ(ω + q1 + 1)

)
(1 − θ)−1, (8)

θ =
1

λ1|∆|

[
h
( 1 + |∆|

Γ(q1 + 1)
+

ηω+q1

Γ(ω + q1 + 1)

)
+

m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

|∆|Γ(ω + q1 + pj)

)]
.

(9)

Step 1. We prove that Fu ⊂ B. Indeed, for any u ∈ B, there is

||Fu|| ≤ 1
λ1|∆|

sup
s∈J

{ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1|ϕ(z)|dz +

m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1|u(z)|dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1|u(z)|dz +

1
Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1|ϕ(z)|dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1|u(z)|dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1|u(z)|dz

}
+

1
λ1

sup
s∈J

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1|ϕ(z)|dz +

m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1|u(z)|dz

−
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1|u(z)|dz

}
.

(10)

By condition (H2), we have

|ϕ(s)| =
∣∣∣ f (s, u(s), (

m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)u(s))

∣∣∣
≤ c1(s) + c2(s)|u(s)|+ c3(s)

∣∣∣( m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)u(s)

∣∣∣
≤ c1(s) +

[
c2(s) + c3(s)

( m

∑
i=1

λi
Γ(1 − qi)

+
m

∑
j=1

Kjs
pj

Γ(1 + pj)

)]
|u(s)|.
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Let h = c2 + c3
( m

∑
i=1

λi
Γ(1−qi)

+
m
∑

j=1

Kj
Γ(1+pj)

)
, where c2 = sup

s∈J
c2(s), c3 = sup

s∈J
c3(s). Then,

we obtain
|ϕ(s)| ≤ c1 + h|u(s)|, (11)

where c1 = sup
s∈J

c1(s). Substituting (11) into (10), we have

||Fu|| ≤c1

( 1 + |∆|
|∆|λ1Γ(q1 + 1)

+
ηω+q1

|∆|λ1Γ(ω + q1 + 1)

)
+

[
h
( 1 + |∆|
|∆|λ1Γ(q1 + 1)

+
ηω+q1

|∆|λ1Γ(ω + q1 + 1)

)
+

m

∑
i=2

λi
λ1

( 1 + |∆|
|∆|Γ(q1 − qi + 1)

+
ηω+q1−qi

|∆|Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

λ1

( 1 + |∆|
|∆|Γ(q1 + pj + 1)

+
ηω+q1+pj

|∆|Γ(ω + q1 + pj)

)]
||u(s)||

≤d.

Step 2. To establish the continuity of the operator F, we consider a sequence {un} ∈ B,
when n → ∞, un → u. Our aim is to demonstrate that as n → ∞, Fun → Fu. Notice that

|Fun(s)− Fu(s)| ≤ 1
λ1|∆|

sup
s∈J

{ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1|ϕn(z)− ϕ(z)|dz

+
m

∑
i=2

λi
λ1Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1|un(z)− u(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1|un(z)− u(z)|dz

+
1

Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1|ϕn(z)− ϕ(z)|dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1|un(z)− u(z)|dz

+
n

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1|un(z)− u(z)|dz

}
+

1
λ1

sup
s∈J

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1|ϕn(z)− ϕ(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1|un(z)− u(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1|un(z)− u(z)|dz

}
.

By the Lebesgue dominated convergent theorem, when n → ∞, ||Fun − Fu|| → 0.
Step 3. Now, we prove that F maps bounded sets into equalcontinuous sets.
Let s1 < s2; then, we can obtain the following relationship:
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|Fu(s1)− Fu(s2)| ≤
|s2 − s1|

λ1|∆|
sup
s∈J

{ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1|ϕ(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1|u(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1|u(z)|dz

+
1

Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1|ϕ(z)|dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1|u(z)|dz

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1|u(z)|dz

}
+

1
λ1

sup
s∈J

{ 1
Γ(q1)

∫ s1

0

(
(s2 − z)q1−1 − (s1 − z)q1−1)|ϕ(z)|dz

+
1

Γ(q1)

∫ s2

s1

(s2 − z)q1−1|ϕ(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ s1

0

(
(s2 − z)q1−qi−1 − (s1 − z)q1−qi−1)|u(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ s2

s1

(s2 − z)q1−qi−1|u(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s1

0

(
(s2 − z)q1+pj−1 − (s1 − z)q1+pj−1)|u(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s2

s1

(s2 − z)q1+pj−1|u(z)|dz
}

.

(12)

According to condition (H2), there is

|Fu(s1)− Fu(s2)| ≤
|s2 − s1|

λ1|∆|

{
(c1 + hd)(

1
Γ(q1)

+
ηω+q1

Γ(ω + q1 + 1)
)

+
d

λ1

[ m

∑
i=2

λi

( 1
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi + 1)

)
+

m

∑
j=1

Kj

( 1
|∆|Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj + 1)

)]}
+

1
λ1

[ (c1 + hd)(s2 − s1)
q1

Γ(q1)

+ d
m

∑
i=2

λi
Γ(q1 − qi)

( sq1−qi
2 − (s2 − s1)

q1−qi

q1 − qi
−

sq1−qi
1 − (s1 − s2)

q1−qi

q1 − qi

)
+ d

m

∑
j=1

Kj

Γ(q1 + pj)

( s
q1+pj
2 − (s2 − s1)

q1+pj

q1 + pj
−

s
q1+pj
1 − (s1 − s2)

q1+pj

q1 + pj

)]
,

when s1 → s2, we obtain |Fu(s1)− Fu(s2)| → 0.
In conclusion, by applying the Arzelà–Ascoli theorem, we can deduce that the operator

F is completely continuous.



Fractal Fract. 2024, 8, 311 9 of 15

Step 4. Lastly, we demonstrate that the set

E = {u ∈ C(J,R) : u = λ∗Fu, λ∗ ∈ (0, 1)}

is bounded.
Suppose u ∈ E; then, we obtain

||u|| = ||λ∗Fu|| ≤ ||Fu|| ≤ 1
λ1|∆|

{
c1

( 1 + |∆|
Γ(q1 + 1)

+
ηω+q1

Γ(ω + q1 + 1)

)
+

[
h
( 1 + |∆|

Γ(q1 + 1)
+

ηω+q1

Γ(ω + q1 + 1)

)
+

m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj)

)]}
||u||

≤d.

By the Shauder fixed point theorem, Equation (1) has at least one solution.

2.2. Existence Result Using the Banach Fixed Point Theorem

Subsequently, we employ the Banach fixed point theorem to establish the existence
and uniqueness result of Equation (1).

Theorem 3. Assume that the condition (H1) is satisfied, and the inequality[( 1 + |∆|
|∆|λ1Γ(q1 + 1)

+
ηω+q1

|∆|λ1Γ(ω + q1 + 1)

)
L3

+
m

∑
i=2

λi
λ1

( 1 + |∆|
|∆|Γ(q1 − qi + 1)

+
ηω+q1−qi

|∆|Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

λ1

( 1 + |∆|
|∆|Γ(q1 + pj + 1)

+
ηω+q1+pj

|∆|Γ(ω + q1 + pj)

)]
<1

(13)

holds, then Equation (1) has a unique solution.

Proof. For any u1, u2 ∈ C(J,R), there is

||Fu1 − Fu2|| ≤
1

λ1|∆|
sup
s∈J

{ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1|ϕ1(z)− ϕ2(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ 1

0
(1 − z)q1−qi−1|u1(z)− u2(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ 1

0
(1 − z)q1+pj−1|u1(z)− u2(z)|dz

+
1

Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1|ϕ1(z)− ϕ2(z)|dz

+
m

∑
i=2

λi
Γ(ω + q1 − qi)

∫ η

0
(η − z)ω+q1−qi−1|u1(z)− u2(z)|dz (14)

+
m

∑
j=1

Kj

Γ(ω + q1 + pj)

∫ η

0
(η − z)ω+q1+pj−1|u1(z)− u2(z)|dz

}
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+
1

λ1
sup
s∈J

{ 1
Γ(q1)

∫ s

0
(s − z)q1−1|ϕ1(z)− ϕ2(z)|dz

+
m

∑
i=2

λi
Γ(q1 − qi)

∫ s

0
(s − z)q1−qi−1|u1(z)− u2(z)|dz

+
m

∑
j=1

Kj

Γ(q1 + pj)

∫ s

0
(s − z)q1+pj−1|u1(z)− u2(z)|dz

}
.

By condition (H1), it follows that

|ϕ1(z)− ϕ2(z)| ≤
[

L1 + L2

( m

∑
i=1

λi
Γ(1 − qi)

+
m

∑
j=1

Kj

Γ(1 + pj)

)]
|u1(z)− u2(z)|. (15)

Let L3 = L1 + L2
( m

∑
i=1

λi
Γ(1−qi)

+
m
∑

j=1

Kj
Γ(1+pj)

)
. Substituting (15) into (14), we obtain

||Fu1 − Fu2|| ≤
1

λ1|∆|

[( 1 + |∆|
Γ(q1 + 1)

+
ηω+q1

Γ(ω + q1 + 1)

)
L3

+
m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj)

)]
||u1 − u2||.

(16)

Consequently, by utilizing Inequality (13), we can conclude that the operator F is
contractive. As a result, we can assert that there exists a unique solution for Equation (1)
based on the Banach fixed point theorem.

3. Ulam Stability

In this section, we give the criterion of Ulam stability for Equation (1). To begin,
we provide the definitions of Ulam–Hyers stability and Ulam–Hyers–Rassias stability for
Equation (1).

Definition 3. Equation (1) has Ulam–Hyers stability if, given a unique solution u(s) ∈ C(J,R),
there exists a positive real number n f > 0, such that, for any ϵ > 0 and v(s) ∈ C(J,R) satisfying
the inequality∣∣∣( m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)v(s)− f (s, v(s), (

m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)v(s))

∣∣∣ ≤ ϵ, (17)

there is
|v(s)− u(s)| ≤ n f ϵ.

Definition 4. Equation (1) is Ulam–Hyers–Rassias stable with respect to ξ(s) ∈ C(J,R) if, given
a unique solution u(s) ∈ C(J,R), there exists a positive real number n f > 0, such that for any
ϵ > 0 and v(s) ∈ C(J,R) satisfying the inequality∣∣∣( m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)v(s)− f (s, v(s), (

m

∑
i=1

λi
cDqi +

m

∑
j=1

Kj
R Ipj)v(s))

∣∣∣ ≤ ϵξ(s), (18)

there is
|v(s)− u(s)| ≤ n f ϵξ(s).

Remark 1. A function v(s) is a solution of the inequality (17), if and only if there exists
σ(s) ∈ C(J,R) that satisfies the following conditions:
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(S1) |σ(s)| ≤ ϵ,

(S2) (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s) = f (s, v(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s)) + σ(s).

Remark 2. A function v(s) is a solution of the inequality (18), if and only if there exists
σ(s) ∈ C(J,R) that satisfies the following conditions:

(S3) |σ(s)| ≤ ϵξ(s),

(S4) (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s) = f (s, v(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s)) + σ(s).

Theorem 4. Assume that condition (H1) is satisfied; then, Equation (1) has Ulam–Hyers stability.

Proof. Given that v(s) is a solution of the inequality (17), and u(s) is the unique solution
of Equation (1), then v(s) satisfies the following equation:

(
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s) = f (s, v(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s)) + σ(s),

v(0) = 0, cDlv(0) = 0, l = 1, 2, · · · , n − 2,
v(1) = R Iωv(η).

(19)

There is

v(s) =Fv(s) +
sn−1

λ1|∆|

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1σ(z)dz

− 1
Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1σ(z)dz

]
+

1
λ1Γ(q1)

∫ s

0
(s − z)q1−1σ(z)dz.

By Remark 1, it follows that

|v(s)− Fv(s)| ≤ ϵ

λ1

[ 1
|∆|

( 1
Γ(q1 + 1)

+
ηω+q1

Γ(q1 + ω + 1)
)
+

1
Γ(q1 + 1)

]
.

Denoting

δ =
1

λ1

[ 1
|∆|

( 1
Γ(q1 + 1)

+
ηω+q1

Γ(q1 + ω + 1)

)
+

1
Γ(q1 + 1)

]
.

Then, it follows that
|v(s)− Fv(s)| ≤ ϵδ.

Thus, we can deduce that

|v(s)− u(s)| ≤|v(s)− Fv(s)|+ |Fv(s)− u(s)|

≤ϵδ +
|v(s)− u(s)|

λ1|∆|

[( 1 + |∆|
Γ(q1 + 1)

+
ηω+q1

Γ(ω + q1 + 1)

)
L3

+
m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj)

)]
.
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Let

M =
[( 1 + |∆|

Γ(q1 + 1)
+

ηω+q1

Γ(ω + q1 + 1)

)
L3 +

m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj)

)]
.

Then, we obtain
|v(s)− u(s)| ≤ ϵδ + M|v(s)− u(s)|.

Thus, we have

|v(s)− u(s)| ≤ ϵδ

1 − M
.

Based on Definition 3, we can conclude that Equation (1) has Ulam–Hyers stability.

To obtain the Ulam–Hyers–Rassias stability of Equation (1), assume that the following
condition holds:

Hypothesis 3 (H3). There exist constants Mξ , Nξ > 0 and a nondecreasing function
ξ(s) ∈ C(J,R), such that

R Iq1 ξ(s) ≤ Mξξ(s), R Iω+q1 ξ(s) ≤ Nξ ξ(s), s ∈ J.

Theorem 5. Assume that the conditions (H1) and (H3) are satisfied, then Equation (1) has
Ulam–Hyers–Rassias stability.

Proof. Given that v(s) is a solution of the inequality (18), and u(s) is the unique solution
of Equation (1), then v(s) satisfies the following equation:

(
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s) = f (s, v(s), (
m
∑

i=1
λi

cDqi +
m
∑

j=1
Kj

R Ipj)v(s)) + σ(s),

v(0) = 0, cDlv(0) = 0, l = 1, 2, · · · , n − 2,
v(1) = R Iωv(η).

(20)

There is

v(s) =Fv(s) +
sn−1

λ1|∆|

[ 1
Γ(q1)

∫ 1

0
(1 − z)q1−1ξ(z)dz

− 1
Γ(q1 + ω)

∫ η

0
(η − z)ω+q1−1ξ(z)dz

]
+

1
λ1Γ(q1)

∫ s

0
(s − z)q1−1ξ(z)dz.

By Remark 2 and (H3), it follows that

|v(s)− Fv(s)| ≤
( Mξ + Nξ

λ1|∆|
+

Mξ

λ1

)
ϵξ(s) = ϵδξ ξ(s).

Denoting

δξ =
Mξ + Nξ

λ1|∆|
+

Mξ

λ1
.

Then, it follows that
|v(s)− Fv(s)| ≤ ϵδξξ(s).
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Thus, we can deduce that

|v(s)− u(s)| ≤|v(s)− Fv(s)|+ |Fv(s)− u(s)|

≤ϵδξ ξ(s) +
|v(s)− u(s)|

λ1|∆|

[( 1 + |∆|
Γ(q1 + 1)

+
ηω+q1

Γ(ω + q1 + 1)

)
L3

+
m

∑
i=2

λi

( 1 + |∆|
Γ(q1 − qi + 1)

+
ηω+q1−qi

Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

( 1 + |∆|
Γ(q1 + pj + 1)

+
ηω+q1+pj

Γ(ω + q1 + pj)

)]
.

Then, we obtain

|v(s)− u(s)| ≤ ϵδξ ξ(s) + M|v(s)− u(s)|.

Hence, we have

|v(s)− u(s)| ≤
ϵδξ ξ(s)
1 − M

.

Based on Definition 4, we can conclude that Equation (1) has Ulam–Hyers–Rassias
stability.

Example 1. Let us consider a four-term implicit fractional order differential equation with boundary
conditions:

cD1.9u(s) +
1

10
cD0.8u(s) + R I0.3u(s) + R I0.2u(s) =

sinu(s)
100

+

∣∣∣cD1.9u(s) + 1
10

cD0.8u(s) + R I0.3u(s) + R I0.2u(s)
∣∣∣

50
(

1 +
∣∣∣cD1.9u(s) + 1

10
cD0.8u(s) + R I0.3u(s) + R I0.2u(s)

∣∣∣) ,

u(0) = 0,
u(1) = R I0.1u(0.5),

(21)

where q1 = 1.9, q2 = 0.8, p1 = 0.3, p2 = 0.2, ω = 0.1, η = 0.5, λ1 = 1, λ2 = 1
10 , K1 = K2 = 1,

and

f
(

s, u(s),
( 2

∑
i=1

λi
cDqi +

2

∑
j=1

Kj
R Ipj

)
u(s)

)
=

sinu(s)
100

+

∣∣∣cD1.9u(s) + 1
10

cD0.8u(s) + R I0.3u(s) + R I0.2u(s)
∣∣∣

50
(

1 +
∣∣∣cD1.9u(s) + 1

10
cD0.8u(s) + R I0.3u(s) + R I0.2u(s)

∣∣∣) .

Then, we obtain∣∣∣ f (s, u1(s), (
2

∑
i=1

λi
cDqi +

2

∑
j=1

Kj
R Ipj)x1(s))− f (s, u2(s), (

2

∑
i=1

λi
cDqi +

2

∑
j=1

Kj
R Ipj)u2(s))

∣∣∣
≤|sinu1(s)− sinu2(s)|

100
+

∣∣∣cD1.9(u1(s)− u2(s)) + 1
10

cD0.8(u1(s)− u2(s))
∣∣∣

50

+
|R I0.3(u1(s)− u2(s)) + R I0.2(u1(s)− u2(s))

∣∣∣
50

≤|u1(s)− u2(s)|
100

+

∣∣∣( 2
∑

i=1
λi

cDqi +
2
∑

j=1
Kj

R Ipj)u1(s)− (
2
∑

i=1
λi

cDqi +
2
∑

j=1
Kj

R Ipj)u2(s)
∣∣∣

50
.
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Denoting L1 = 1
100 , L2 = 1

50 , and ∆ = 1 − ηn+ω

Γ(ω)ω(ω+1)···(ω+n)(n−1)! = 0.8939. When
u1, u2 > 0, it follows that[( 1 + |∆|

|∆|λ1Γ(q1 + 1)
+

ηω+q1

|∆|λ1Γ(ω + q1 + 1)

)
L3

+
m

∑
i=2

λi
λ1

( 1 + |∆|
|∆|Γ(q1 − qi + 1)

+
ηω+q1−qi

|∆|Γ(ω + q1 − qi)

)
+

m

∑
j=1

Kj

λ1

( 1 + |∆|
|∆|Γ(q1 + pj + 1)

+
ηω+q1+pj

|∆|Γ(ω + q1 + pj)

)]
= 0.5383 < 1.

(22)

Consequently, based on Theorem 3, we can conclude that Equation (21) has a unique solution.
Moreover, the conditions of Theorem 4 are also satisfied. As a result, we can assert that Equation (21)
has Ulam–Hyers stability.

4. Conclusions

In this paper, we focused on investigating the existence results and Ulam stability
of multi-term implicit fractional differential equations with boundary conditions. We
established an equivalent integral expression of Equation (1), and proved the existence
and uniqueness results via the Schauder fixed point theorem and the Banach fixed point
theorem. Additionally, we provided the criteria for the Ulam–Hyers stability and Ulam–
Hyers–Rassias stability of Equation (1). Finally, we presented an example to demonstrate
the effectiveness and validity of the obtained results. Similarly, we can consider the
existence results and stability of the solutions to multi-term implicit differential equations
with Riemann–Liouville, Hilfer, and other fractional-order derivatives.
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