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1. Introduction

Fixed point theory has attracted much attention in the past few years with a vast
range of applications both within and beyond mathematics [1-4]. Mustafa and Sims [5]
generalized metric space by introducing the structure of G-metric space. Several researchers
derived some fixed point theorems for maps satisfying a variety of contractive constraints
in G-metric space [3,6-14].

In his 1981 seminal work, Hutchinson [15] established mathematical foundations for
iterated function systems (IFSs) and showed that the Hutchinson operator defined on Rk
has as its fixed point a bounded and closed subset of R* called an attractor of IFS [16,17].
Several researchers have obtained useful results for iterated function systems (see [18,19]
and references therein). Nazir, Silvestrov, and Abbas [20] established fractals by employing
F-Hutchinson maps in the setup of metric space. Recently, Navascués [21] presented
the approximation of fixed points and fractal functions by means of different iterative
algorithms. Navascués et al. [22] established some useful results of the collage type for
Reich mutual contractions in b-metric and strong b-metric spaces. Thangaraj et al. [23]
constructed an iterated function system called Controlled Kannan Iterated Function System
based on Kannan contraction maps in a controlled metric space and used it to develop a
new kind of invariant set, known as a Controlled Kannan Attractor or Controlled Kannan
Fractal. Recently, Nazir and Silvestrov [24] investigated a generalized iterated function
system based on pair of self-mappings and obtained the common attractors of these maps in
complete dislocated metric spaces, established the well-posedness of the attractor problems
of rational contraction maps in the framework of dislocated metric spaces, and obtained
the generalized collage theorem in dislocated metric spaces.

In this paper, we consider the triplet of generalized F-contractive operators and define
generalized F-Hutchinson operators to obtain the common attractors in complete G-metric
spaces. The contractive conditions are different from those in [24], and both dislocated
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metric spaces and G-metric spaces are independent to each other. We construct some
new common attractor point results based on a generalized F-iterated function system
in G-metric spaces. We define F-Hutchinson operators with a finite number of general
F-contractive operators in the complete G-metric space and show that these operators are
themselves general F-contractions. It is worth mentioning that we are obtaining these
results without using any type of commuting conditions of selfmaps in non-symmetric
G-metric space. At the end, we present several nontrivial examples of common attractors
as a result of F-Hutchinson operators.
Mustafa and Sims [5] established the following notion of G-metric.

Definition 1. Let Z be a non-empty set. A map with three arguments (ternary map) G : Z X Z x
Z — [0, 400) is called G-metric if

Gi: G(u,v,w)=0ifu=v=w,
Gy: 0< G(p,v,v) forall y,v € Zwithu #v,
Gs: G(u,u,v) < G(u,v,w) forall p,v,w € Zwithv # w,

Ga : G is symmetric mapping in all its variables, meaning that it is invariant under any permuta-
tion of its variables, that is, G(o (), (v),0(w)) = G(u, v, w), for all permutations o of
{nv,w}.

Gs: G(u,v,w) < Gy, 5,%) + G(3¢,v,w) forall u,v,w, » € Z.

Then, (Z, G) is called G-metric space. Further, (Z, G) is called symmetric G-metric space when-
ever G(u, , ) = G(u, », 3¢) for all y, 3¢ € Z, which can be written also as G(¢, u, 3¢) = G(p, ¢, i),
using the invariance of G under permutations of variables (axiom Gy).

Example 1 ([5,25,26]). Let (Z,d) be a metric space. Then, G : Z x Z X Z — [0, +00), defined by

G(u,v,w) =max{d(u,v),dv,w),d(u,w)},
G(wv,w) =d(uv)+dv,w) +d(p,w)

forall y,v,w € Z, are G-metrics on Z.

Example 2. Let (Z, G) be G-metric space and dg : Z x Z — [0, 400) defined as
dg(u,v) = G(u,v,v) + G(v,u,u) forall u,v € Z.

Then, (dg, Z) is a metric space.

Definition 2 ([25]). Let {y,} be a sequence in G-metric space (Z, G). Then,

(@) {yn} C Z is G-convergent sequence if, for any € > 0, there is a point y € Z and a natural
number N such that for all n,m > N, G(Y, Yn, Ym) < €&

() {yn} C Z is G-Cauchy sequence if, for any A > 0, there is an N € N such that for all
ILn,m> N, G(Yn,Ym, Y1) <A;

(c) (Z,G) is G-complete when each G-Cauchy sequence in G-metric space is convergent in Z.
{yn} converges to y € Z whenever G(Ym,Yyn,y) — 0as m,n — oo and {y,} is Cauchy
whenever G(Ym, Yn,y;) — 0as m,n,1 — co.

Definition 3 ([25]). Let (Z,G) and (Z', G') be two G-metric spaces. Map h : (Z,G) — (Z',G’)
is G-continuous at a point b € Z when for an A > 0, there exists 6 > 0 such that u,v € Z and
G(b,u,v) < 6 implies G'(h(b), h(u),h(v)) < A. Further, h is G-continuous on Z when it is
G-continuous on every b € Z.
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Proposition 1 ([25]). Let (Z, G) be G-metric space. Then,
(i) G(u,v,w) is simultaneously continuous map,

(i) G(w,v,v) <2G(v, w,w) forw,v € Z.

Consider, next, the following subsets of G-metric space (Z, G) (see [27]):
N(Z) = {U : U is anon empty subset of Z}.
B(Z) = {W : U is a non empty bounded subset of Z}.
CL(Z) = {U : U is a non empty closed subset of Z}.
CB(Z) = {U : U is a non empty closed and bounded subset of Z}.
C%(Z) = {U : U is a non empty compact set in Z}.

Remark 1 ([28]). In G-metric space (Z,G), let Hg : CB(Z) x CB(Z) x CB(Z) — [0,+) be
a mapping defined as

Hg (D, E,F) = max{sup G(u,E, F),sup G(v,F,D),sup G(w,D,E)}
ueD veE weF

forallE,D,F € CB(Z), where G(u,E, D) = inf{G(u,v,x) : v € E,x € D} is called a Hausdorff
G-metric on CB(Z).

If (Z, G) is G-complete metric space, then the Hg-complete metric space (CB(Y), Hg)
is also complete.

Lemma 1. In G-metric space (Z,G), for P, Q, R, S, U,V € C(Z), the following are satisfied:

(i) If Q C R, then sup G(k, R, R) < supG(k, Q, Q);
keP keP

(i) sup G(x,R,U)=max{supG(k,R,U),supG({,R,U)};
xePUQ keP le@

(iii) He(PUQ,RUS,UUYV) <max{Hg(P,R,U),Hs(Q,S,V)}.
Proof. (i) Since Q C R, forallr € P,

G(r,R,R) = inf{G(r,pu,u):peR}
inf{G(r,¢,0): L € Q} =G(r,Q,Q),

IN

this implies that
supG(r,R,R) <supG(r,Q, Q).
re’P re’P

(ii) Note that

sup G(x,R,U) = max{sup{G(x,R,U):x € P}, sup{G(x,R,U):x € Q}}
xePUQ
= max{supG(k,R,U),sup G({,R,U)}.
keP leQ

(iii) Since

sup G(x, RUS,UUYV)
xePUQ
=max{supG(k, RUS,UUV),supG({,QUS,UUV)} (from (ii))
keP leQ
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< max{sup G(k, R,U),sup G({,S,V)} (from (i))
keP leQ

< max{ max{sup G(k, R,U), sup G(u, P,U)}, max{sup G(¢,S,V),supG(1,Q,V)}
keP HER leQ nes

<max{Hg(P,R,U),Hc(Q,S,V)}.

Similarly,
sup G(y,PUQ,UUYV) <max{Hg(P,R,U),Hs(Q,S,V)},
YyERUS
sup G(y, PUQ,RUS) <max{Hg(P,R,U),Hs(Q,S,V)}.
zeUUY
Hence,

He(PUQUUY,RUS) =

maxq sup G(x, RUS,UUYV), sup G(y,PUQUUYV), sup G(y,PUQ,RUS)
xePUQ yERUS zel Uy

<max{Hg(P,R,U),Hs(Q,S,V)}.

O

Wardowski [29] defined F-contraction maps for fixed point results as follows. Let
F : R — R be a continuous map satisfying the following conditions:

(F;) Fora, B € RT such that « < B implies that F(a) < F(B).

(F) Foray >0,k=1,2,3,..., lim ay = 0and lim F(a;) = —oo are equivalent.
k—00 k—o0
(F3) There exists 8 € (0,1) such that 11%1+ aF(a) =0
a—
We denote a set [ as a collection of all F-contractions.

Definition 4. In G-metric space (Z,G), a self-map by : Z — Z is called an F-contraction on Z if
forallu,v,w € Z, there exists F € [ and T > 0 such that

T+ F(G(bu, o, hw)) < F(G(u, v, w))
whenever G(hu, hov, hw) > 0.

We discuss F-iterated function systems in G-metric space. First, we define generalized
F-contractive operators as a preliminary result.

Definition 5. In G-metric space (Z,G), let §,9,b : Z — Z be three self-mappings. A triplet
(f,9,4) is called a generalized F-contraction mappings if for all u,v,w € Z, there exists F € F and
T > 0 such that

T+ F(G(fu, gv, bw)) < F(G(u,v,w))

whenever G(fu, gv, bw) > 0.
Theorem 1. Consider G-metric space (Z,G) and let f,g,h : Z — Z be continuous maps. If the
triplet of mappings (§, g, h) is a generalized F-contraction, then

(i) the elements in C©(Z) are mapped to elements in C©(Z) under f, g and h;
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(i) if for an arbitrary U € CC(Z), the mappings f,h, g : C¢(Z) — CC(Z) are defined as

fu) = {f(u):uel},
g(U) = {s(0):vel},
hUu) = {h(w):we U},

then, the triplet (§,g,h) is a generalized F-contraction on (C%(Z), Hg).

Proof. (i) Since f is a continuous and the image of a compact subset under a contin-
uous mapping, § : Z — Z is compact, then U € C%(Z) gives f(U) € C%(Z). Also,
U € C5(Z) implies that g(U) € C%(Z) and h(U) € C4(Z).
(ii) Let Q, R, N € CC(Z). Since the triplet (f, g, h) is a generalized F-contraction mappings
on Z. Then,

G(fu, gv, hw) < G(u, v, w)

for all u,v,w € Z such that G(fu, gv, hw) > 0. Now,

G(fu,g(R),h(N)) = inf{G(fu,gv,hw):v € R,we N}
inf{G(u,v,w) :v € R,w e N}
G(u,R,N),

G(gv,§(Q),h(N)) = inf{G(gv,fu htwy):ue€ Qwe N}
inf{G(v,u,w):u € Q,we N}
G(v, Q,N),

G(hw,§(Q),8(R)) = inf{G(hw,fu,gv):uec Q,veR}

A

A

< inf{G(w,u,v):u € Q,veR}
= G(w,Q,R),
and hence,
Hg(f(Q),8(R),h(N))
= rnax{sup G(fu,g(R),h(N)), sup G(gv,f(Q),h(N)),
uel veM
sup G(hw,§(Q),8(R))}
weN
< max{sup G(u, R, N), sup G(v, Q,N), sup G(w, Q,R)}
uel vEM weN
= Hg(Q,R,N).

By (Fy) of F-contraction,
F(Hg(1(Q),8(R),h(N))) < F(He(Q, R, N)).
Consequently, there exists T* > 0 such that
T+ F(Hg(f(Q),8(R), h(N))) < F(He(2,R,N)).-
Thus, the triplet (f, g, ) is a generalized F-contraction mappings on (C®(Z), Hg). O

Proposition 2. In G-metric space (Z, G), suppose the mappings fi, 9, hy : Z — Zfork =1,...,q
are continuous and satisfy

T+ F(G(fku/gkv/hkw)) < F(G(urv/w))
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forall u,v,w € Z such that G(fxu, gxv, hyw) > 0 for each k € {1,...,q}. Then, the mappings
Y, ¥,®:CC(Z) — CC(Z) defined as

Y(Q) =1(Q)U...Uf(Q), foreach Q € C¢(Z),
Y(R)=g(R)U...U gq(R) for each R € C°(Z)
O(N) =hi(N)U...Uhg(N), foreach N € C°(Z)

also satisfy

T+ Hg(YQ, ¥R, ®N) < F(Hg(Q,R,N)) forall Q,R,N € C¢(Z),
whenever Hg(YQ, YR, PN') > 0, that is, the triplet (Y, ¥, ®) is also a generalized F-contraction
on C%(2).

Proof. We give a proof by induction. If ¢ = 1, then, the result is true trivially. For ¢ = 2,
let fx, gk, h,: Z — Z, k € {1,2} be self-mappings such that (f1, g1, 1) and (f2, g2, h2) are
triplets of generalized F-contractions. Then, for @, R, N € C¢(Z) and from Lemma 1 (iii),

T+ F(Hg(Y(Q), ¥(R), ®(N)))

=T+ F(Hg(f1(Q) Uf2(Q),81(R) U&2(R), 1 (N) Uhz(N)))

< 7+ F(max{Hg(1(Q), 01(R), h(N)), Hc(f2(Q), 82(R), h2(N)) })
< F(Hg(Q,R,N)).

Hence, the result is true for g = 2. Suppose that for 4 = n, the result holds, that is,

T+F<HG<LHJ f1(Q), LnJ a(2)., U hz(@)) < F(HG(Q,R,N))

=1 =1 1=1
forall Q,R,N € C%(2),

whenever Hg (lQ fz(Q),lQ 0(9), U m(@) > 0. For

n+1 n+1 n+1

= U i(Q), ¥(Q) = | 0(Q),2(Q) = |J h(Q)
=1 1=1 =1

for each Q@ € C%(Z), and from Lemma 1 (iii), we have

T+ F(Hg(Y(Q), ¥(R), ®(N)))
n+1 n+1 n+1
=7+ F( Hg( fl(Q),ng(R),th(N )

=1 I=1

:T+F<HG(Oh( Ufn—l—l Ugl Ugn+1(R)rOhl(N)Uhn+1(N))>

< 7+ F| max{Hg(|J 11(Q) Uhl ), Hg (Fa41(Q), gn+1(R),hn+1(N))}>

Hence, the result is true for g = n + 1. Thus, the triplet (Y, ¥, ®) is also a generalized
F-contraction on C¢(Z). O
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Definition 6. In G-metric space (Z,G),let Y, ¥, ® : C5(Z) — C%(Z). The mappings (Y,'¥, )
are called generalized F-Hutchinson contractive operators if for Q,R,N € CC(Z) obeying
Hc(Y(Q),¥(R),®(N)) > 0, it holds that

T+ F(Hg(Y(Q), ¥(R), (V) < F(Myy,0(Q R, N)) ©)

where My v ¢(Q, R, N') =max{Hg(Q,R,N),Hs(Q,Y(Q),Y(Q)),
HG(R,¥(R),¥(R)), Hc(N, ®(N), ®(N))}.

Definition 7. In a complete G-metric space (Z,G), let fx, gx,hy : Z — Z, k = 1,...,q be
continuous maps, where each triplet (f, gk, hy) fork =1,...,q is a generalized F-contraction, then
{Z; (§x, 0k, i), k =1,...,q} is called the generalized F-iterated function system.

Consequently, a generalized F-iterated function system in G-metric space is a finite
collection of generalized F-contractions on Z.

Definition 8. Let (Z,G) be a complete G-metric space and U C Z a non-empty compact set.
Then, U is the common attractor of the mappings Y, ¥, ® : C%(Z) — CC(Z) if

G Y(U)=Y(U)=dU)=U
(i) There exists an open set V C Z satisfying U C V and lim Y¥(Q) = lim ¥¥(R) =
k=400 k=40

klim Dk (N) = U for any compact sets Q, R, N C V, where the limit is taken relative to
—+00
the G-Hausdorff metric.

2. Main Results

Now, we establish the results of common attractors of generalized F-Hutchinson
contraction in G-metric spaces.

Theorem 2. In a complete G-metric space (Z,G), let {Z; (fx, 9k, hx), k = 1,...,q} be the gener-
alized F-iterated function system. Define Y,¥,® : C%(Z) — C%(Z) by

Y(Q) =H(Q)U...Uf(Q),
¥(R) =g (R)U...Ugy(R),
ON) = (N)U...Uhy(N)

for QR,N € CC(Z). If the mappings (Y,¥,®) are generalized F-Hutchinson contractive
operators, then Y,¥Y and ® have a unique common attractor U* € C G(Z ), that is,

ur=yUur) =¥U") =eU").
Additionally, for any arbitrarily chosen initial set Ro € CC(Z), the sequence
{R0,Y(R0o), ¥Y(Ro), P¥Y(Ro), YPYY(Ro),...}
of compact sets converges to the common attractor U*.

Proof. We show that any attractor of Y is an attractor of ¥ and ®. To that end, we assume
that U* € C¢(Z) is such that Y(U*) = U*. We need to show that U* = ¥(U*) = &(U*). If
not, then as the mappings (Y, ¥, @) are generalized F-Hutchinson contractive operators,
for Ho(Y(U*), ¥ (U*),®(U*)) > 0, by using (G3), we obtain

T+ F(Hg(U", Y (U"), (U"))) = t+F(He(Y(U"),¥(U"), o(U)))
< F(Myyo(U™, U™, UY))), (2)
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where
Myy (U, U",U") = max{Hg(U", U",U"),He(U",Y(U"),Y(U")),
He (U™, ¥ (U"), Y (U")), He(U", @(U"), (U"))}
= max{Hg(U", ¥(U"),¥(U")), He(U", (U"), d(U"))}
< max{Hg(U", ¥ (U"), (U")), He(U", @(U"), ¥ (U"))}

He (U™, ¥ (U™), ®(U")).

From (2), it follows that
T+ F(Hg(U", Y (U"), (U"))) < F(He(U", Y (U"), (U))),

where T > 0, a contradiction. Thus, Hg(U*,¥(U*),®(U*)) = 0, and so we obtain
u* =¥(U*) = ®(U*). In an analogous manner, for U* = ®(U*) or for U* = ¥(U*),
we obtain U* as the common attractor of Y, ¥, and ®.

We proceed by showing that Y, ¥, and ® have a unique common attractor. Let Ry € C¢(Z)
be chosen arbitrary. Define a sequence {Ry} by Rzri1 = Y(Rak), Rakiz = ¥(Rary1) and
Riakis = P(Rars2), k=0,1,2,....If Ry = Ry, q for some k, with k = 3n, then U* = Rz
is an attractor of Y and from the Proof above, U* is a common attractor for Y, ¥ and ®. The
same is true for k = 3n + 1 or k = 3n + 2. We assume that Ry # Ry, forall k € N, then by
using (G3), we have

T+ F(Hg(Raks1, Rak42, Rak3)) = T+ F(Hg(Y(Rar), ¥ (Raks1), P(Raks2)))
< F(Myyo(Rak, Rakt1, Raks2)), 3)

where

My, y,o (R, Rakr1, Raki2)
= max{Hg (Rat, Rak+1, Rakv2), Ho (Rar, Y(Rax), Y(Rar)),
Hg(Raks1, ¥ (Raks1), ¥ (Rart1)), Ho (Rakr2, P(Rarr2), P(Rari2)) }
= max{Hg(Rat, Rak+1, Raks2), Ho (Rar, Raki1, Raks1),
Hg (Raki1, Rakr2, Rakr2), Ho (Rakr2, Rakss Rakis) b
< max{Hg(Rak, Rak+1, Rak+2), Ho(Rak, Rarr1, Rakr2),

Hg (Raks1, Rak+2, Rak), Ho (Rak42, Rak+3, Raks1)
= Hg(Rak, Rak+1, Raks2)-

Thus from (3), we have
T+ F(Hc(Rak+1, Rak+2, Rakt3)) < F(Hg(Rak, Rak+1, Rak+2))-
Similarly, one can show that

T+ F(Hg(Raks2, Rakt3, Raksa)) < F(HG(Rars1, Rakt2, Rak43))

and
T+ F(Hg(Rak43, Raksa, Rakrs)) < F(Hg(Rakr2, Rakys Rakya))-

Thus, for all k,
T+ F(Hg(Ris1, Ricy2 Riys)) < F(Ho(Ry, Ricy1, Riv2))-

Thus,

F(HG(Ris1, Riv2, Riv3)) < F(Hg(Ry, Rps1, Rps2)) —
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F(Hg(Ri—1, Rk, Rig1)) — 2T

<
<... < F(Hg(Ro,R1,Ra)) —kt

and we obtain that klim F(Hg(Ris1, Ris2, Riys)) = —oo which together with (F,) implies
—00
that klim Hc(Rii1, Rki2, Riv3) = 0. Now by (F3), there exists h € (0,1) such that
—00

]}LHC}O[HG(RHLRHZ, Ric+3)]"F(Hg (Rys+1, Rit2, Rics)) = 0.
Thus,

[Hg (Ris1, Rir2, Ries)]"F(HG (Ris1, Rir2, Ris3)
— [He(Ris1, Ricr2, Riey3)"F(Hg (Ro, R1, R2))
< —kt[Hg(Ry+1, Rit2, Rk+3)]h < 0.

On taking limit as k — co, we obtain

lim k[Hg (Rys+1, Ris2, Riys)]" = 0.
k—o0
As klim k%HG(RkH,RkH, Riy3) = 0, there exists n1 € N such that
—00

1
ki Hg(Ri1, Ricy2, Rieq3) < 1

for all n > ny. So we have Hg(Ry11, Rir2, Risz) < kl% for all k > ny. Now, for I, m,k,
with! > m >k,

< Hg(Ri, Rit1, Riv1) + Ho(Riv1, Riv2, Riet2)
+-- 4+ Hg(Ri—1,Ri—1, R1)
< Hg(Ri, Ris1, Rig2) + Ho (Rig1, Riv2, Ricy3)
S|
+o F Ho(Ria, R, Ra) < ) 7
ik

Hg(Ry, R, Ry)

© 1
By the convergence of the series 7 We obtain Hg(Ry, Rm, R;) — 0ask,m,l — +oo.
i=11

Thus, {Ry} is G-Cauchy sequence in C¢(Z). Since (C¢(Z), Hg) is a complete G-metric
space, there is U* € C©(Z) such that klim Ry = U*, that is, klim He(Ry, Ry, U*) = 0.
—+00 —+o0

To prove that Y(U*) = U*, when assuming the contrary we have

T+ F(Hg(Y(U"), R3k+2, Raks3)) = T+ F(Ho(Y(U*), ¥ (Rak41), P(Rak42))) @)
< F(Myw,o(U*, Rak+1, Rak+2)),

where

Myy,o(U", Rary1, Raky2)
= max{Hg(Y(U*), Rart1, Raks2), Ho (U, Y(U*), Y(UY)),
Hg(Raks1, ¥ (Rakr1), ¥ (Rarr1)), Ho(Raky2, P(Raks2), P(Rari2)) }
< max{Hg(U", Rars1, Raks2), Ho (Y(U"), U", Rary1),
Hg(Rak1, Rakr2, Rakra), Ho (Rakr2, Rakys Rakis) }-

Thus, (4) implies

T+ F(Hg(Y(U"), Rak42, Rak43))
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S F(maX{HG (U*/ R3k+]/ R3k+2)/ HG (Y(U*)/ U*/ RSk-{-])/
Hg(Raki1, Rakt2, Rakt2), Ho(Rak+2, Rak+3, Rakt3) })

and taking the limit as k — +co yields

T+ F(Hg(Y(U™), u", Ur))
< F(max{H¢(U*, U*, U*), He(Y(U*), U*, U*), He (U*, U*, U*), Ho(U*, U*, U*)})
= F(Hg(Y(U"),ur, uv)),

which is a contradiction as T > 0. Thus, Y(U*) = U*. Following the conclusion above, U*
is the common attractor of Y, ¥, and .

For uniqueness, we consider V as another common attractor of Y, ¥ and ¢ with
Hg(U*,V,V) > 0. Then,

T+ F(Hg(U",V,V)) = T+ F(He(Y(U"), ¥ (V), ®(V))) < F(Myy,o(U",V,V))  (5)
where Myy o(U*,V,V) = max{Hg(U" V,V), He(U",Y(U*),Y(U")),
Ho (V¥ (V),¥(V)), Ho (V, &(V), &(V))}
= max{Hc(U*,V, V), Ho(U*, U*, U*),
He(V,V,V),He(V,V,V)}
— He(U*,V,V).

Thus, (5) implies that T + F(Hg(U*,V,V)) < F(Hg(U*,V,V)) from which we conclude
that Hg (U*,V,V) = 0, and thus, U* = V. Hence, U* is a unique common attractor of Y, ¥,
and ®. O

Remark 2. In Theorem 2, take the collection SC(Z), of all singleton subsets of Z, then S©(Z) C CS(Z).
Furthermore, if we take the mappings (fx, ox, hx) = (f, 9, h) for each k, where § = 1, g = g1 and
h = hq, then the operators (Y,¥, ®) become

(Y(v1), ¥ (v2), @(v3)) = (f(v1), 8(v2), h(v3))-

Thus, we obtain the following result on common fixed point.

Corollary 1. Let {Z; (f, or, hx), k = 1,2,...,q} be a generalized F-iterated function system in a
complete G-metric space (Z, G) and define the maps f,9,h : Z — Z as in Remark 2. If there exists
T > 0 such that for v1,vp,v3 € Z having G(fvy, gva, hvg) > 0, the following holds

T+ F(G(fo1, gv, hvg)) < F(M; g 4(v1,02,03)),
where Mf,g,h(vl,vz, v3) = max{G(vy,vy,v3), G(vy1, f(v1),(v1)),

G(v2,9(v2),8(v2)), G(v3,b(v3), h(v3)) }-

Then, §, g, and h have a unique common fixed point u € Z. Additionally, for an arbitrary element
ug € Z, the sequence {uy, fuo, gfuo, hgfuo, fhgfuo, - - - } converges to the common fixed point of
f, 9, and h.

Corollary 2. In a complete G-metric space (Z,G), let {Z; (fx, gk, hx),k = 1,--- ,q} be the
generalized F-iterated function system. Define Y, ¥, ® : C%(Z) — CC(Z) by

Y(Q) =f(Q)U---Uf(Q),
¥(R)=a(R)U---Ug(R),

U-
ON) = (N)U---Uhg(N)



Fractal Fract. 2024, 8, 346

11 of 22

for Q,R,N € CC6(Z). If for some m € N, there exists T > 0 such that for Q,R,N' € C5(Z)
with He (Y"(Q), ¥ (R), ®" () > 0 it holds that

T+ F(Hg(Y"(Q), ¥"(R), ®"(N))) < F(Mymynon(Q,R,N)),
where Mym ym o (Q, R, N') = max{Hg(Q,R,N),Hg(Q,Y"(Q),Y"(Q)),
Hg(R,¥"™(R),¥"(R)), Hc(N, ®"(N), ®"(N))}.

Then, there exists unique U* € CC(Z) that satisfies
ur=yYUur) =yUu) =eU).
Additionally, for any arbitrarily chosen initial set Ro € CC(Z), the sequence
{Ro, Y(Ro), ¥Y(Ry), PFY(Ry), YOYY(Ry), ...}
of compact sets converges to the common attractor U*.
Proof. From Theorem 2, we obtain that there exists unique U* € C(Z) that satisfy
ur=y"ur) =y"ur) =o"Uu").
Now, Y(U*) = Y(Y™(U*)) = Y™ (Y(U*)), that is, Y(U™) is also an attractor of Y™. Fol-
lowing the similar steps for those in Proof of Theorem 2, we obtain that Y(U*) is also
the common attractor of Y”,¥™ and ®™. By the uniqueness of the common attractor,

u* = Y(U*) = ¥(U*) = d(U*). O

Example 3. Let Z = [0,1] x [0, 1] and G-metric on Z be defined as

2 o/ LD 3
G(u,v,w) = max <A1(”i - Ui)2> , (;(Ui - wi)z> , <A1(wi - ui)2>

foru = (uy,up), v = (v1,v2), w = (wy,wy). Define fx, 9, b : Z — Z,k =1,2 by

z1+1 zp+3
fl(ZLZZ) - < 17 ’ 29 )fO”erzz S [0/1]/

2z1+3 3(zp+1
91(21,22)=< 120 , (211 )>f0721122€[0/1],

3z1+2 4z +3
b1(z1,22) = ( 115 , 212 )forzl,zz €[0,1],

221 4+5 zo+4
fz(zl,Zz)—( 112 , 28 )forzl,ZzE[O,l],

2(z1+1) 2z, +4
02(21,22) = < ( 16 ), 29 )forzl,zze [0,1],

5214+2 3z, +4
b2 (z1,22) = ( 19 , 210 )forzl,zz € [0,1].

The maps f1, f2, 91, 92, b1, and by are continuous and non commutative.
Now, we show that for F € I and T > 0, the mappings §i, g, hi : Z — Z,k = 1,2 satisfy

T+ F(G(fk(u)/ gk(v)rhk(w))) < F(mfk,gk,hk (1/!, v, '(/U))
where mj, g, 5, (1,0,w) = max{G(u,v,w), G(u, fr(u),fir(u))

G(v, (0, 01 (0)), G(w, by (1), b (w))}.
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forall u,v,w € Z obeying G(fiu, gxv, hyw) > 0 for each k € {1,2}. As

),01(v),b

2 2 2 /0 5
= {Z fiui — 910;) Z 910; — hiw; 2) , (Z(hlwi —flui)2> }
i=1 i=1

i=1

N—=
Nf—=

{ ( frug — 0101)* + (fata — 9102)2) , ((9101 —b1w1)? + (9102 — h1w2>2) ,

((blwl —fiu1)® + (hawz — f1”2)2) 2}

. i +1  20,+3 2+ uz+3  3(o2+1)\? ((2it3 Bwi 2 2
7 20 9 11 20 15
1 1
L3t l) w3\ [(Bwi+2 w1\ (w3 +3)\7)
11 12 ’ 15 7 12 9

_ max{ (((20u1 +20) — (1401 + 21))2 N ((Huz + 33 2702 + 27 2)
140

Nf—=

0

(21wy + 14) — (15u1 +15)\? L (1205 +9) — (4up +12)
105 36
1
. 20u; — 140, — 1 2+ 2701 — 11uy — 6\ 2\ ?
- 140 99 ’
1
12wy — 601 — 1 2+ 44wy — 360, — 3\ 2
60 132 ’
1
21wy — 15u7 — 1 2+ 12wy —4uy —3\*\ 7 |
105 36 ’
1

<((6v1+9)—(12w1+8)>2+<(36vz+36 44w2+33 2)
6

= max{ ((ul — (1)) + (up — fl(uz))z) ,

Nl=

(051 (01) = P + (R () =2 (2))?)
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Nl—

((Ml —f1(u1))* + (up — fl(”Z))z)

|

= (1~ 12000))* + (w2 — i (2))?)

_ <(u1 - 1,11;-1)2+ (uz_ u29+3>2>2 _ <<6u17—1>2+ <8u29—3>2>2;
) b e :
_ max{ ( (v, —91(01))2> , (2(gl(vi) —gl(vi))2> ) (Z(gl(vi) - Ui)2> }
i=1 i=1 -

=max{(<v1gl<v1>>2+<vzgl<vz>>2) (@) = 31(00)* + (1(02) — @1 (e2))%)

[T

NI—=
Nl=

1

(01 = g1(00)) + (02— 1 (2))%) }*

= (@ - a@)* + @ -0 @))’

_ ((m - 20120+3)2+ (vz 3(0211+1)>2>2 _ ((1802103)2+ (&12113)2)5;

((fh(wl) —b1(w1))* + (h1(w2) — by (w2)) )%
((wl —b1(w1))* + (ws — hl(w2))2) ;}

= (01— ba(00))” + (2~ ma(w)?)’

1

B <(w 3w, +2) 4w2+3 ) < 12w1 +(8w2—3>2>2

_ - ,
15 12

Now, by taking F(A) =1In(A) for A >0, T =1In % ), and for u,v,w € Z having
G(f1(u), g1(v), h1(w)) > 0, we have

G(f1(u), 91(v), b1 (w))

1
. 20u; — 1407 — 1 2+ 2701 — 1lup — 6\ 2\ 2
- 140 99 ’

1
12wy — 601 —1\? [ 44w, — 360, — 3\ %) 2
— e ) T\ ’

132

1
21wy — 15u; — 1 2+ 12wy — 4uy —3\?)
105 36
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< 19 max{ ((ul — 01)2 + (up — vz)z) %, ((vl - w1)2 + (vp — w2)2) %,

s (7).
((1&;1 3 80 3) ) I((lzwl152>2+(8wi23>2>2}

1

max{ma { u1 01)* + (ug — 02)2)%’ ((Ul — w1 + (0 — w2)2> 3
ot ) (- ()
(52 (5= -5}

= e "max{G(u,v,w), G(u,f1(u),f1(1)), G(v, 01(v), 91(v)), G(w, b1 (w), b1 (w))}.

Again for u,v,w € Z, we have

G(f2(u), 82(v), ha(w))
2 2 L 2
— max{ Y (fau; — g201)?, <Z(gzvi - hzwi)2> , (Z(hzwi - fzui)2> }

i=1 i=1 i=1

1

- max{ ((fzul —0201)% + (Fattg — 9202)2) Z ((9201 — howi)* + (g2v2 — hzwz)z) :

((bzw1 —fu1)? + (howp — fz“z)z) ’ }

1

2u1+5 2001+ 1)\? [ur+4 20, +4\?)\?

= max — + — ,
12 6 8 9

1
201 +1) 5wy +2>2+ (202 +4 3w2+4>2> 2

6 9 9 10

1
5w1—|—2_2u1—|—5 2+ 3ZU2+4_1/£2+4 2\ 2
9 12 10 8

2u; +5) — (401 +4)\? 9uy +36) — (160, +32)\ 2 :
(2uy )12(1 )>+<(2 - 2 ))

18

20wy + 8) — (6u; +15)\? [ (12w, + 16) — (5up +20) \? :
((( 1+8)— (6 >+< 2+16) (G ))}

1
B 4v; —2up — 1 2+ 1605 — 9upy —4\2\? [ /10wy — 607 + 12
- max 12 72 ' 18

601 +3) — (10w; +4)\? [ (200, +40) — (27w, + 36) \ 2 ?
(601 +3) — (10w >+< 2 - 2 >> /
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1 1
L (w2 =200, — 4 2\ 2 20wy — 6u; —7 2+ 12w, —5up —4\*\” |
90 ’ 36 40 ’

Nl=

Il
—_

2 % 2 % 2
—max{ (;wi—fz(ui))z) /<;(f2(ui)—f2(”i))2> /<2(f2(“)—”i)2> }

- max{ (01 = a2 (0))* + (2 = f2(2)))*, ((G2m1) = o (1)) + (a(102) = o (2))° ),

Nj—

1

(1= F2(1))” + (2 = 22 (12)) ) }

— ((u1—f2(u1 + (uz — f2(u2)) 2>% (( 2y +5> N <u2_u2;4>2>§
(%0

2 L : /o 2
= maX{ (Z(Ui - gz(Ui))2> (Z(Gz( i) —o2(v ) <Z 92(v 2) }
i=1 i=1 i

1

= max{ ((01 — 92(01))2 + (1;2 — gz(yz))2) 2, ((92(01) - 92(01))2

Nl—=

+(g2(v2) — 92(02))2) %, ((01 —92(01))* + (v2 — 92(02))2)

= (1= g2(00))* + (2= 02(02))")

(o ooy ) () (o))’
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= ({01 = ba(w00)? + (w02~ ha(w))?)

(- o)) (o )

Thus, by taking F(A) = In(A )f07A>0,T=1n(%),andfor 1,0,w € Z having
G(f2(u), 82(v), ba(w)) > 0, we have

1

2 2\ 2
G(fz(u)rQZ(v)/ f)z(w)) = max{ <<401_122ul_1> + (16’02—72“2—4> ) ’

1
10w1 601 + 1 27wy — 200y — 4\ 2
+ - = ,
90
1
20"001 61/{1 + 12"602 — 5147_ —4 2 :
40

< max{ Uy — 01 (up — vz)z)%’ ((Ul _ w1)2 +(0p— w2)2)%,
((wl — 1) + (wy uz)z)%’ <(10u1125)2 + (7”284>2) é,
() (o) (= ()}

1

% max{max{ <(”1 mon) o (- 02)2) K ((7’1 —w)* + (03 — wz)z) ,
((wl — 1)+ (wy — u2)2) > } ((mullz_ 5>2 . <7”28_ 4>2> %/
((40162)2+ <70294)2>%, ((4w192>2+ (%?04)2)%}

= e "max{G(u,v,w), G(u, f1(u),f1(u)), G(v,81(v), 91(v)), G(w, b1 (w), b1 (w)) }.
Thus, for all u,v,w € Z satisfying G(f¢(u), gx(v), bx(w)) > 0 for k = 1,2, we have
G(Fe(u), 8k (v), br(w)) < e~ my, g, (1, 0,0)

where mj, g, v, (1,0, w) = max{G(u,v,w), G(u, fr(u), fr(u)),

G (v, 8¢(v), 81(0)), G(w, bi(w), bi(w))}-

That is, {Z; (fx, 0k, bx), k = 1,2} is the generalized F-iterated function system. Now, we define the
mappings Y,¥,® : C¢(Z) — CC(Z) forall Q,R,N € C®(Z) by

N|—

Y(Q) =h(QUR(Q), ¥(R)=an(R)Ug(R) @WN)=0b(N)Uh\)
By Proposition 2, for Q, R, N € CC(Z) satisfying Hs(Y(Q),¥(R), ®(N)) > 0, the condition

He(Y(Q),¥(R),®(N)) <e "Myya(Q R,N)

where Myy,o(Q,R,N) max{Hg(Q, R, N), Hg(Q,Y(Q),Y(Q)),
HG(R,¥(R),¥(R)), Hc(N, (N), ®(N))}.
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holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
Ro € CO(Y), the sequence {Ro,Y(Ro), ¥YY(Ro), PYY(Ro), YOYY(Ry), - - } of compact sets
is convergent and has a limit, the common attractor of Y,Y, and ®. Figure 1 shows the convergence
process of sequence steps at n = 2,4,6, and 8 in (a), (b), (c), and (d), respectively. The green points
in the figures show the data points of convergence steps and the blue lines show the movements of
data points in the different places.

0.6

055+

L L L L L L L L L L L L
02 0.25 0.3 0.35 04 045 05 02 025 03 035 0.4 0.45 05

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

0.6 0.6

s -

nss /;} | 055 : /’ﬁ} = )

(1R 0.5

045 0.45

0.4 0.4

0.3s 1 0.35

L L L L L L L L L L L L
02 0.25 03 035 04 0.45 08 02 0.25 0.3 035 0.4 0.45 0s

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 1. Iteration steps of the convergence to the common attractor of Y, ¥, and ®.

Example 4. Let Z = [0,1] x [0, 1] and G-metric on Z be defined as

2 2 2
G(u,v,w) = max{2|ui —vil, Y |oi —wi], Y |w; — ui|}
i=1 i=1 i=1

foru = (uy,up), v = (v1,v2),w = (wy,wp) € Z. Define fi, 91, 0x : Z - Z,k =1,2by

B z1 1 zp 1 (71 3 2z 3
fi(z1,z2) = (2 ts3 +3>, fa(z1,22) = <4 t10 5 T10)
1 1
21(z1,22) = (10(2.521 —2zp+3.5), E(Z.Szl + 2z + 3.5)),
1 1
9(z1,22) = (10(2.521 +3z;+1.5), E(—2.521 + 325 + 4.5)),

3z14+2 3z, +2 z1+2 220 +3
hi(z1,22) = ( 18 , 27 >, hz(Z1,Zz)=<16 , 28 )

The maps f1, f2, 91, 92, b1, ba are continuous and non-commutative. With F(A) = In(A) + A for
some A > 0 and T > 0, for v1,v,,v3 € Z obeying G(fxv1, 9xv2, hyvs) > 0, fork = 1,2,

G(frv1,9502, i v3)—m 1,09,0 —
G (fevr, gk, hxvs)e (fkv1,8kv2, ik 03) =5 gy (01,02,03) < e g g (01,02,03),

where  mj, g, 1, (01,02,03) = max{G(v1,v2,v3), G(v1, fx(v1), fx(v1)),
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G(v2, 9k(v2), 8k(v2)), G(v3, b (v3), br(v3)) }

Now, from the generalized F-iterated function system {Z; (1,2, §1,82, M1, h2) }, we define the
mappings Y, ¥, ® : CC(Z) — CS(Z) for Q, R, N € CC(Z) by

Y(Q) =f1(QUR(Q), ¥(R)=g(R)Ug(R), PWN)=hN)Uh(N).

Then, for Q, R, N € C%(Z) having Hs(Y(Q), ¥(R), ®(N)) > 0,

He(Y(Q),¥(R), ®(N))etleQFRLOWN)=Myyo(QRN) < o=T My g 4(Q, R, N)
where T > 0 and My y o(Q, R, N') = max{Hg(Q, R, N),Hc(Q,Y(Q),Y(Q)),
Hg(R,¥(R),¥(R)), Hc(N,®(N), ®(N))}.

holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
Ro € CY(Z), the sequence {Ro,Y(Ro), ¥YY(Ro), PYY(Ro), YOYY(Ry), - - } of compact sets
is convergent and has a limit, the common attractor of Y,Y, and ®. Figure 2 shows the convergence
process of sequence steps at n = 2,4,6, and 8 in (a), (b), (c), and (d), respectively. The green points
in the figures show the data points of convergence steps and the blue lines show the movements of
data points in the different places.

0.56 T T T T T 052

0515
051+
05051
05+
04951

0491

0,485 L L L L L L L
042 0375 038 0385 038 0395 04 0405 041 0415

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

0.505 T T T T T 0.501
0.504 - 1 0.5008
0.503 - 05006
08021 0.5004 -
0501 - 0.5002 -
05F 05+
0,498 - 0.4998

0,498 - 0.4996

0,497 - 0.4994

0.436 0.4997
0.332 0.334 0.396 0.398 0.4 0.402 0.404 0398 03985 0399 03995 0.4 04005 0401 0.4015

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 2. Iteration steps of the convergence to the common attractor of Y, ¥, and ®.

If we are interchanging the order of variables in maps, then we obtain a new form of common
attractor of Y, ¥, and ®, see for example in Figure 3. The green points in the figures show the
data points of convergence steps and the blue lines show the movements of data points in the
different places.
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756 0.375 L L L L L L
2 0485 043 0.435 05 0506 051 0515 052

(a) Iteration steps for n = 2. (b) Iteration steps for n = 4.

0.404 T T T T T T T T 0.4004

0.402 0.4002

04 04
0.398 03998

039 0.3996

0.394 03894

L L L n n L n L 0.3992 L L L L L L L L L
0 3%2495 0497 0498 0499 06 06K01 0602 0603 D504 0606 0.4995 0.4996 0.4957 0499504939 05 05001 05002 0.5003 0.5004 0.5005

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.
Figure 3. Iteration steps of the convergence to the common attractor of Y, ¥, and ®.
Example 5. Let Z3 = [0, 1] and the G- metric on Z3 is deﬁned as

G(uy, u, u3) = max{ Zl|xz Xis1l, Z Vi — Yital, Z |zi = zial} for i = (xi,yi,2i) € Z3
fori € {1,2,3}, where ug= uy. Define fk,gk, by : Z3 — Z3, k=1,2by

fi(uy, up,uz) = (0.8u; +0.1, 0.8up + 0.02, 0.8uz + 0.04) for uq,up, uz € [0,1],
fo(uy,uz,uz) = (0.5u1 +0.2, 0.3up + 0.3, 0.5u3 + 0.4) for uq,up, uz € [0,1],
q1(u1,up,u3) = (0.35u1 — 0.35up + 0.26,0.351; + 0.3515 -+ 0.07,0.35uy + 0.35u3 + 0.76),
Qo(ug,up,uz) = (0.5u7 +0.1, 0.4uy + 0.03, 0.5u3 + 0.06) for uq,up,uz € [0,1],
hi(uq,up,u3) = (0.3u; +0.2, 0.4up + 0.1, 0.2usz + 0.4) for uy, up, uz € [0,1],
ho(uq,up,u3) = (0.1ug 4+ 0.3, 0.2up + 0.02, 0.3uz + 0.4) for uy, up, uz € [0,1].

The maps 1, f2, 91, 62, b1, b2 are continuous and non-commutative, and {Zs; (1,2, §1, 2,11, h2) }
is a generalized F-iterated function system. Define Y,¥,® : C®(Z3) — C®(Z3) by Y(Q) =
H(QUR(Q), ¥(R)=gi(R)Ug(R), D) = In(N)Ua(N) for QRN € CC(Z5).
Then for Q, R, N € C%(Z3) having Hs(Y(Q),¥(R), ®(N)) > 0, the condition

HG(Y(Q),‘Y(R),cp(/\/'))eHG(Y(Q)/‘Y(R)@(N))*MY,‘P,<I>(QrR/N) <e "Myyo(QR,N)
where My ¢(Q,R,N) = max{Hg(Q,R,N), Hc(Q,Y(Q),Y(Q)),
HG(R,¥(R),¥(R)), Hc(N, ®(N), ®(N))}.

holds. Thus, all the conditions of Theorem 2 are satisfied, and moreover, for any initial set
Ro € CY(Z3), the sequence {Ro, Y(Ro), ¥YY(Ro), PYY(Ro), YOFY(Ry), - - - } of compact sets
is convergent and has a limit, the common attractor of Y, Y, and @ (see Figure 4). The Figure 4
shows the convergence process of sequence steps at n = 2,4,6, and 8 in (a), (b), (c), and (d),
respectively. The green points in the figures show the data points of convergence steps and the blue
lines show the movements of data points in the different places.
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(b) Iteration steps for n = 4.
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(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 4. Iteration steps to the convergence of the common attractor of Y, ¥, and ®.

Interchanging the order of variables in maps yields a new form of common attractor of Y, ¥,
and ® (see Figure 5). The green points in the figures show the data points of convergence steps and
the blue lines show the movements of data points in the different places.

(c) Iteration steps for n = 6. (d) Iteration steps for n = 8.

Figure 5. Iteration steps to the convergence of the common attractor of Y, ¥, and ®.
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3. Conclusions

In this paper, we investigated a method of a generalized F-iterated function system
for common attractors based on a finite family of generalized F-contractions in G-metric
spaces. We obtained the fractals as a common attractor of the generalized F-iterated
function system. We showed that the triplet of F-Hutchinson operators defined by the
finite number of general F-contractions on a complete G-metric space is itself a generalized
F-contraction mapping. We also presented several examples in 2-D and 3-D applying our
results. While the figures in the examples are for the illustration of the main results of the
paper, rather than the investigation of numerical aspects of convergence of iterations or
its dependence on the iterated maps, they hint that the further numerical analysis of the
convergence of iterations to attractors would be an interesting direction of investigation for
the generalised iterated function systems and maps considered in this paper.
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