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Abstract: In this paper, we study the existence of positive solutions for a changing-sign perturbation
tempered fractional model with weak singularity which arises from the sub-diffusion study of
anomalous diffusion in Brownian motion. By two-step substitution, we first transform the higher-
order sub-diffusion model to a lower-order mixed integro-differential sub-diffusion model, and then
introduce a power factor to the non-negative Green function such that the linear integral operator
has a positive infimum. This innovative technique is introduced for the first time in the literature and
it is critical for controlling the influence of changing-sign perturbation. Finally, an a priori estimate
and Schauder’s fixed point theorem are applied to show that the sub-diffusion model has at least one
positive solution whether the perturbation is positive, negative or changing-sign, and also the main
nonlinear term is allowed to have singularity for some space variables.

Keywords: nonlocal boundary condition; tempered fractional equation; sign-changing perturbation;
Schauder’s fixed point theorem
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1. Introduction

The particle’s random walks in Brownian motion is governed by the following
diffusion equation [1]:

Af(z 1) =2f(z1),

where f(z, t) is the particle jump density function. In anomalous diffusion, the mean square
variance sometimes grows faster to create a super-diffusion and sometimes spreads slower
to form sub-diffusion than in the Gaussian process; thus, anomalous diffusion in Brownian
motion exhibits a long-range dependence characteristic, which can be modeled by the
fractional diffusion equation

Yf(zt) = (z 1),

where the fractional space derivative of order 0 < B < 2 corresponds to heavy-tailed power
law particle jumps P[] > z] ~ z 7P in the Levy flight, and the fractional time derivative
of order 0 < a < 1 describes the heavy-tailed power law waiting time P[W > t] ~ ¢t~ %
between jumps. This indicates that the solution of the anomalous diffusion equation
exhibits a feature of heavy tails, that is, it falls off like a power law decay at infinity with a
time lag. However, in most cases, a more rapid exponential decay is much more favored.
In order to find a strategy to temper the power law decay, Sabzikar et al. [2] introduced an
exponential factor e=*I?l into the particle jump density, and gave a Fourier transform form
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for the tempered probability density function f(z, t) and tempered fractional derivative
operators E)i/z f(z,t)
A A
FIfl(at) = e WG, F Rl f(z, 1) = B @) FA) (a0 0),

Z

where p =1—4,0 < p <1, uis constant and

B (2) (A +zi)P — AP, 0<p<1,
zZ) =
* (Atzi)P — AP — £BAP1zi, 1< B<2,

which leads to the following tempered fractional equation in anomalous diffusion:

Af(z,t) = (1) Cr{pd + 2" ) f(z,1), B € (k—1k),k=1,2,

The point source of solutions for this equation is tempered stable probability densities
satisfying semi-heavy tails with transition from power law to Gaussian. This flexible model
with an exponential decay over long time scales has many advantages, for example, in the
real physical system, a Gaussian stochastic process without sharp cutoff can be captured
by a tempered Lévy flight [3]. The probability densities of the tempered Lévy flight can be
controlled by the tempered fractional diffusion model [4]. In addition, the tempered diffu-
sion model has been shown to have important applications in geophysics [5,6], finance [7]
and Laguerre polynomials [8]. In finance, the price fluctuations with semi-heavy tails can
be simulated by the tempered stable process, which resemble a power law over a moderate
time but converge to a Gaussian process over a long time [9]. In other words, the decay
follows a power law over short time scales, but eventually follows the exponential rule
over long time scales. In the following, we give the strictly mathematical definition of the
tempered fractional:

Definition 1 ([10]). Let x : (0, +00) — R, then the tempered fractional derivative is defined by
Dt x(t) = e M (eMx(t)),

where

Dx(t) = %(Olf_”‘x(t)) _ r(nl_a) (Z)n/ot(ts)”_“_lx(s)ds, n=[a] +1

is the Riemann—Liouville fractional derivative and

1 o
W/{)(t_s) Lx(s)ds

denotes the Riemann—Liouville fractional integral operator.

olf “x(t) =

On the other hand, we also notice that, if A = 0, the tempered fractional derivative
reduces to the Riemann-Liouville and Caputo fractional derivatives, which implies that
the tempered fractional derivative is one of the generalized forms of the fractional deriva-
tives, that is, in a mathematical sense, tempered fractional calculus extends the theory of
classical fractional calculus such as the Riemann-Liouville, Caputo fractional derivatives,
etc. [11-24] to a more general case. In a recent work [10], the existence of a positive solution
for a singular tempered fractional turbulent flow model for a porous medium with order

€ (0,1], B € (1,2] was established.
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i (o (DF2(1)) ) = f(E2(1), te (0,1),

2)
2(0) =0, DP*2(0) =0, z(1) = /0 1 e M0z ()dt.

It has been proven that the tempered turbulent flow model (2) has at least one positive
solution satisfying
kie MIPE < w(t) < kpe ML,

where kq,ky > 0 are constants. Ledesma et al. [25] considered a boundary value problem
with tempered fractional derivatives and oscillating term

{ Dy (CDA2(1) = pe()f(z(t)), ¢ € (a,b), o

z(a) =z(b) =0,

where 3 < @ <1, A > 0and u € R; ¢ € L®(a,b), ]D)';‘f\ and C]D)g;r/\ are tempered left
Riemann-Liouville and right Caputo fractional derivatives, respectively. By using a varia-
tional principle due to Ricceri, the existence of infinitely many weak solutions was estab-
lished provided that the nonlinear term f has a suitable oscillating behavior either at the
origin or at infinity.

In this paper, we focus on a sub-diffusion model in anomalous diffusion which pos-
sesses a changing-sign perturbation

D z(t) = f(t, e“z(t),lD)ﬁr"z(t)) +x(t)

(4)
DP2(0) =0, DPA2(1) = /O ' e MDAz (1) dt,
wherel <a<2,0<pf<landl<a—B<B+1,f:[0,1] x (0,00) X (0,00) — (0,00) is
continuous which implies that the nonlinearity may be singular in some space variables;
k € C([0,1], R) may be sign-changing.

As far as we know, although many analysis methods, such as the spaces theories [26-31],
iterative techniques [32-34], smooth theories [35-37], operator methods [38—41], upper—
lower solution methods [42—44], the moving sphere method [45] and critical point theo-
ries [46—49], have been employed to study various nonlinear problems, little work has
been carried out for changing-sign problems except for [50,51]. In particular, no work has
been carried out for the changing-sign perturbation tempered fractional equation with
singularity for space variables and a nonlocal boundary condition. The present paper
is the first work for the sub-diffusion model in anomalous diffusion processes with a
changing-sign perturbation.

2. Basic Definitions and Preliminaries

Firstly, we recall some properties of the Riemann-Liouville fractional calculus.

Lemma 1 ([10]).
(1) Let g(t) € L'0,1] N C[0,1],y > 0, then

oIT D (g(1) = g(£) + byt" P 4 bpt T2 4o bytTT,

whereb; € R,i=1,2,3,...,m,(m=[y]+1).
(2) IfueLY(0,1),a > B> 0,then

ol%IPu(t) = oI Pu(t), DPoIfu(t) = oI Pu(t), DPolPu(t) = u(t).
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(3) Ifp>0,u>0,then
gtptyfl — F(.u) tyfpfl'

[(p—p)
The work space of this paper is the Banach space E = C|0, 1] which is equipped with
the usual maximum norm ||x|| = maxg<¢<1 |x(t)]. Let

P={xe€eE:x(t)>0,te][0,1]},
then, P is a normal cone.

Lemma 2. Suppose x(t) is a positive continuous function in [0,1]; then, the linear tempered
fractional equation

— D PAz(t) = (),
1 )

1
o(t) = [ H(ts)x(s)ds ©
where

H(t,s)
[(a—B)(1—s) P a—B—1+s) P — (a—B)(a—p—1)(t —s) P 1A=
(@ =p-Dl(a—-p+1) ’

= s<t;

("‘ — ﬁ)(l — S)a_ﬁ_l("‘ — ﬁ -1+ S) ta—ﬁ—le—A(t—s)
(@a—p-1I(a-p+1)

is the Green function of (5).

, £ <s,

Clearly, H(t,s) is non-negative and continuous for (¢,s) € [0,1] x [0, 1].
Make the transformation

2(t) = e MIP(My (1)), y(b) € Cl0,1],

then, by [10], the singular perturbation tempered fractional Equation (4) can be converted
to the following equivalent mixed integro-differential tempered fractional equation:

=D Py () = £(8 TP My (1), y (1) +x(8),

v =0, y(1)= [ LAty (.

(®)

As aresult, a function y is a solution of (8) if and only if it is a solution of the following
integral equation:

1
v(t) = [ H()[£(s (), 5() + ()] ds
Now, let y(t) = t*"P~1x(t); then, we can rewrite the above integral equation:

x(t) = /O LB () £ (s, 1P(eMs*P1x(s)), 5" P 1x(s)) + x(s) | .
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Let
H*(t,s) = tPH17%H(t,s),

then, we consider the fixed point of the following operator:

(Tx)(¢ / H(8,5) [£(5, 1P (255 P71 x(5)), 5P Lx(s)) + ()| ds.

We use the following hypothesis in this paper.
(C1) There exist a constant 6 € (0, u—ig—l) and wq,wy € P,w; # 0,wy # 0 such that

==, (1)
(x+y)?

@=F"D e, (1)

Grgp o (F¥) €1000) x (0,00), £ € (0,1).

< fltxy) <
Let ¢(t) be the unique solution of Equation (5) and rewrite ¢(t) as

- _/O1 H* (£, s)xe(s)ds

and define functions
/H*tswl /H*tswz s)ds.
For the above the functions ¢, ¢ and 1, we denote

¢« = min ¢(t), ¢" = sup ¢(t),

0<t<1 0<t<1
Pe = gminy 00, 97 = gmax o(0),
b= Jmin v 9= g vl

Noticing

a— ) i (. s
= /01 H*(t,s)wn (s)ds > /01 ( ﬁ(l(l—ﬁ—)l)l"(a(—ﬁf—l)l—i_ )e*)‘wl(s)ds,

then, it follows from (C1) that 0 < ¢, < ¢* < ¢, < p*.
Our main tool used in deriving our results is the following Schauder fixed
point theorem.

Lemma 3 (Schauder fixed point theorem). Let Q) be a closed bounded convex subset of a Banach
space E. Assume that T : Q) — Q) is compact. Then, T has at least one fixed point in Q).

3. Positive Case for ¢(t)

Theorem 1. Assume that (C1) holds and ¢, > 0. Then, the singular perturbation tempered
fractional equation with nonlocal boundary condition (4) has at least one positive solution.

Proof. Firstly, choose a constant

1 A -0 1
R>max{l,¢*19<1+r(l;+1)> APt )9}

and take the closed convex set of P

Q={xeP

IN

x(t) <R, te01]}.

==
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Noticing that 1 < « — B < B+ 1, we have

r(“_ﬁ)tail S X—p— f (t_s)ﬁil a—p— S
TR < 1P (M5 P 1x(s)) :/0 WS P=1eMsx(s)ds

eMRtP < MR A1 < e*R
(p+1) — T(B+1) ~I(B+1)

for 6 € (0, “_Lg_l) and s € (0,1); it follows from (C1) and (9) that

<

wl(S)

0
RO(1+ )
=P D (s)
(s B=1x(s) + IB(eMss—B—Tx(s)))® (10)
< f(s, 1P (M P 1x(s)), s* P x(s))

= < wy(s)RE.
(s P 1x(s) + IP(erss*P1x(s)))? — wa(s)

<

Consequently, by (9) and (10), one has

(Tx)(t / H*( ts)[f(s IP(eMssP1y ()),s“*ﬁflx(s))ﬂ(s)}ds

(11)
= / H*(t,5)f(s, IP(Ms* P 1x(s)),s* P 1x(s))ds + ¢(t).
0
Thus, T : () — E is a completely continuous operator.
In what follows, we show that T maps the closed convex set () into (). In fact, for any
givenx € Qand t € [0,1], from (9)—(11), one has

(Tx)(t / H*( ts)f(s 18(eM5s% B =Tx(s)), s* B~ 1x(s))ds + (1)
> H*(t,s)wn (s)ds
( + 1"(;3-&-1 /
> P

v

and

(Tx)(t) = /01 H*(t,8)f(s, Iﬁ(e/\ss“*ﬁflx(s)),s"‘*ﬁflx(s))ds + (1)

1
< Rﬁ/ H* (¢, 5)wa (s)ds + ¢*
0
< PR+ 9" < (p* +¢")R* <R
Thus, T maps the closed convex set () into (). According to Schauder’s fixed
point theorem, T has a fixed point x* € () and, hence, the singular perturbation

tempered fractional equation with a nonlocal boundary condition (4) has at least one
positive solution. [
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4. Negative Case for ¢(t)
Theorem 2. Assume that (C1) holds and ¢* < 0. If
1
6> o 1
p.> LE 5 (1) 12)

(4 )

then, the singular perturbation tempered fractional equation with nonlocal boundary condition (4)
has at least one positive solution.

Proof. For this case, we only need to find the suitable 0 < r < R such that T : () — ), where
QO={xeP:r<x(t) <R, t€][0,1]}.

Similar to (9), we have
T(a—p)te1r
I(a)
< 1P (M5 P 1x(s))
e*RtP (13)
T(B+1)
e*R

= r(p+1)’

<

and then
wi(s)

R(1+ )

< f(s, 1P(M5s* P 1x(s)), s* P~ x(s) (9
wy(s)
< .
Consequently, for any given x € Q and ¢ € [0,1], from (14), one has
1
(Tx)(f) = /0 H*(t,s)f(s, Iﬁ(eAss"‘_ﬁ_lx(s)),s"‘_ﬁ_lx(s))ds + (1)
1 1
> H*(t,5)w1(s)ds + @«
0 PR /o 15
RO(1+ ifiy) 15
Z 0 ()b* N ] + q)*/
R (1+ g
and )
(Tx)(t) = /0 H*(t,s)f(s, Iﬁ(e/\ss“*ﬁflx(s)),s"‘*ﬁflx(s))ds + (1)
1 /1 N
<), H*(t,s)wy(s)ds (16)
l/)*
< PR

From (15) and (16), T : 2 — ) holds provided that the following inequalities are
valid:

P s>, Y <R (17)

R (14 ) o
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In order to show that (17) holds, let

Clearly, to ensure that the inequalities (17) are true, we only need to find a suitable
r > 0 such that

* 62
R:£>1’, 1 +§0*er
79 0 (1 n 1 )9
4 T
ie.,
- 2
O<r<y"™e, g, >r— ; 9 ) 97/9' (18)
¥ (1 * F(ﬂ+1))
Now, let

h(x) =x— L gxez, x € (0,00).
*0 1
v (1+ )

Obviously,
0%,

0 (14 gt

which implies that /1(x) takes the minimum value

62 1
o= |t | (13)
v (1+ )

W(x)=1-

when
0%,

0= 0
(e )

Letr = ¢; since ¢ < 9p*,0 < 02 <1,1+ ﬁ > 1, from (12), we obtain
1
1-62
0%

}’:19:

v (1+ )

and
1

Therefore, if
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then (18) is true. Thus, by mean of Schauder’s fixed point theorem, T has a fixed point
x* € Q) and, hence, the singular perturbation tempered fractional Equation (4) with nonlocal
boundary condition has at least one positive solution. [J

5. Changing-Sign Case for ¢ ()

In order to establish the existence of a positive solution for the changing-sign case, we
firstly consider the following equation:

2 1%
A0 (% 4 g af) I+ = Lf’*g (19)
(1+ )

Lemma 4. If 0 < 6 < 1, then Equation (19) possesses a unique positive solution ¢ in
(0, 00). Moreover,

, T
= 0, L’b*e
1+ )
( I(p+1)
Proof. Let
1
5k 2+20 0
pi= 0 l[) (P* i , h(x) _ 0 lp (P* i, 7x1—92(4]* +g0*x9)1+91
(1+ 5=y (1+ =)
then 5
h(0) = lim h(x) = Lﬂg > 0. (20)

1
(1+ )
Since0 < 6§ <1, ¥* > ¢4, one has
1
2+20
0*y* . !

O<pu= 5 < PrTe
1 1
( +F(ﬁ+1))

~

which yields
]1(1+9)2 < lp*1+9.
Hence,
h(p) = y2+29 _ V1_92(¢’* + <P*ﬂ9)1+9
= [0 — (g )] (21)
< y1—92 {y(1+9)2 _ ¢*1+9} <0,
Moreover,

H(x) = —(1=)x " (g7 + 9"2") 0 — g76x! = (y" 4 9x) 2"

22
<0, x€(0,0), @)

which implies that i(x) is strictly decreasing in (0, o). Thus, it follows from (20)—(22) that
Equation (19) possesses a unique positive solution ¢ € (0, ). O
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Theorem 3. Suppose that (C1) holds and ¢, <0, ¢* > 0. If

Ps >0~ 6’
* %000 1+ 1
(™ + 9707 ( F(BH))

(23)

where © is the solution of Equation (19), then the singular perturbation tempered fractional Equation
(4) with nonlocal boundary condition has at least one positive solution.

Proof. If . < 0, ¢* > 0, we still need to seek for suitable 0 < r < R such that
T:Q — O, where
Q={xeP:r<x(t) <R, te€]01]}.

For any given x € (), it follows from (13) and (14), ¢« <0, ¢* > 0 that

(Tx)(t) = /0.1 H*(t,5)f (s, I (e)‘ss“’ﬁ’lx(s)),s""ﬁ’lx(s))ds + ¢(t)

> % /01 H*(t,5)w1(s)ds + @«
RO(1+ ) 24
> —(P* + o
- N 9 *y
RO(1+ g
and )
(Tx)(f) = /0 H*(t,5)f(s, Iﬁ(e“s”“ﬂ*lx(s)),s"‘fﬁflx(s))ds + (1) -
25

< L i s)wa(s)ds < L+ o
_79 0 7 2 _7’9 §D

By (24) and (25), to guarantee T : () — (), it is sufficient to find 0 < ¥ < R such that

P to>r Lig<r (26)
R9(1+ ’

1
)
To perform this, take

_¥
R = Fa + @".
This is equivalent to finding an » > 0 satisfying

(P* 1’29

N
(v + 0 (14 )

lP*

r79+(P*>7’, GD*ZT’_

(27)

Let
. 520

h(x) =x— 5
(v +97x) (1+ )

Then

. [gzxezq(lp* +924)*x9)9 -~ qo*x"z(tp* n (p*xe)eqxeq}

W =1- 020 1 )¢
(p* + 92 (14 gy )
L ¢*92x0271 - ¢ x? }
0 * * 5.0
* * 400 1 w +(P x
(¥ + 97 (14 gy )
_ 1 B (P*lp*gzx@z—l

0
(0 + 930 (14 )
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and, hence,
lim i’ (x) = —oo, lim K'(x) = 1.

x—0 X—»00
Thus, there exists @ such that
*02.062—1
W) =1- il A =0,
(p* + @r09)+1 (1 + r(,s+1))

i.e., ¥ solves Equation (19).
02" g.
5
(1+ i)

It follows from Lemma 4 that ¢ is unique and

-2 (IP* + (P*x9)1+9 —

.
2+20

oc o, Lﬁ"*e
(1+ )

On the other hand,

W' (r) =

(1 _ 92)62¢*¢*r(9272 N (1 + 9)034)*4) lp*r92+972

which implies that hi(r) reaches its minimum value at ¢, that is

h(9) = min h
(9) in, (r)

Take r = 8, assumption (23) ensures the following inequality holds:

4)* 1’29

Qx> T— 7
* * 1.0
(W + gr0)? <1+ (ﬁ+1)>

Next, we verify the inequality R > r. It follows from

92 * »
R:£9+9" 910 (" 4 gr9)1+0 — l/JiP 9/
(1+ )
that 5
glrogive _ 0P .
(1+ i)
that is )
, e
*
R = % L“
(1+ )
Since
EaeT)

0°¢* .

0<?¥< 7
(1+ )

~

* xp0)0+1( 1 1 6 * 0)6+2 (1 f
W+ (14 gty ) @) (14 )
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one has )
2+20

R > _ e 5
(1+ )

Hence, we have found a constant r = ¢ such that (26) holds. According to Schauder’s
fixed point theorem, the singular perturbation tempered fractional Equation (4) with
nonlocal boundary condition has at least one positive solution. [

> ¢ =r.

6. Example

In anomalous diffusion, the mean square variance sometimes grows slower than
Gaussian to form a sub-diffusion which can be modeled by the time tempered fractional
diffusion equation. In this section, we only give an example for the most complex case,
i.e., with uncertain changing-sign perturbations, to demonstrate the application of our
main results.

Example 1. Consider the sub-diffusion model (4) in anomalous diffusion with a changing-sign
perturbation x(t) for the case x = 3,8 = 1, A =2,

1
- ]D)t%’ZZ(t) = 100542 =+ x(f)
- T
2 (e2z(t) + [ Dei2z(t)] ) 28)
1
Dii22(0) = 0, Dyi2z(1) = / e=20-0D, 125 (1) dt,
JO

where

1 o 1
i ¢ 0 =
56 7 E { /2)/

1 1
*672t+1, t e |:2, 1:| .

Conclusion The sub-diffusion model (28) has at least one positive solution.

Proof. Let w;(t) = 100e=%, wy(t) = 101e~% and

1
100.5t12
flt,xy)= ——, (x,y) €[0,00) x (0,00), t € (0,1),
et(x+y)3
then .
L ot 75 p—2t
1002~ < flt,xy) < THEE (xy) € 0,00) x (0,00), ¢ € (0,1).
(x+y)3 (x+y)3

Thus, (C1) holds. On the other hand, by Lemma 2, we obtain

5[(1 — S)%(% —|—s)t% — }I(t — S)%}efZ(tfs)
) s=h

(29)
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then

HY(1,5) = I (30)

Now, we compute ¢*, ¢, and ¢, *. Note that

1 1

1 1 — ge_% + ge_%t, 0<t< -,

o(t) :/ H (1, 5)x(s)ds = —o=1 . 2 1
0 () | 2201, L,

2
- <t<1
9 25 ’Z_t_'

Qo= g =

s = mlg p(t) =308, ¢ = Orgtagxlcp(t) =245.2,

= i t) =27.472, * = t) = 247.6.
P Orgtlglw() ¥ Orggglfp()

Thus, Equation (19) becomes

§ X 247.6 x 30.8

x5 (247.6 + 0.5080x5)3 = 1
(1+1.1033)3

= 661.3405. (31)

which has a unique solution ¢ = 0.3814. Hence,

20 38143 .
¢ 9 o381 0.38143 x 30.8

0 —
1.1 1
(p* + *90)0 (1 + (247.6 + 0.5080 x 0.38143)3 (1 + 1.1033)3

= —1.6310 < ¢ = —0.4903.

It follows from Theorem 3 that the sub-diffusion model (28) has at least
one positive solution. [

7. Conclusions

The tempered fractional derivative is a more flexible alternative to classical fractional
derivatives, which can model random walks with semi-heavy tails and stable probability
densities for the particle jumps, i.e., the transition has a semi-long-range dependence in a
long time range as a power law but is like the Gaussian in a short time range. In this paper,
by using the technique of two-step substitution, the higher-order sub-diffusion model is
converted to a lower-order mixed integro-differential sub-diffusion model, and then, by
introducing a power factor, we derive that the linear integral operator we define has a
positive infimum; this innovative technique is introduced for the first time in the literature
and it is critical for controlling the influence of changing-sign perturbation. Then, an a priori
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estimate and Schauder’s fixed point theorem are applied to prove that the sub-diffusion
model has at least one positive solution whether the perturbation is positive, negative or
changing-sign. In particular, the main nonlinear term is allowed to have singularity for
some space variables. In the end, we shall also address that the perturbation in this paper
only depends on a time variable; if it relies on both time variables and space variables, then
further study will become more challenging and interesting.
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