
Citation: Nazir, T.; Silvestrov, S.

Common Attractors for Generalized

F-Iterated Function Systems in

G-Metric Spaces. Fractal Fract. 2024, 8,

346. https://doi.org/10.3390/

fractalfract8060346

Academic Editor: Alicia Cordero

Received: 7 April 2024

Revised: 4 June 2024

Accepted: 4 June 2024

Published: 10 June 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Common Attractors for Generalized F-Iterated Function Systems
in G-Metric Spaces
Talat Nazir 1 and Sergei Silvestrov 2,*

1 Department of Mathematical Sciences, University of South Africa, Florida 0003, South Africa;
talatn@unisa.ac.za

2 Division of Mathematics and Physics, School of Education, Culture and Communication,
Mälardalen University, Box 883, 72123 Västerås, Sweden

* Correspondence: sergei.silvestrov@mdu.se
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1. Introduction

Fixed point theory has attracted much attention in the past few years with a vast
range of applications both within and beyond mathematics [1–4]. Mustafa and Sims [5]
generalized metric space by introducing the structure of G-metric space. Several researchers
derived some fixed point theorems for maps satisfying a variety of contractive constraints
in G-metric space [3,6–14].

In his 1981 seminal work, Hutchinson [15] established mathematical foundations for
iterated function systems (IFSs) and showed that the Hutchinson operator defined on Rk

has as its fixed point a bounded and closed subset of Rk called an attractor of IFS [16,17].
Several researchers have obtained useful results for iterated function systems (see [18,19]
and references therein). Nazir, Silvestrov, and Abbas [20] established fractals by employing
F-Hutchinson maps in the setup of metric space. Recently, Navascués [21] presented
the approximation of fixed points and fractal functions by means of different iterative
algorithms. Navascués et al. [22] established some useful results of the collage type for
Reich mutual contractions in b-metric and strong b-metric spaces. Thangaraj et al. [23]
constructed an iterated function system called Controlled Kannan Iterated Function System
based on Kannan contraction maps in a controlled metric space and used it to develop a
new kind of invariant set, known as a Controlled Kannan Attractor or Controlled Kannan
Fractal. Recently, Nazir and Silvestrov [24] investigated a generalized iterated function
system based on pair of self-mappings and obtained the common attractors of these maps in
complete dislocated metric spaces, established the well-posedness of the attractor problems
of rational contraction maps in the framework of dislocated metric spaces, and obtained
the generalized collage theorem in dislocated metric spaces.

In this paper, we consider the triplet of generalized F-contractive operators and define
generalized F-Hutchinson operators to obtain the common attractors in complete G-metric
spaces. The contractive conditions are different from those in [24], and both dislocated
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metric spaces and G-metric spaces are independent to each other. We construct some
new common attractor point results based on a generalized F-iterated function system
in G-metric spaces. We define F-Hutchinson operators with a finite number of general
F-contractive operators in the complete G-metric space and show that these operators are
themselves general F-contractions. It is worth mentioning that we are obtaining these
results without using any type of commuting conditions of selfmaps in non-symmetric
G-metric space. At the end, we present several nontrivial examples of common attractors
as a result of F-Hutchinson operators.

Mustafa and Sims [5] established the following notion of G-metric.

Definition 1. Let Z be a non-empty set. A map with three arguments (ternary map) G : Z × Z ×
Z → [0,+∞) is called G-metric if

G1 : G(µ, ν, ω) = 0 if µ = ν = ω,

G2 : 0 < G(µ, ν, ν) for all µ, ν ∈ Z with µ ̸= ν,

G3 : G(µ, µ, ν) ≤ G(µ, ν, ω) for all µ, ν, ω ∈ Z with ν ̸= ω,

G4 : G is symmetric mapping in all its variables, meaning that it is invariant under any permuta-
tion of its variables, that is, G(σ(µ), σ(ν), σ(ω)) = G(µ, ν, ω), for all permutations σ of
{µ, ν, ω}.

G5 : G(µ, ν, ω) ≤ G(µ,κ,κ) + G(κ, ν, ω) for all µ, ν, ω,κ ∈ Z.

Then, (Z, G) is called G-metric space. Further, (Z, G) is called symmetric G-metric space when-
ever G(µ, µ,κ) = G(µ,κ,κ) for all µ,κ ∈ Z, which can be written also as G(κ, µ,κ) = G(µ,κ, µ),
using the invariance of G under permutations of variables (axiom G4).

Example 1 ([5,25,26]). Let (Z, d) be a metric space. Then, G : Z × Z × Z → [0,+∞), defined by

G(µ, ν, ω) = max{d(µ, ν), d(ν, ω), d(µ, ω)},

G(µ, ν, ω) = d(µ, ν) + d(ν, ω) + d(µ, ω)

for all µ, ν, ω ∈ Z, are G-metrics on Z.

Example 2. Let (Z, G) be G-metric space and dG : Z × Z → [0,+∞) defined as

dG(u, v) = G(u, v, v) + G(v, u, u) for all u, v ∈ Z.

Then, (dG, Z) is a metric space.

Definition 2 ([25]). Let {yn} be a sequence in G-metric space (Z, G). Then,

(a) {yn} ⊂ Z is G-convergent sequence if, for any ε > 0, there is a point y ∈ Z and a natural
number N such that for all n, m ≥ N, G(y, yn, ym) < ε;

(b) {yn} ⊂ Z is G-Cauchy sequence if, for any λ > 0, there is an N ∈ N such that for all
l, n, m ≥ N, G(yn, ym, yl) < λ;

(c) (Z, G) is G-complete when each G-Cauchy sequence in G-metric space is convergent in Z.
{yn} converges to y ∈ Z whenever G(ym, yn, y) → 0 as m, n → ∞ and {yn} is Cauchy
whenever G(ym, yn, yl) → 0 as m, n, l → ∞.

Definition 3 ([25]). Let (Z, G) and (Z′, G′) be two G-metric spaces. Map h : (Z, G) → (Z′, G′)
is G-continuous at a point b ∈ Z when for an λ > 0, there exists δ > 0 such that u, v ∈ Z and
G(b, u, v) < δ implies G′(h(b), h(u), h(v)) < λ. Further, h is G-continuous on Z when it is
G-continuous on every b ∈ Z.
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Proposition 1 ([25]). Let (Z, G) be G-metric space. Then,

(i) G(u, v, w) is simultaneously continuous map,

(ii) G(w, v, v) ≤ 2G(v, w, w) for w, v ∈ Z.

Consider, next, the following subsets of G-metric space (Z, G) (see [27]):

N(Z) = {U : U is a non empty subset of Z}.

B(Z) = {W : U is a non empty bounded subset of Z}.

CL(Z) = {U : U is a non empty closed subset of Z}.

CB(Z) = {U : U is a non empty closed and bounded subset of Z}.

CG(Z) = {U : U is a non empty compact set in Z}.

Remark 1 ([28]). In G-metric space (Z, G), let HG : CB(Z)× CB(Z)× CB(Z) → [0,+∞) be
a mapping defined as

HG(D, E, F) = max{sup
u∈D

G(u, E, F), sup
v∈E

G(v, F, D), sup
w∈F

G(w, D, E)}

for all E, D, F ∈ CB(Z), where G(u, E, D) = inf{G(u, v, x) : v ∈ E, x ∈ D} is called a Hausdorff
G-metric on CB(Z).

If (Z, G) is G-complete metric space, then the HG-complete metric space (CB(Y), HG)
is also complete.

Lemma 1. In G-metric space (Z, G), for P ,Q,R,S ,U ,V ∈ CG(Z), the following are satisfied:

(i) If Q ⊆ R, then sup
k∈P

G(k,R,R) ≤ sup
k∈P

G(k,Q,Q);

(ii) sup
x∈P∪Q

G(x,R,U ) = max{sup
k∈P

G(k,R,U ), sup
ℓ∈Q

G(ℓ,R,U )};

(iii) HG(P ∪Q,R∪ S ,U ∪ V) ≤ max{HG(P ,R,U ), HG(Q,S ,V)}.

Proof. (i) Since Q ⊆ R, for all r ∈ P ,

G(r,R,R) = inf{G(r, µ, µ) : µ ∈ R}
≤ inf{G(r, ℓ, ℓ) : ℓ ∈ Q} = G(r,Q,Q),

this implies that
sup
r∈P

G(r,R,R) ≤ sup
r∈P

G(r,Q,Q).

(ii) Note that

sup
x∈P∪Q

G(x,R,U ) = max{sup{G(x,R,U ) : x ∈ P}, sup{G(x,R,U ) : x ∈ Q}}

= max{sup
k∈P

G(k,R,U ), sup
ℓ∈Q

G(ℓ,R,U )}.

(iii) Since

sup
x∈P∪Q

G(x,R∪ S ,U ∪ V)

= max{sup
k∈P

G(k,R∪ S ,U ∪ V), sup
ℓ∈Q

G(ℓ,Q∪ S ,U ∪ V)} (from (ii))
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≤ max{sup
k∈P

G(k,R,U ), sup
ℓ∈Q

G(ℓ,S ,V)} (from (i))

≤ max

{
max{sup

k∈P
G(k,R,U ), sup

µ∈R
G(µ,P ,U )}, max{sup

ℓ∈Q
G(ℓ,S ,V), sup

η∈S
G(η,Q,V)}

}
≤ max{HG(P ,R,U ), HG(Q,S ,V)}.

Similarly,

sup
y∈R∪S

G(y,P ∪Q,U ∪ V) ≤ max{HG(P ,R,U ), HG(Q,S ,V)},

sup
z∈U∪V

G(y,P ∪Q,R∪ S) ≤ max{HG(P ,R,U ), HG(Q,S ,V)}.

Hence,

HG(P ∪Q,U ∪ V ,R∪ S) =

max

{
sup

x∈P∪Q
G(x,R∪ S ,U ∪ V), sup

y∈R∪S
G(y,P ∪Q,U ∪ V), sup

z∈U∪V
G(y,P ∪Q,R∪ S)

}
≤ max{HG(P ,R,U ), HG(Q,S ,V)}.

Wardowski [29] defined F-contraction maps for fixed point results as follows. Let
F : R+ → R be a continuous map satisfying the following conditions:

(F1) For α, β ∈ R+ such that α < β implies that F(α) < F(β).

(F2) For αk > 0, k = 1, 2, 3, . . ., lim
k→∞

αk = 0 and lim
k→∞

F(αk) = −∞ are equivalent.

(F3) There exists θ ∈ (0, 1) such that lim
α→0+

αθ F(α) = 0

We denote a set 𭟋 as a collection of all F-contractions.

Definition 4. In G-metric space (Z, G), a self-map h : Z → Z is called an F-contraction on Z if
for all u, v, w ∈ Z, there exists F ∈ 𭟋 and τ > 0 such that

τ + F(G(hu, hv, hw)) ≤ F(G(u, v, w))

whenever G(hu, hv, hw) > 0.

We discuss F-iterated function systems in G-metric space. First, we define generalized
F-contractive operators as a preliminary result.

Definition 5. In G-metric space (Z, G), let f, g, h : Z → Z be three self-mappings. A triplet
(f, g, h) is called a generalized F-contraction mappings if for all u, v, w ∈ Z, there exists F ∈ 𭟋 and
τ > 0 such that

τ + F(G(fu, gv, hw)) ≤ F(G(u, v, w))

whenever G(fu, gv, hw) > 0.

Theorem 1. Consider G-metric space (Z, G) and let f, g, h : Z → Z be continuous maps. If the
triplet of mappings (f, g, h) is a generalized F-contraction, then

(i) the elements in CG(Z) are mapped to elements in CG(Z) under f, g and h;
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(ii) if for an arbitrary U ∈ CG(Z), the mappings f, h, g : CG(Z) → CG(Z) are defined as

f(U) = {f(u) : u ∈ U},

g(U) = {g(v) : v ∈ U},

h(U) = {h(w) : w ∈ U},

then, the triplet (f, g, h) is a generalized F-contraction on (CG(Z), HG).

Proof. (i) Since f is a continuous and the image of a compact subset under a contin-
uous mapping, f : Z → Z is compact, then U ∈ CG(Z) gives f(U) ∈ CG(Z). Also,
U ∈ CG(Z) implies that g(U) ∈ CG(Z) and h(U) ∈ CG(Z).
(ii) Let Q,R,N ∈ CG(Z). Since the triplet (f, g, h) is a generalized F-contraction mappings
on Z. Then,

G(fu, gv, hw) < G(u, v, w)

for all u, v, w ∈ Z such that G(fu, gv, hw) > 0. Now,

G(fu, g(R), h(N )) = inf{G(fu, gv, hw) : v ∈ R, w ∈ N}
< inf{G(u, v, w) : v ∈ R, w ∈ N}
= G(u,R,N ),

G(gv, f(Q), h(N )) = inf{G(gv, fu, htw1) : u ∈ Q, w ∈ N}
< inf{G(v, u, w) : u ∈ Q, w ∈ N}
= G(v,Q,N ),

G(hw, f(Q), g(R)) = inf{G(hw, fu, gv) : u ∈ Q, v ∈ R}
< inf{G(w, u, v) : u ∈ Q, v ∈ R}
= G(w,Q,R),

and hence,

HG(f(Q), g(R), h(N ))

= max{sup
u∈L

G(fu, g(R), h(N )), sup
v∈M

G(gv, f(Q), h(N )),

sup
w∈N

G(hw, f(Q), g(R))}

< max{sup
u∈L

G(u,R,N ), sup
v∈M

G(v,Q,N ), sup
w∈N

G(w,Q,R)}

= HG(Q,R,N ).

By (F1) of F-contraction,

F(HG(f(Q), g(R), h(N ))) < F(HG(Q,R,N )).

Consequently, there exists τ∗ > 0 such that

τ∗ + F(HG(f(Q), g(R), h(N ))) ≤ F(HG(Q,R,N )).

Thus, the triplet (f, g, h) is a generalized F-contraction mappings on (CG(Z), HG).

Proposition 2. In G-metric space (Z, G), suppose the mappings fk, gk, hk : Z → Z for k = 1, . . . , q
are continuous and satisfy

τ + F(G(fku, gkv, hkw)) ≤ F(G(u, v, w))
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for all u, v, w ∈ Z such that G(fku, gkv, hkw) > 0 for each k ∈ {1, . . . , q}. Then, the mappings
Υ, Ψ, Φ : CG(Z) → CG(Z) defined as

Υ(Q) = f1(Q) ∪ . . . ∪ fq(Q), for each Q ∈ CG(Z),

Ψ(R) = g1(R) ∪ . . . ∪ gq(R), for each R ∈ CG(Z)

Φ(N ) = h1(N ) ∪ . . . ∪ hq(N ), for each N ∈ CG(Z)

also satisfy

τ + HG(ΥQ, ΨR, ΦN ) ≤ F(HG(Q,R,N )) for all Q,R,N ∈ CG(Z),

whenever HG(ΥQ, ΨR, ΦN ) > 0, that is, the triplet (Υ, Ψ, Φ) is also a generalized F-contraction
on CG(Z).

Proof. We give a proof by induction. If q = 1, then, the result is true trivially. For q = 2,
let fk, gk, hk, : Z → Z, k ∈ {1, 2} be self-mappings such that (f1, g1, h1) and (f2, g2, h2) are
triplets of generalized F-contractions. Then, for Q,R,N ∈ CG(Z) and from Lemma 1 (iii),

τ + F(HG(Υ(Q), Ψ(R), Φ(N )))

= τ + F(HG(f1(Q) ∪ f2(Q), g1(R) ∪ g2(R), h1(N ) ∪ h2(N )))

≤ τ + F(max{HG(f1(Q), g1(R), h1(N )), HG(f2(Q), g2(R), h2(N ))})
≤ F(HG(Q,R,N )).

Hence, the result is true for q = 2. Suppose that for q = n, the result holds, that is,

τ + F

(
HG

(
n⋃

l=1

fl(Q),
n⋃

l=1

gl(Q),
n⋃

l=1

hl(Q)

))
≤ F(HG(Q,R,N ))

for all Q,R,N ∈ CG(Z),

whenever HG

(
n⋃

l=1
fl(Q),

n⋃
l=1

gl(Q),
n⋃

l=1
hl(Q)

)
> 0. For

Υ(Q) =
n+1⋃
l=1

fl(Q), Ψ(Q) =
n+1⋃
l=1

gl(Q), Φ(Q) =
n+1⋃
l=1

hl(Q)

for each Q ∈ CG(Z), and from Lemma 1 (iii), we have

τ + F(HG(Υ(Q), Ψ(R), Φ(N )))

= τ + F

(
HG(

n+1⋃
l=1

fl(Q),
n+1⋃
l=1

gl(R),
n+1⋃
l=1

hl(N ))

)

= τ + F

(
HG(

n⋃
l=1

fl(Q) ∪ fn+1(Q),
n⋃

l=1

gl(R) ∪ gn+1(R),
n⋃

l=1

hl(N ) ∪ hn+1(N ))

)

≤ τ + F

(
max{HG(

n⋃
l=1

fl(Q),
n⋃

l=1

gl(R),
n⋃

l=1

hl(N )), HG(fn+1(Q), gn+1(R), hn+1(N ))}
)

≤ F(HG(Q,R,N )).

Hence, the result is true for q = n + 1. Thus, the triplet (Υ, Ψ, Φ) is also a generalized
F-contraction on CG(Z).
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Definition 6. In G-metric space (Z, G), let Υ, Ψ, Φ : CG(Z) → CG(Z). The mappings (Υ, Ψ, Φ)
are called generalized F-Hutchinson contractive operators if for Q,R,N ∈ CG(Z) obeying
HG(Υ(Q), Ψ(R), Φ(N )) > 0, it holds that

τ + F(HG(Υ(Q), Ψ(R), Φ(N ))) ≤ F(MΥ,Ψ,Φ(Q,R,N )) (1)

where MΥ,Ψ,Φ(Q,R,N ) = max{HG(Q,R,N ), HG(Q, Υ(Q), Υ(Q)),
HG(R, Ψ(R), Ψ(R)), HG(N , Φ(N ), Φ(N ))}.

Definition 7. In a complete G-metric space (Z, G), let fk, gk, hk : Z → Z, k = 1, . . . , q be
continuous maps, where each triplet (fk, gk, hk) for k = 1, . . . , q is a generalized F-contraction, then
{Z; (fk, gk, hk), k = 1, . . . , q} is called the generalized F-iterated function system.

Consequently, a generalized F-iterated function system in G-metric space is a finite
collection of generalized F-contractions on Z.

Definition 8. Let (Z, G) be a complete G-metric space and U ⊆ Z a non-empty compact set.
Then, U is the common attractor of the mappings Υ, Ψ, Φ : CG(Z) → CG(Z) if

(i) Υ(U) = Ψ(U) = Φ(U) = U

(ii) There exists an open set V ⊆ Z satisfying U ⊆ V and lim
k→+∞

Υk(Q) = lim
k→+∞

Ψk(R) =

lim
k→+∞

Φk(N ) = U for any compact sets Q,R,N ⊆ V, where the limit is taken relative to

the G-Hausdorff metric.

2. Main Results

Now, we establish the results of common attractors of generalized F-Hutchinson
contraction in G-metric spaces.

Theorem 2. In a complete G-metric space (Z, G), let {Z; (fk, gk, hk), k = 1, . . . , q} be the gener-
alized F-iterated function system. Define Υ, Ψ, Φ : CG(Z) → CG(Z) by

Υ(Q) = f1(Q) ∪ . . . ∪ fq(Q),

Ψ(R) = g1(R) ∪ . . . ∪ gq(R),

Φ(N ) = h1(N ) ∪ . . . ∪ hq(N )

for Q,R,N ∈ CG(Z). If the mappings (Υ, Ψ, Φ) are generalized F-Hutchinson contractive
operators, then Υ, Ψ and Φ have a unique common attractor U∗ ∈ CG(Z), that is,

U∗ = Υ(U∗) = Ψ(U∗) = Φ(U∗).

Additionally, for any arbitrarily chosen initial set R0 ∈ CG(Z), the sequence

{R0, Υ(R0), ΨΥ(R0), ΦΨΥ(R0), ΥΦΨΥ(R0), . . .}

of compact sets converges to the common attractor U∗.

Proof. We show that any attractor of Υ is an attractor of Ψ and Φ. To that end, we assume
that U∗ ∈ CG(Z) is such that Υ(U∗) = U∗. We need to show that U∗ = Ψ(U∗) = Φ(U∗). If
not, then as the mappings (Υ, Ψ, Φ) are generalized F-Hutchinson contractive operators,
for HG(Υ(U∗), Ψ(U∗), Φ(U∗)) > 0, by using (G3), we obtain

τ + F(HG(U∗, Ψ(U∗), Φ(U∗))) = τ + F(HG(Υ(U∗), Ψ(U∗), Φ(U∗)))

≤ F(MΥ,Ψ,Φ(U∗, U∗, U∗))), (2)
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where

MΥ,Ψ,Φ(U∗, U∗, U∗) = max{HG(U∗, U∗, U∗), HG(U∗, Υ(U∗), Υ(U∗)),

HG(U∗, Ψ(U∗), Ψ(U∗)), HG(U∗, Φ(U∗), Φ(U∗))}
= max{HG(U∗, Ψ(U∗), Ψ(U∗)), HG(U∗, Φ(U∗), Φ(U∗))}
≤ max{HG(U∗, Ψ(U∗), Φ(U∗)), HG(U∗, Φ(U∗), Ψ(U∗))}
= HG(U∗, Ψ(U∗), Φ(U∗)).

From (2), it follows that

τ + F(HG(U∗, Ψ(U∗), Φ(U∗))) ≤ F(HG(U∗, Ψ(U∗), Φ(U∗))),

where τ > 0, a contradiction. Thus, HG(U∗, Ψ(U∗), Φ(U∗)) = 0, and so we obtain
U∗ = Ψ(U∗) = Φ(U∗). In an analogous manner, for U∗ = Φ(U∗) or for U∗ = Ψ(U∗),
we obtain U∗ as the common attractor of Υ, Ψ, and Φ.

We proceed by showing that Υ, Ψ, and Φ have a unique common attractor. LetR0 ∈ CG(Z)
be chosen arbitrary. Define a sequence {Rk} by R3k+1 = Υ(R3k), R3k+2 = Ψ(R3k+1) and
R3k+3 = Φ(R3k+2), k = 0, 1, 2, . . . . If Rk = Rk+1 for some k, with k = 3n, then U∗ = R3k
is an attractor of Υ and from the Proof above, U∗ is a common attractor for Υ, Ψ and Φ. The
same is true for k = 3n + 1 or k = 3n + 2. We assume that Rk ̸= Rk+1 for all k ∈ N, then by
using (G3), we have

τ + F(HG(R3k+1,R3k+2,R3k+3)) = τ + F(HG(Υ(R3k), Ψ(R3k+1), Φ(R3k+2)))

≤ F(MΥ,Ψ,Φ(R3k,R3k+1,R3k+2)), (3)

where

MΥ,Ψ,Φ(R3k,R3k+1,R3k+2)

= max{HG(R3k,R3k+1,R3k+2), HG(R3k, Υ(R3k), Υ(R3k)),

HG(R3k+1, Ψ(R3k+1), Ψ(R3k+1)), HG(R3k+2, Φ(R3k+2), Φ(R3k+2))}
= max{HG(R3k,R3k+1,R3k+2), HG(R3k,R3k+1,R3k+1),

HG(R3k+1,R3k+2,R3k+2), HG(R3k+2,R3k+3,R3k+3)}
≤ max{HG(R3k,R3k+1,R3k+2), HG(R3k,R3k+1,R3k+2),

HG(R3k+1,R3k+2,R3k), HG(R3k+2,R3k+3,R3k+1)}
= HG(R3k,R3k+1,R3k+2).

Thus from (3), we have

τ + F(HG(R3k+1,R3k+2,R3k+3)) ≤ F(HG(R3k,R3k+1,R3k+2)).

Similarly, one can show that

τ + F(HG(R3k+2,R3k+3,R3k+4)) ≤ F(HG(R3k+1,R3k+2,R3k+3))

and
τ + F(HG(R3k+3,R3k+4,R3k+5)) ≤ F(HG(R3k+2,R3k+3,R3k+4)).

Thus, for all k,

τ + F(HG(Rk+1,Rk+2,Rk+3)) ≤ F(HG(Rk,Rk+1,Rk+2)).

Thus,

F(HG(Rk+1,Rk+2,Rk+3)) ≤ F(HG(Rk,Rk+1,Rk+2))− τ
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≤ F(HG(Rk−1,Rk,Rk+1))− 2τ

≤ . . . ≤ F(HG(R0,R1,R2))− kτ

and we obtain that lim
k→∞

F(HG(Rk+1,Rk+2,Rk+3)) = −∞ which together with (F2) implies

that lim
k→∞

HG(Rk+1,Rk+2,Rk+3) = 0. Now by (F3), there exists h ∈ (0, 1) such that

lim
k→∞

[HG(Rk+1,Rk+2,Rk+3)]
hF(HG(Rk+1,Rk+2,Rk+3)) = 0.

Thus,

[HG(Rk+1,Rk+2,Rk+3)]
hF(HG(Rk+1,Rk+2,Rk+3))

− [HG(Rk+1,Rk+2,Rk+3)]
hF(HG(R0,R1,R2))

≤ −kτ[HG(Rk+1,Rk+2,Rk+3)]
h ≤ 0.

On taking limit as k → ∞, we obtain

lim
k→∞

k[HG(Rk+1,Rk+2,Rk+3)]
h = 0.

As lim
k→∞

k
1
h HG(Rk+1,Rk+2,Rk+3) = 0, there exists n1 ∈ N such that

k
1
h HG(Rk+1,Rk+2,Rk+3) ≤ 1

for all n ≥ n1. So we have HG(Rk+1,Rk+2,Rk+3) ≤ 1
k1/h for all k ≥ n1. Now, for l, m, k,

with l > m > k,

HG(Rk,Rm,Rl) ≤ HG(Rk,Rk+1,Rk+1) + HG(Rk+1,Rk+2,Rk+2)

+ · · ·+ HG(Rl−1,Rl−1,Rl)

≤ HG(Rk,Rk+1,Rk+2) + HG(Rk+1,Rk+2,Rk+3)

+ · · ·+ HG(Rl−2,Rl−1,Rl) ≤
∞

∑
i=k

1
i1/h .

By the convergence of the series
∞
∑

i=1

1
i1/h , we obtain HG(Rk,Rm,Rl) → 0 as k, m, l → +∞.

Thus, {Rk} is G-Cauchy sequence in CG(Z). Since (CG(Z), HG) is a complete G-metric
space, there is U∗ ∈ CG(Z) such that lim

k→+∞
Rk = U∗, that is, lim

k→+∞
HG(Rk,Rk, U∗) = 0.

To prove that Υ(U∗) = U∗, when assuming the contrary we have

τ + F(HG(Υ(U∗),R3k+2,R3k+3)) = τ + F(HG(Υ(U∗), Ψ(R3k+1), Φ(R3k+2)))
≤ F(MΥ,Ψ,Φ(U∗,R3k+1,R3k+2)),

(4)

where

MΥ,Ψ,Φ(U∗,R3k+1,R3k+2)

= max{HG(Υ(U∗),R3k+1,R3k+2), HG(U∗, Υ(U∗), Υ(U∗)),

HG(R3k+1, Ψ(R3k+1), Ψ(R3k+1)), HG(R3k+2, Φ(R3k+2), Φ(R3k+2))}
≤ max{HG(U∗,R3k+1,R3k+2), HG(Υ(U∗), U∗,R3k+1),

HG(R3k+1,R3k+2,R3k+2), HG(R3k+2,R3k+3,R3k+3)}.

Thus, (4) implies

τ + F(HG(Υ(U∗),R3k+2,R3k+3))
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≤ F(max{HG(U∗,R3k+1,R3k+2), HG(Υ(U∗), U∗,R3k+1),

HG(R3k+1,R3k+2,R3k+2), HG(R3k+2,R3k+3,R3k+3)})

and taking the limit as k → +∞ yields

τ + F(HG(Υ(U∗), U∗, U∗))

≤ F(max{HG(U∗, U∗, U∗), HG(Υ(U∗), U∗, U∗), HG(U∗, U∗, U∗), HG(U∗, U∗, U∗)})
= F(HG(Υ(U∗), U∗, U∗)),

which is a contradiction as τ > 0. Thus, Υ(U∗) = U∗. Following the conclusion above, U∗

is the common attractor of Υ, Ψ, and Φ.
For uniqueness, we consider V as another common attractor of Υ, Ψ and Φ with

HG(U∗, V, V) > 0. Then,

τ + F(HG(U∗, V, V)) = τ + F(HG(Υ(U∗), Ψ(V), Φ(V))) ≤ F(MΥ,Ψ,Φ(U∗, V, V)) (5)

where MΥ,Ψ,Φ(U∗, V, V) = max{HG(U∗, V, V), HG(U∗, Υ(U∗), Υ(U∗)),
HG(V, Ψ(V), Ψ(V)), HG(V, Φ(V), Φ(V))}

= max{HG(U∗, V, V), HG(U∗, U∗, U∗),
HG(V, V, V), HG(V, V, V)}

= HG(U∗, V, V).

Thus, (5) implies that τ + F(HG(U∗, V, V)) ≤ F(HG(U∗, V, V)) from which we conclude
that HG(U∗, V, V) = 0, and thus, U∗ = V. Hence, U∗ is a unique common attractor of Υ, Ψ,
and Φ.

Remark 2. In Theorem 2, take the collectionSG(Z), of all singleton subsets of Z, thenSG(Z) ⊆ CG(Z).
Furthermore, if we take the mappings (fk, gk, hk) = (f, g, h) for each k, where f = f1, g = g1 and
h = h1, then the operators (Υ, Ψ, Φ) become

(Υ(v1), Ψ(v2), Φ(v3)) = (f(v1), g(v2), h(v3)).

Thus, we obtain the following result on common fixed point.

Corollary 1. Let {Z; (fk, gk, hk), k = 1, 2, . . . , q} be a generalized F-iterated function system in a
complete G-metric space (Z, G) and define the maps f, g, h : Z → Z as in Remark 2. If there exists
τ > 0 such that for v1, v2, v3 ∈ Z having G(fv1, gv2, hv3) > 0, the following holds

τ + F(G(fv1, gv2, hv3)) ≤ F
(

Mf,g,h(v1, v2, v3)
)
,

where Mf,g,h(v1, v2, v3) = max{G(v1, v2, v3), G(v1, f(v1), f(v1)),

G(v2, g(v2), g(v2)), G(v3, h(v3), h(v3))}.

Then, f, g, and h have a unique common fixed point u ∈ Z. Additionally, for an arbitrary element
u0 ∈ Z, the sequence {u0, fu0, gfu0, hgfu0, fhgfu0, · · · } converges to the common fixed point of
f, g, and h.

Corollary 2. In a complete G-metric space (Z, G), let {Z; (fk, gk, hk), k = 1, · · · , q} be the
generalized F-iterated function system. Define Υ, Ψ, Φ : CG(Z) → CG(Z) by

Υ(Q) = f1(Q) ∪ · · · ∪ fq(Q),

Ψ(R) = g1(R) ∪ · · · ∪ gq(R),

Φ(N ) = h1(N ) ∪ · · · ∪ hq(N )
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for Q,R,N ∈ CG(Z). If for some m ∈ N, there exists τ > 0 such that for Q,R,N ∈ CG(Z)
with HG(Υm(Q), Ψm(R), Φm(N )) > 0 it holds that

τ + F(HG(Υm(Q), Ψm(R), Φm(N ))) ≤ F(MΥm ,Ψm ,Φm(Q,R,N )),

where MΥm ,Ψm ,Φm(Q,R,N ) = max{HG(Q,R,N ), HG(Q, Υm(Q), Υm(Q)),
HG(R, Ψm(R), Ψm(R)), HG(N , Φm(N ), Φm(N ))}.

Then, there exists unique U∗ ∈ CG(Z) that satisfies

U∗ = Υ(U∗) = Ψ(U∗) = Φ(U∗).

Additionally, for any arbitrarily chosen initial set R0 ∈ CG(Z), the sequence

{R0, Υ(R0), ΨΥ(R0), ΦΨΥ(R0), ΥΦΨΥ(R0), . . .}

of compact sets converges to the common attractor U∗.

Proof. From Theorem 2, we obtain that there exists unique U∗ ∈ CG(Z) that satisfy

U∗ = Υm(U∗) = Ψm(U∗) = Φm(U∗).

Now, Υ(U∗) = Υ(Υm(U∗)) = Υm(Υ(U∗)), that is, Υ(U∗) is also an attractor of Υm. Fol-
lowing the similar steps for those in Proof of Theorem 2, we obtain that Υ(U∗) is also
the common attractor of Υm, Ψm and Φm. By the uniqueness of the common attractor,
U∗ = Υ(U∗) = Ψ(U∗) = Φ(U∗).

Example 3. Let Z = [0, 1]× [0, 1] and G-metric on Z be defined as

G(u, v, w) = max


(

2

∑
i=1

(ui − vi)
2

) 1
2

,

(
2

∑
i=1

(vi − wi)
2

) 1
2

,

(
2

∑
i=1

(wi − ui)
2

) 1
2


for u = (u1, u2), v = (v1, v2), w = (w1, w2). Define fk, gk, hk : Z → Z, k = 1, 2 by

f1(z1, z2) =

(
z1 + 1

7
,

z2 + 3
9

)
for z1, z2 ∈ [0, 1],

g1(z1, z2) =

(
2z1 + 3

20
,

3(z2 + 1)
11

)
for z1, z2 ∈ [0, 1],

h1(z1, z2) =

(
3z1 + 2

15
,

4z2 + 3
12

)
for z1, z2 ∈ [0, 1],

f2(z1, z2) =

(
2z1 + 5

12
,

z2 + 4
8

)
for z1, z2 ∈ [0, 1],

g2(z1, z2) =

(
2(z1 + 1)

6
,

2z2 + 4
9

)
for z1, z2 ∈ [0, 1],

h2(z1, z2) =

(
5z1 + 2

9
,

3z2 + 4
10

)
for z1, z2 ∈ [0, 1].

The maps f1, f2, g1, g2, h1, and h2 are continuous and non commutative.
Now, we show that for F ∈ 𭟋 and τ > 0, the mappings fk, gk, hk : Z → Z, k = 1, 2 satisfy

τ + F(G(fk(u), gk(v), hk(w))) ≤ F
(
mfk ,gk ,hk (u, v, w)

)
where mfk ,gk ,hk (u, v, w) = max{G(u, v, w), G(u, fk(u), fk(u)),

G(v, gk(v), g1(v)), G(w, hk(w), hk(w))}.
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for all u, v, w ∈ Z obeying G(fku, gkv, hkw) > 0 for each k ∈ {1, 2}. As

G(f1(u), g1(v), h1(w))

= max

 2

∑
i=1

(f1ui − g1vi)
2,

(
2

∑
i=1

(g1vi − h1wi)
2

) 1
2

,

(
2

∑
i=1

(h1wi − f1ui)
2

) 1
2


= max
{(

(f1u1 − g1v1)
2 + (f1u2 − g1v2)

2
) 1

2 ,
(
(g1v1 − h1w1)

2 + (g1v2 − h1w2)
2
) 1

2 ,(
(h1w1 − f1u1)

2 + (h1w2 − f1u2)
2
) 1

2
}

= max


((

u1 + 1
7

− 2v1 + 3
20

)2
+

(
u2 + 3

9
− 3(v2 + 1)

11

)2
) 1

2

,

((
2v1 + 3

20
− 3w1 + 2

15

)2

+

(
3(v2 + 1)

11
− 4w2 + 3

12

)2
) 1

2

,

((
3w1 + 2

15
− u1 + 1

7

)2
+

(
4w2 + 3

12
− u2 + 3

9

)2
) 1

2


= max


((

(20u1 + 20)− (14v1 + 21)
140

)2
+

(
(11u2 + 33)− (27v2 + 27)

99

)2
) 1

2

,

((
(6v1 + 9)− (12w1 + 8)

60

)2
+

(
(36v2 + 36)− (44w2 + 33)

132

)2
) 1

2

,

((
(21w1 + 14)− (15u1 + 15)

105

)2
+

(
(12w2 + 9)− (4u2 + 12)

36

)2
) 1

2


= max


((

20u1 − 14v1 − 1
140

)2
+

(
27v1 − 11u2 − 6

99

)2
) 1

2

,

((
12w1 − 6v1 − 1

60

)2
+

(
44w2 − 36v2 − 3

132

)2
) 1

2

,

((
21w1 − 15u1 − 1

105

)2
+

(
12w2 − 4u2 − 3

36

)2
) 1

2
;

G(u, v, w) = max


(

2

∑
i=1

(ui − vi)
2

) 1
2

,

(
2

∑
i=1

(vi − wi)
2

) 1
2

,

(
2

∑
i=1

(wi − ui)
2

) 1
2


= max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2
}

;

G(u, f1(u), f1(u))

= max


(

2

∑
i=1

(ui − f1(ui))
2

) 1
2

,

(
2

∑
i=1

(f1(ui)− f1(ui))
2

) 1
2

,

(
2

∑
i=1

(f1(ui)− ui)
2

) 1
2


= max
{(

(u1 − f1(u1))
2 + (u2 − f1(u2))

2
) 1

2 ,(
(f1(u1)− f1(u1))

2 + (f1(u2)− f1(u2))
2
) 1

2 ,



Fractal Fract. 2024, 8, 346 13 of 22

(
(u1 − f1(u1))

2 + (u2 − f1(u2))
2
) 1

2
}

=
(
(u1 − f1(u1))

2 + (u2 − f1(u2))
2
) 1

2

=

((
u1 −

u1 + 1
7

)2
+

(
u2 −

u2 + 3
9

)2
) 1

2

=

((
6u1 − 1

7

)2
+

(
8u2 − 3

9

)2
) 1

2

;

G(v, g1(v), g1(v))

= max


(

2

∑
i=1

(vi − g1(vi))
2

) 1
2

,

(
2

∑
i=1

(g1(vi)− g1(vi))
2

) 1
2

,

(
2

∑
i=1

(g1(vi)− vi)
2

) 1
2


= max
{(

(v1 − g1(v1))
2 + (v2 − g1(v2))

2
) 1

2 ,
(
(g1(v1)− g1(v1))

2 + (g1(v2)− g1(v2))
2
) 1

2 ,(
(v1 − g1(v1))

2 + (v2 − g1(v2))
2
)} 1

2

=
(
(v1 − g1(v1))

2 + (v2 − g1(v2))
2
) 1

2

=

((
v1 −

2v1 + 3
20

)2
+

(
v2 −

3(v2 + 1)
11

)2
) 1

2

=

((
18v1 − 3

20

)2
+

(
8v2 − 3

11

)2
) 1

2

;

G(w, h1(w), h1(w))

= max


(

2

∑
i=1

(wi − h1(wi))
2

) 1
2

,

(
2

∑
i=1

(h1(wi)− h1(wi))
2

) 1
2

,

(
2

∑
i=1

(h1(wi)− wi)
2

) 1
2


= max
{(

(w1 − h1(w1))
2 + (w2 − h1(w2))

2
) 1

2 ,(
(h1(w1)− h1(w1))

2 + (h1(w2)− h1(w2))
2
) 1

2 ,(
(w1 − h1(w1))

2 + (w2 − h1(w2))
2
) 1

2
}

=
(
(w1 − h1(w1))

2 + (w2 − h1(w2))
2
) 1

2

=

((
w1 −

3w1 + 2
15

)2
+

(
v2 −

4w2 + 3
12

)2
) 1

2

=

((
12w1 − 2

15

)2
+

(
8w2 − 3

12

)2
) 1

2

.

Now, by taking F(λ) = ln(λ) for λ > 0, τ = ln( 20
19 ), and for u, v, w ∈ Z having

G(f1(u), g1(v), h1(w)) > 0, we have

G(f1(u), g1(v), h1(w))

= max


((

20u1 − 14v1 − 1
140

)2
+

(
27v1 − 11u2 − 6

99

)2
) 1

2

,

((
12w1 − 6v1 − 1

60

)2
+

(
44w2 − 36v2 − 3

132

)2
) 1

2

,

((
21w1 − 15u1 − 1

105

)2
+

(
12w2 − 4u2 − 3

36

)2
) 1

2

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≤ 19
20

max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,

(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2 ,

((
6u1 − 1

7

)2
+

(
8u2 − 3

9

)2
) 1

2

,

((
18v1 − 3

20

)2
+

(
8v2 − 3

11

)2
) 1

2

,

((
12w1 − 2

15

)2
+

(
8w2 − 3

12

)2
) 1

2


=
19
20

max
{

max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,

(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2
}

,

((
6u1 − 1

7

)2
+

(
8u2 − 3

9

)2
) 1

2

,

((
18v1 − 3

20

)2
+

(
8v2 − 3

11

)2
) 1

2

,

((
12w1 − 2

15

)2
+

(
8w2 − 3

12

)2
) 1

2


= e−τ max{G(u, v, w), G(u, f1(u), f1(u)), G(v, g1(v), g1(v)), G(w, h1(w), h1(w))}.

Again for u, v, w ∈ Z, we have

G(f2(u), g2(v), h2(w))

= max

 2

∑
i=1

(f2ui − g2vi)
2,

(
2

∑
i=1

(g2vi − h2wi)
2

) 1
2

,

(
2

∑
i=1

(h2wi − f2ui)
2

) 1
2


= max
{(

(f2u1 − g2v1)
2 + (f2u2 − g2v2)

2
) 1

2 ,
(
(g2v1 − h2w1)

2 + (g2v2 − h2w2)
2
) 1

2 ,(
(h2w1 − f2u1)

2 + (h2w2 − f2u2)
2
) 1

2
}

= max


((

2u1 + 5
12

− 2(v1 + 1)
6

)2

+

(
u2 + 4

8
− 2v2 + 4

9

)2
) 1

2

,

((
2(v1 + 1)

6
− 5w1 + 2

9

)2

+

(
2v2 + 4

9
− 3w2 + 4

10

)2
) 1

2

,

((
5w1 + 2

9
− 2u1 + 5

12

)2
+

(
3w2 + 4

10
− u2 + 4

8

)2
) 1

2


= max


((

(2u1 + 5)− (4v1 + 4)
12

)2
+

(
(9u2 + 36)− (16v2 + 32)

72

)2
) 1

2

,

((
(6v1 + 3)− (10w1 + 4)

18

)2
+

(
(20v2 + 40)− (27w2 + 36)

90

)2
) 1

2

,

((
(20w1 + 8)− (6u1 + 15)

36

)2
+

(
(12w2 + 16)− (5u2 + 20)

40

)2
) 1

2


= max


((

4v1 − 2u1 − 1
12

)2
+

(
16v2 − 9u2 − 4

72

)2
) 1

2

,

((
10w1 − 6v1 + 1

18

)2
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+

(
27w2 − 20v2 − 4

90

)2
) 1

2

,

((
20w1 − 6u1 − 7

36

)2
+

(
12w2 − 5u2 − 4

40

)2
) 1

2
;

G(u, v, w) = max


(

2

∑
i=1

(ui − vi)
2

) 1
2

,

(
2

∑
i=1

(vi − wi)
2

) 1
2

,

(
2

∑
i=1

(wi − ui)
2

) 1
2


= max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2
}

;

G(u, f2(u), f2(u))

= max


(

2

∑
i=1

(ui − f2(ui))
2

) 1
2

,

(
2

∑
i=1

(f2(ui)− f2(ui))
2

) 1
2

,

(
2

∑
i=1

(f2(ui)− ui)
2

) 1
2


= max
{(

(u1 − f2(u1))
2 + (u2 − f2(u2))

2
) 1

2 ,
(
(f2(u1)− f2(u1))

2 + (f2(u2)− f2(u2))
2
) 1

2 ,(
(u1 − f2(u1))

2 + (u2 − f2(u2))
2
)} 1

2

=
(
(u1 − f2(u1))

2 + (u2 − f2(u2))
2
) 1

2
=

((
u1 −

2u1 + 5
12

)2
+

(
u2 −

u2 + 4
8

)2
) 1

2

=

((
10u1 − 5

12

)2
+

(
7u2 − 4

8

)2
) 1

2

;

G(v, g2(v), g2(v))

= max


(

2

∑
i=1

(vi − g2(vi))
2

) 1
2

,

(
2

∑
i=1

(g2(vi)− g2(vi))
2

) 1
2

,

(
2

∑
i=1

(g2(vi)− vi)
2

) 1
2


= max
{(

(v1 − g2(v1))
2 + (v2 − g2(v2))

2
) 1

2 ,
(
(g2(v1)− g2(v1))

2

+(g2(v2)− g2(v2))
2
) 1

2 ,
(
(v1 − g2(v1))

2 + (v2 − g2(v2))
2
) 1

2

=
(
(v1 − g2(v1))

2 + (v2 − g2(v2))
2
) 1

2

=

((
v1 −

2(v1 + 1)
6

)2

+

(
v2 −

2v2 + 4
9

)2
) 1

2

=

((
4v1 − 2

6

)2
+

(
7v2 − 4

9

)2
) 1

2

;

G(w, h2(w), h2(w))

= max


(

2

∑
i=1

(wi − h2(wi))
2

) 1
2

,

(
2

∑
i=1

(h2(wi)− h2(wi))
2

) 1
2

,

(
2

∑
i=1

(h2(wi)− wi)
2

) 1
2


= max
{(

(w1 − h2(w1))
2 + (w2 − h2(w2))

2
) 1

2 ,
(
(h2(w1)− h2(w1))

2

+(h2(w2)− h2(w2))
2
) 1

2 ,
(
(w1 − h2(w1))

2 + (w2 − h2(w2))
2
) 1

2
}
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=
(
(w1 − h2(w1))

2 + (w2 − h2(w2))
2
) 1

2

=

((
w1 −

5w1 + 2
9

)2
+

(
v2 −

3z2 + 4
10

)2
) 1

2

=

((
4w1 − 2

9

)2
+

(
7w2 − 4

10

)2
) 1

2

.

Thus, by taking F(λ) = ln(λ) for λ > 0, τ = ln( 20
19 ), and for u, v, w ∈ Z having

G(f2(u), g2(v), h2(w)) > 0, we have

G(f2(u), g2(v), h2(w)) = max


((

4v1 − 2u1 − 1
12

)2
+

(
16v2 − 9u2 − 4

72

)2
) 1

2

,

((
10w1 − 6v1 + 1

18

)2
+

(
27w2 − 20v2 − 4

90

)2
) 1

2

,

((
20w1 − 6u1 − 7

36

)2
+

(
12w2 − 5u2 − 4

40

)2
)} 1

2

≤ 19
20

max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,

(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2 ,

((
10u1 − 5

12

)2
+

(
7u2 − 4

8

)2
) 1

2

,

((
4v1 − 2

6

)2
+

(
7v2 − 4

9

)2
) 1

2

,

((
4w1 − 2

9

)2
+

(
7w2 − 4

10

)2
) 1

2


=
19
20

max
{

max
{(

(u1 − v1)
2 + (u2 − v2)

2
) 1

2 ,
(
(v1 − w1)

2 + (v2 − w2)
2
) 1

2 ,

(
(w1 − u1)

2 + (w2 − u2)
2
) 1

2
}

,

((
10u1 − 5

12

)2
+

(
7u2 − 4

8

)2
) 1

2

,

((
4v1 − 2

6

)2
+

(
7v2 − 4

9

)2
) 1

2

,

((
4w1 − 2

9

)2
+

(
7w2 − 4

10

)2
) 1

2


= e−τ max{G(u, v, w), G(u, f1(u), f1(u)), G(v, g1(v), g1(v)), G(w, h1(w), h1(w))}.

Thus, for all u, v, w ∈ Z satisfying G(fk(u), gk(v), hk(w)) > 0 for k = 1, 2, we have

G(fk(u), gk(v), hk(w)) ≤ e−τmfk ,gk ,hk (u, v, w)

where mfk ,gk ,hk (u, v, w) = max{G(u, v, w), G(u, fk(u), fk(u)),
G(v, gk(v), g1(v)), G(w, hk(w), hk(w))}.

That is, {Z; (fk, gk, hk), k = 1, 2} is the generalized F-iterated function system. Now, we define the
mappings Υ, Ψ, Φ : CG(Z) → CG(Z) for all Q,R,N ∈ CG(Z) by

Υ(Q) = f1(Q) ∪ f2(Q), Ψ(R) = g1(R) ∪ g2(R), Φ(N ) = h1(N ) ∪ h2(N )

By Proposition 2, for Q,R,N ∈ CG(Z) satisfying HG(Υ(Q), Ψ(R), Φ(N )) > 0, the condition

HG(Υ(Q), Ψ(R), Φ(N )) ≤ e−τ MΥ,Ψ,Φ(Q,R,N )

where MΥ,Ψ,Φ(Q,R,N ) = max{HG(Q,R,N ), HG(Q, Υ(Q), Υ(Q)),
HG(R, Ψ(R), Ψ(R)), HG(N , Φ(N ), Φ(N ))}.
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holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
R0 ∈ CG(Y), the sequence {R0, Υ(R0), ΨΥ(R0), ΦΨΥ(R0), ΥΦΨΥ(R0), · · · } of compact sets
is convergent and has a limit, the common attractor of Υ, Ψ, and Φ. Figure 1 shows the convergence
process of sequence steps at n = 2, 4, 6, and 8 in (a), (b), (c), and (d), respectively. The green points
in the figures show the data points of convergence steps and the blue lines show the movements of
data points in the different places.

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 1. Iteration steps of the convergence to the common attractor of Υ, Ψ, and Φ.

Example 4. Let Z = [0, 1]× [0, 1] and G-metric on Z be defined as

G(u, v, w) = max

{
2

∑
i=1

|ui − vi|,
2

∑
i=1

|vi − wi|,
2

∑
i=1

|wi − ui|
}

for u = (u1, u2), v = (v1, v2), w = (w1, w2) ∈ Z. Define fk, gk, hk : Z → Z, k = 1, 2 by

f1(z1, z2) =

(
z1

2
+

1
5

,
z2

3
+

1
3

)
, f2(z1, z2) =

(
z1

4
+

3
10

,
2z2

5
+

3
10

)
,

g1(z1, z2) =

(
1

10
(2.5z1 − z2 + 3.5),

1
10

(2.5z1 + z2 + 3.5)
)

,

g2(z1, z2) =

(
1

10
(2.5z1 + 3z2 + 1.5),

1
10

(−2.5z1 + 3z2 + 4.5)
)

,

h1(z1, z2) =

(
3z1 + 2

8
,

3z2 + 2
7

)
, h2(z1, z2) =

(
z1 + 2

6
,

2z2 + 3
8

)
.

The maps f1, f2, g1, g2, h1, h2 are continuous and non-commutative. With F(λ) = ln(λ) + λ for
some λ > 0 and τ > 0, for v1, v2, v3 ∈ Z obeying G(fkv1, gkv2, hkv3) > 0, for k = 1, 2,

G(fkv1, gkv2, hkv3)e
G(fkv1,gkv2,hkv3)−mfk ,gk ,hk

(v1,v2,v3) ≤ e−τmfk ,gk ,hk
(v1, v2, v3),

where mfk ,gk ,hk
(v1, v2, v3) = max{G(v1, v2, v3), G(v1, fk(v1), fk(v1)),
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G(v2, gk(v2), gk(v2)), G(v3, hk(v3), hk(v3))}

Now, from the generalized F-iterated function system {Z; (f1, f2, g1, g2, h1, h2)}, we define the
mappings Υ, Ψ, Φ : CG(Z) → CG(Z) for Q,R,N ∈ CG(Z) by

Υ(Q) = f1(Q) ∪ f2(Q), Ψ(R) = g1(R) ∪ g2(R), Φ(N ) = h1(N ) ∪ h2(N ).

Then, for Q,R,N ∈ CG(Z) having HG(Υ(Q), Ψ(R), Φ(N )) > 0,

HG(Υ(Q), Ψ(R), Φ(N ))eHG(Υ(Q),Ψ(R),Φ(N ))−MΥ,Ψ,Φ(Q,R,N ) ≤ e−τ MΥ,Ψ,Φ(Q,R,N )

where τ > 0 and MΥ,Ψ,Φ(Q,R,N ) = max{HG(Q,R,N ), HG(Q, Υ(Q), Υ(Q)),

HG(R, Ψ(R), Ψ(R)), HG(N , Φ(N ), Φ(N ))}.

holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
R0 ∈ CG(Z), the sequence {R0, Υ(R0), ΨΥ(R0), ΦΨΥ(R0), ΥΦΨΥ(R0), · · · } of compact sets
is convergent and has a limit, the common attractor of Υ, Ψ, and Φ. Figure 2 shows the convergence
process of sequence steps at n = 2, 4, 6, and 8 in (a), (b), (c), and (d), respectively. The green points
in the figures show the data points of convergence steps and the blue lines show the movements of
data points in the different places.

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 2. Iteration steps of the convergence to the common attractor of Υ, Ψ, and Φ.

If we are interchanging the order of variables in maps, then we obtain a new form of common
attractor of Υ, Ψ, and Φ, see for example in Figure 3. The green points in the figures show the
data points of convergence steps and the blue lines show the movements of data points in the
different places.
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(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 3. Iteration steps of the convergence to the common attractor of Υ, Ψ, and Φ.

Example 5. Let Z3 = [0, 1]3 and the G-metric on Z3 is defined as

G(u1, u2, u3) = max{
3
∑

i=1
|xi − xi+1|,

3
∑

i=1
|yi − yi+1|,

3
∑

i=1
|zi − zi+1|} for ui = (xi, yi, zi) ∈ Z3

for i ∈ {1, 2, 3}, where u4= u1. Define fk, gk, hk : Z3 → Z3, k = 1, 2 by

f1(u1, u2, u3) = (0.8u1 + 0.1, 0.8u2 + 0.02, 0.8u3 + 0.04) for u1, u2, u3 ∈ [0, 1],

f2(u1, u2, u3) = (0.5u1 + 0.2, 0.3u2 + 0.3, 0.5u3 + 0.4) for u1, u2, u3 ∈ [0, 1],

g1(u1, u2, u3) = (0.35u1 − 0.35u2 + 0.26, 0.35u1 + 0.35u2 + 0.07, 0.35u2 + 0.35u3 + 0.76),

g2(u1, u2, u3) = (0.5u1 + 0.1, 0.4u2 + 0.03, 0.5u3 + 0.06) for u1, u2, u3 ∈ [0, 1],

h1(u1, u2, u3) = (0.3u1 + 0.2, 0.4u2 + 0.1, 0.2u3 + 0.4) for u1, u2, u3 ∈ [0, 1],

h2(u1, u2, u3) = (0.1u1 + 0.3, 0.2u2 + 0.02, 0.3u3 + 0.4) for u1, u2, u3 ∈ [0, 1].

The maps f1, f2, g1, g2, h1, h2 are continuous and non-commutative, and {Z3; (f1, f2, g1, g2, h1, h2)}
is a generalized F-iterated function system. Define Υ, Ψ, Φ : CG(Z3) → CG(Z3) by Υ(Q) =
f1(Q)∪ f2(Q), Ψ(R) = g1(R)∪ g2(R), Φ(N ) = h1(N )∪ h2(N ) for Q,R,N ∈ CG(Z3).
Then for Q,R,N ∈ CG(Z3) having HG(Υ(Q), Ψ(R), Φ(N )) > 0, the condition

HG(Υ(Q), Ψ(R), Φ(N ))eHG(Υ(Q),Ψ(R),Φ(N ))−MΥ,Ψ,Φ(Q,R,N ) ≤ e−τ MΥ,Ψ,Φ(Q,R,N )

where MΥ,Ψ,Φ(Q,R,N ) = max{HG(Q,R,N ), HG(Q, Υ(Q), Υ(Q)),

HG(R, Ψ(R), Ψ(R)), HG(N , Φ(N ), Φ(N ))}.

holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
R0 ∈ CG(Z3), the sequence {R0, Υ(R0), ΨΥ(R0), ΦΨΥ(R0), ΥΦΨΥ(R0), · · · } of compact sets
is convergent and has a limit, the common attractor of Υ, Ψ, and Φ (see Figure 4). The Figure 4
shows the convergence process of sequence steps at n = 2, 4, 6, and 8 in (a), (b), (c), and (d),
respectively. The green points in the figures show the data points of convergence steps and the blue
lines show the movements of data points in the different places.
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(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 4. Iteration steps to the convergence of the common attractor of Υ, Ψ, and Φ.

Interchanging the order of variables in maps yields a new form of common attractor of Υ, Ψ,
and Φ (see Figure 5). The green points in the figures show the data points of convergence steps and
the blue lines show the movements of data points in the different places.

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 5. Iteration steps to the convergence of the common attractor of Υ, Ψ, and Φ.
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3. Conclusions

In this paper, we investigated a method of a generalized F-iterated function system
for common attractors based on a finite family of generalized F-contractions in G-metric
spaces. We obtained the fractals as a common attractor of the generalized F-iterated
function system. We showed that the triplet of F-Hutchinson operators defined by the
finite number of general F-contractions on a complete G-metric space is itself a generalized
F-contraction mapping. We also presented several examples in 2-D and 3-D applying our
results. While the figures in the examples are for the illustration of the main results of the
paper, rather than the investigation of numerical aspects of convergence of iterations or
its dependence on the iterated maps, they hint that the further numerical analysis of the
convergence of iterations to attractors would be an interesting direction of investigation for
the generalised iterated function systems and maps considered in this paper.
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