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Abstract: The epidemic norovirus causes vomiting and diarrhea and is a highly contagious infection.
The disease is affecting human lives in terms of deaths and medical expenses. This study examines the
governing dynamics of norovirus by incorporating Lévy noise into a stochastic SIRWF (susceptible,
infected, recovered, water contamination, and food contamination) model. The existence of a non-
negative solution and its uniqueness are proved after model formulation. Subsequently, the threshold
parameter is calculated, and this number is used to explore the conditions under which disease tends
to exist in the population. Likewise, additional conditions are derived that ensure the elimination of
the disease from the community. It is proved that the norovirus is extinct whenever the threshold
parameter is less than one and it persists for Ry > 1. The work assumes two working examples to
numerically explain the theoretical findings. Simulations of the study are visually presented, and
comparisons are made. The results of this study suggest a robust approach for handling complex
biological and epidemic phenomena.

Keywords: norovirus epidemic model; environmental perturbations; threshold; extinction; persistence
in mean

MSC: 15B51; 26A18; 37HO05

1. Introduction

The norovirus (NoV) is a highly contagious viral infection that results in vomiting and
diarrhea. The disease equally infects every individual in the population, irrespective of their
age and sex. It is observed that the epidemic norovirus spreads in the population (i) when
direct contact has been made with an infected person, (ii) by consuming contaminated water
and food, and (iii) by touching dirty objects and then taking the hands in the mouth [1].
Common symptoms of the disease include nausea, diarrhea, stomach pain, and vomiting.
Washing hands at regular intervals reduces the risk of becoming infected, and other known
control strategies are isolation, cleaning fruits and vegetables with water, etc. If the control
strategies are not strictly followed, the disease may transfer very easily and quickly within
the population. The existing literature and fact sheets suggest that NoV is one of the
responsible viruses for transmitting foodborne infections [2,3].

Viral gastroenteritis is an intestine infection caused by numerous viruses. Food does
not directly cause viral gastroenteritis; however, the following three foods are considered
responsible for the occasional cases of the disease [4]:

A1: During the process of marketing, the molluscan shellfish may become infected with
the virus.

Ay: The fresh food items may acquire the virus during manufacturing/harvesting
and packaging.
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As:  The ready-to-eat food items may be contaminated in the preparation stage.

The packed items of food are usually considered to be the main source of NoV spread,
and they acquire the virus through food workers during food preparation and packing.
The degree to which food workers contribute to contamination depends on several factors,
including their health and hygiene practices, the stage of their clinical infections, the
effectiveness of their efforts to inactivate or remove the virus, and their characteristics.
Hands that have been contaminated and, to a lesser extent, surfaces that have been polluted
are important places for viruses to survive and spread [5].

The disease that follows due to the transmission of NoV might be caused by a variety
of circumstances. The seasonality effect is the most prominent one, and over 50% of
infections took place during the winter period [6]. The seasonal differences in the spread
of norovirus are due to both environmental conditions and human behavior. As per
studies [7,8], norovirus has the tendency to spread more quickly at lower temperatures,
and the transmission rate can be further increased with heavy rainfall. There may be
other community elements that impact how severe the epidemic of norovirus is. Although
this disease can infect anyone at any age under certain circumstances, children five years
of age and under are more likely to have the infection [9]. The findings of serological
research suggest that the disease is most likely to be a childhood disease. A higher risk of
serious complications and death exists for the elderly and those with compromised immune
systems [10,11]. Because of this, even though the illness usually subsides on its own in
healthy people, it can have disastrous effects on high-risk groups. If not properly treated,
the disease may persist for longer and potentially lead to an endemic situation [11-14].

To comprehend the dynamic pattern and control strategies of infectious diseases, it
is highly recommended to utilize the techniques of mathematical modeling [15-18]. Such
models produce a connection between reality and the future or past prediction of the
disease while using the available data. Numerous norovirus models—from single outbreak
analysis to population level—have revealed plenty of illness patterns. Environmental
variations are always critical in biological systems as well as in physical phenomena. The
dynamics of norovirus transmission are significantly impacted by these environmental
variables [19]. Because interpersonal relationships and other aspects of the population are
unexpected, the course and spread of epidemics are also uncertain. Therefore, the pattern
of the disease could be highly disturbed by the unpredictability of the surroundings. Water
and food are major components of the NoV infection and are subject to environmental
changes and person-to-person contact; therefore, modeling NoV with tools that account for
such aspects of the disease is strongly suggested.

The literature on dynamical systems is extensive, and the underlying systems have
been represented using a variety of methodologies such as deterministic and stochastic,
fractional, and fractal-fractional approaches [19-21]. Numerous deterministic systems
were expanded through the use of fractional calculus and various fractional derivative
definitions. The deterministic model assumes only integer ordered derivatives of the state
variables, whereas the fractional models are free in selection and can take any positive
real number as an order. Modeling with stochastic differential equations (SDEs) is far
more realistic than the deterministic modeling modeled either through ODEs or fractional
derivatives [20,21]. The usage of SDEs for experimentally evaluating a genuine scenario
results in a different output each time. To obtain a better understanding, it is necessary to
simulate the model millions of times, with the average results recommended. Like fractional
models, stochastic models can be tested for dynamical properties such as the uniqueness
and existence of positive solutions, optimality, stability, and simulations. Deterministic
systems can be easily transformed into stochastic models by including noise, and these
noises play a significant role in explaining real systems. Among all known noises, Lévy
noise is one of the most severe disruptions because it functions as a threshold parameter
by drifting the velocity. In particular, incorporating this noise into epidemic models yields
solid data and explains previously unknown insights regarding the disease’s dynamics.
Specifically, Lévy noise has numerous advantages over Gaussian noise. Gaussian noise is
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BrF(H)S(H) + BiZ(HS(H) + BV (H)S(H)

extensively utilized in mathematical modeling; nonetheless, this causes uncertainty in the
modeling [22-24]. Because jumps are incorporated, which diffuses the problem of Lévy
noise, the model beats the extended Lévy model in terms of neuron efficiency development.
Thus, based on the current research, we may conclude that Lévy noise is particularly
advantageous for epidemic problems where the stability of the system fluctuates with
time [25-27].

This work extends the previous models on the transmission mechanism of NoV by
accounting for environmental variations through Lévy noises in the stochastic system. The
work focuses on the forecasting of the long-run behavior of the disease and on the inclusion
of contamination through both food and water. The whole population, including people
and germes, is stratified into five categories. These classes comprise susceptible people
(S(t)), infected individuals (Z(t)), and recovered/removed individuals (R(t)). There are
also two bacterial compartments: W(t) indicates the density of bacteria contamination in
water, whereas F (t) indicates the density of NoV bacteria in food. The state variables and
parameters of the disease are related to each other according to the characteristics of the NoV.
The detailed assumption and model formulation are explained in the subsequent section.

The remaining sections of this paper are organized as follows: In Section 2, the NoV
model is established with specific assumptions regarding the system, and the role of Lévy
noise is explained. Section 3.1 presents some fundamental definitions and lemmas on
stochastic modeling. Section 3.2 assesses the certainty and positivity of the suggested
model solution. Section 3.3 examines the behavior of the stochastic model solution near
the disease-free state of the ODE model and presents the extinction theory of the disease.
The work was extended by analyzing the long-run behavior of the stochastic curves in the
vicinity of the endemic fixed point of the ODE model. Section 3.4 explains the persistence
of the infection. Section 4 simulates both stochastic and deterministic systems and provides
graphical demonstrations to validate the theoretical conclusions. Finally, we conclude
our work by discussing the study’s findings, summarizing them, and suggesting future
research directions.

2. Model Formulation

Norovirus is a highly contagious virus that can cause gastroenteritis, an inflammation
of the stomach and intestines. Modeling the spread of an infectious disease like norovirus
can be done using compartmental models. As we know, the incidence rate of infectious
diseases plays a key role in the investigation of mathematical epidemiology. Recently,
Din [28] constructed a mathematical problem using the approach of a stochastic version
of the Nov epidemic model. Motivated by the above discussion, we take the following
epidemic model with general incidence and obtain the below equations to represent the
dynamics of the NoV:

B FO)S() + BZ(H)S(E) + W (HS(H)
P(t)

— (p+ U)S(t)) dt + a1 SdBy(t),

P(t) - (V+K+7)I(t)>dt+zx22d62(t),

AR (1) = (VI(t) + oS (t) — uR(1))dt + asRdBs (1),
AW(t) = (6Z(t) — oW (1))dt + agWdBy(t),
AF (1) = (AZ(t) — o F(£))dt + asFdBs(t).

In the above equations, the notation B;(t) fori =1, - - - ,5 stands for the environmental
noises, which are in fact the known Brownian motions satisfying the condition 3;(0) = 0.
The associated intensity with each B; is denoted with «;, a positive real number. The
description of other parameters of the model is well explained in Table 1.
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Table 1. The description of parameters.

Symbols Description

I1 The constant intake into susceptible people via birth

Bw The constant rate of infection via water

Br The contamination rate of NoV through food

Bn The interaction rate of infected and susceptible populations
0% The rate of recovery from the infection

u The mortality rate

K Deaths occurring due to NoV

o The waning immunity rate of recovered people

A The generation rate for NoV in food via infected humans
0 The generation rate for NoV in water via infected humans

Uo Removal rate of NoV bacteria from food and water

Besides the above-mentioned properties of the Lévy noise, it can also be useful when
the noise-scaled drift velocity falls within a certain range of the threshold values. The use
of both non-local and local Lipschitz conditions implies that integrating Lévy noise might
improve the shared information or bit count in a variety of feedback-related epidemic
scenarios that follow a given, random, stochastic differential equation. According to the
sources [24-26], Lévy noise has advantages over typical Gaussian noise in mathematical
models of epidemics, but at the same time, it also adds more mathematical complexity to
the problem under consideration. Jump-diffusion Lévy noise outperforms the conventional
Lévy model by precisely describing the development of a neuron’s membrane potential.
As a result, Lévy noise improves the stability of time-varying recurrent neural networks.
By applying Lévy noise to the system (1), the model will take the form of the system of Ito’s
stochastic differential Equations [29]:

asio) - (n- BF (DS +ﬁhzl<f(>£<t> FBWOSE S0
+ 1 SdBy(t) + Ay,

T - <ﬁff<t>s<t> + /shz%(t) HBWOSE D20 )
+ DézIde(i’) + Ay,

(YZ(t) + oS (t) — uR(t))dt + asRdBs(t) + As,

(6Z(t) — poW(t))dt + asWdBy(t) + Ay,

(AZ(t) — po F(t))dt + a5 FdBs(t) + As.

)

dR(t)
dW(t)
dF(t)

In the above system, we may incorporate the fractal-fractional derivative as it has the
unique capability to model the complex and intricate patterns of the underlying system.
Traditional fractional calculus has already been shown to be useful in explaining compli-
cated behaviors; however, introducing fractal aspects improves it even more by accounting
for the intrinsic fractal aspects seen in chaotic dynamics. This novel technique improves
the accuracy of chaotic system modeling and allows for a more in-depth study of their
underlying structures and dynamics. In the sequel, the inclusion of the fractal-fractional
derivative will add complexity to the analysis, perhaps making it difficult to implement and
analyze chaotic dynamical systems. These methodologies associated with these concepts
could have a substantial influence on the viability of real-world applications as well as the
computer resources needed for simulations. Furthermore, the suggested fractal-fractional
derivative may be parameter-sensitive. Given its complications, this study will concen-
trate primarily on conventional derivatives, leaving the investigation of fractal-fractional
derivatives to future research.
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For the sake of simplicity in calculation and model analysis, let us define

8y = [ ()R (£ )N(at,dy), ©)

The notation N refers to the compensated Poisson random measure, which is defined
as N(dt,dx) = N(dt,dx) — v(dx)dt. The notation Q(t) stands for the left limit. All other
parameters have the same meaning. In this context, N is the Poisson random measure,
and v(.) is its intensity measure. Further, the function v is defined on a measurable subset
V[0, o) having the properties co > v(Y) and i = 1,2,3,4,5 and Q3; > 0. Additionally, v is
defined for the measurable subset ) of [0, 00) with v()) < co and fori = 1,2,3,4,5 and
Q; >0.

By using system (2) as a base for analysis, we investigate answers to the below questions:
Qq: Can the dynamics pattern of the NoV be affected by the Lévy noises?

Q2 Does contaminated water play a role in spreading the NoV?

Qz: Does contaminated food play a role in spreading the NoV?

Q4: What conditions are needed for the existence of NoV throughout infection?

Qs: What condition must be met in order for the infection to subside in the population?

3. Stochastic Analysis
3.1. Basic Concept

Throughout this section, we will establish some basic definitions and Lemmas in the
stochastic sense. The notation used below is consistent with that provided in reference [22]
and will be used in the rest of the manuscript.

Lemma 1. To simplify our analysis, we will use two fundamental assumptions provided below and
labeled as (Hy) and (Hy). These assumptions are essential for proving the existence and uniqueness
of a global positive solution of the model (2) [24-26].

(Hy).¥ M > 03 L, > 0such that

/y 1Zi(y1, %) — Zi(y2, %) Po(dy) < Lylx —x2/%i =1,2,3,4,5, 4)

with |x1] V |xz] < M, where

Z1(x,y) = M (y)xforx =S(t7),
Z(x,y) = M(y)xforx =Z(t7),
Z3(x,y) = Q3(y)x for x = R(t*), (5)
Z4(x,y) = Y (y)x forx = W(t7),
Zs5(x,y) = Qs(y)x forx = F (7).

where Z denotes the compensated random measure.
(Ha). [log(1+ Q;(x))| < C for Q(x) > —1,0; = 1,2,3,4,5 where C is a positive constant.
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Lemma 2. If for system (2), (S,Z, R, W, F) is a solution with initial conditions (S(0),Z(0), R(0),
W(0), F(0)) €RS, then a.s.,

lim SOFHZOWOLRO+FH _ ©)
t—o0 t ’
27/ 02\ a2\ 2\ 2
Moreover, if max(u, py) > w, then
lim —fo 5)dBa (s =
t—r00 t !
aB
lim f Z(u)dBy(u ):01
t—0c0 t
lim M -0 (7)
t—0c0 t !
dBy(
lim M =0,
t—o0 t
dBa(
lim—fo s)dB4 =0, as.
t—oo t
Then, the solutions of model (2) have the following properties:
IT
lim supS (¢t a.s,
P = Gy
lim supZ(t) =0, ass,
t—c0
o1l
lim supR(t) = —, a.s, (8)
t~>oop ( ) ("l/l + U)]’l
lim supW(t) =0, as,
t—oco

lim supF(t) =0, as.

t—o0

Proof. Since the proofs for the Lemma are extremely close to those of Lemmas (2.1) and
(2.2) [30], respectively, we opt to ignore them in this context. [

The following definitions for the mean persistence are worth recalling and are outlined
in [22,23].

Definition 1 [24,25]. For model (2) to have the property of durability or persistence, the following
condition must be met

t
lim inf1 H(r)dr >0, as. )

t—oo t Jo

Parallel to the above condition, the following Lemmas employed in [21,22] must hold
for the NoV persistence.

Lemma 3 (Strong Law) [24,26]. For a continuous real process X = { X'}, the property of the
local martingale exists if it vanishes at t — 0 and

. _ W
tlgg(zl’,/'\.’%—oo, as., = hm 01X, 4,

X, X . X
lim sup % <0, as., = lim - = 0, as.

t—o0 t—ro00

=0, as.
(10)
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Lemma 4. Suppose h € C([0,00) x A(0,00)) and G € C([0,00) x AR)> lim;_c0 @ =0,as.
IFYE>0

log (1) 2 Aot~ 4 [ h(s)ds +G(1) a

Then A
lim inf(g(t)) > 7011.5.

t—o0

Here, A and Ag represent positive and non-negative real numbers, respectively.

3.2. Positive Global Solution of the Model

As system (2) physiologically depicts the problem of population dynamics, it requires
a positive, global, and bounded solution. In this section, we will investigate the system’s
well-posedness described by Equations (2) by analyzing these properties. For convenience,
we will use two common assumptions, H; and Hj, as explained in Lemma 1. These
assumptions are crucial for demonstrating the uniqueness and existence of a positive global
solution to the model (2).

Theorem 1. There is a unique solution (S(t),Z(t), R(t), W(t), F(t)) of system (2) on t > 0 for
any initial value (S(0),Z(0), R(0), W(0), F(0 )) 6 R, and the solution will remain in RS, with
probability one, namely, (S(t),Z(t), R(t), W(t), F(t)) € R, forall t > 0 almost surely.

Proof. The condition (Hy) ensures that the drift and diffusion are locally Lipschitz,
resulting in a time f during which the proposed problem has a locally unique solution
within the interval [0, 7). Here, 7, represents the explosion time; for further information,
readers are referred to references [22,23]. It must be demonstrated that 7, = oo is sufficient
to prove that the solution is global. To demonstrate this, assume a sufficiently large positive
real integer kg such that each solution of the model is contained within the interval [kl—o, ko].
Finally, for k > ko, allow

T = inf{t €1[0,7): 1 >min{B}, or, k < max{B}}, (11)
where B = (S,Z, R, W, F). Throughout this work, we denote the inf of an empty set
by inf¢p = oco. By definition, 73 grows as k — co. Assuming T; has a limit of 7, it is
nearly certain that T < 7. In other words, it is required to show that 7., = oo a.s. If this
assumption is untrue, then there would be constants T > 0 and an € in (0, 1) such that

P{te < T} >e. (12)
So, for a natural number ky < ki, the following holds
e < P{T > 7}, forall k; < k.

To prove the remaining part of the theorem, let us define the function:

AV(B) = LY(B)dt + a1(S — C)dBy (t) + ar (T — 1)dBy(t)
+ a3(R — 1)d83(t) +az(W — 1)d[)’4(t) +a3(F —1)dBs(t)

+/y[Q1(x

)8 — Clog(Qu (y) + 1)IN(dt, dy) + /y[ﬂz(xﬂ— log(Qa(y) + 1)]N(dt, dy)

R ~10g(1 + O (x))N(dt,dy) + [ [04(x)W ~ log(1 + Qu(y)) [Nt y)

(13)

—log(1 + Qs(y))IN(dt, dy).
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In the above relation, the LV operator is defined from R to R, and is given by

o (-5) (- (75 )t
(D)5 )= tecomr)

1 1 1 1
+<1 ) YL+ 0S8 —uR) + 543 +<1—W)(51—VUW)+20¢42

IX 1 1 1 1
}10]: +T—|—21Xz —|—2063 +20C4 —|—20(5

[0 () — Clog(1 + () (dy) + [ [0a(y) ~ log(1+ 0a(y)n(dy)
+ / (03(y) — log(1+ 0s(y)))n(dy) + [ [Qu(y) ~1og(1 + u(y))ln(dy)

—|—/ Os5(y) — log( 1+05(y))]'7(dy)

+ﬁhC+(7+K+u)+Cu+(ff+d) Ho W

a1+0c2+0c3—|—a4+0c5 (14)

2
+ / [CO4 (y) — Clog(1+ Oy (y)]n(dy) + /y[Qz(y) —log(1+ ()] (dy)

+ [ [0s(y) ~1og(1+ s(y)ln(dy) + [ [0u(y) ~ log(1 +(y)ln(dy)

+ /y [Q5(y) — log(1 + Qs(y))]y (dy)
ST+ BuC +C+2p+ 7+ CBW 4+ + BsCF — (F + W)y

+ 0T + po — poF + AL+ po +

Ca%+a%+oc§+ai+uc%
2

+ /[0 () ~ Clog(1 + Q) (dy) + [ [0a(y) ~ log(1+ 0a(y)n(dy)
+ / [0s(y) ~1og(1+ s(y)ln(dy) + [ [0u(y) ~ log(1 +u(y) Iy (dy)

—|—/ O5(y) —log(1+ Qs5(y))]n(dy).

21+ A+ 0T+ AT +x+0+

Assume that f = max{pr, Bw}, then by selecting C = %” which shows C8 — i, = 0.
Further, Equation (11) guarantees the inequality ' + R + S +Z + W < 1, thus

Caf +af + a3 + oaf + a3
2

+/ [COu(y) — Clog (1 + M(y))]n(dy) +/y[ﬂz(y) —log(1+ M (y))n(dy)
+ / [0s(y) ~1og(1+ Qs(y)ln(dy) + [ [0u(y) ~ log(1 + Qu(y))ln(dy)

+ /[0s(y) ~log(1 -+ Qs(y)n(dy) =

The remainder of the proof roughly follows from the proof of Theorem 2.1 of refer-
ence [22]. As a result, we shall omit it here, bringing the theorem’s proof to completion. [

LY <TI+CBp+x+0+Cu+2u+7+A+26+2uy, +A+

(15)
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3.3. Extinction of the Disease

In this section, we offer supportive conditions for the extinction of the NoV in the
population. Particularly, our emphasis is on the long-term behavior of the model solution.
Our method begins with introducing the threshold number for the model and then pro-
viding the theorem for the extinction of the disease. The threshold number regarding the
stochastic model is given by the expression

5Bu+B A+ 1o
2 . :
(r bt £ o+ [3 [ (x) —log(1+Q (x)) ] (dy)

Rs -

Theorem 2. Let (S,Z,R,W,F) be the solution of stochastic system (2) with initial value
(S,Z,R,W,F)(0) € RS. IfRs < 1, then such a system’s solution will have the following
properties:

. IT

tlgg(S(t)) = Giro) as,

tli_)n;(Z(t)) =0, as,

tlgg(R(t» = Gito) a.s, (16)
}LIEO<W(t)> =0, as,

tlLIEO(F(t)> =0, as.

In other words, the above implies the extinction of the NoV in the community with unit probability.

Proof. After integrating the model (2), the following equations may be easily derived:

% )N(dt, dy)}

%(I(t)—z(o)) = ﬁwé‘;;% + ﬁf§§f> +ﬁh<<§>z> (vt x4 )T L 22y t 1)dBs (r

+% /Ot[_/)‘,ﬁz(y) (t7)N(dt dy)]

%(R ) = R(0)) = (T)7 +0(S) — u(R L BhR td83 .
+1/0t{/yﬂs(y)7€( YN(dt dy)]dr

%(W(t)—W(O)) ()6 — 1o (W “4[0 t r)dBa(r

J% t[/ Ou(y)W (7 )N(dt dy):|dr

%(f ) — F(0)) = (T)A — uy(F) “5]0 tdB5

+% {/ Qs (y)F () N(dt dy)}
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Using the second-last equation in system (17), one may simply derive
o 1 W(0) + W(t J. )dBy(r
W)= —(T) - — (()t> (01L
Ho Ho Ho
il [y WOuly) ()N (at, dy) | dr 18)

where

o (19)
Lo [y Quln)F ()Nt dy)}d
Ho
The final equation of the model (17) gives us
A 1 (—F(0)+ F(t Jo W(r)dBs(r
7= - (TR L o (0 ) )
L H[Jy FOst) () dy) | 20)
Ho ’
A
= Mg(t) + %<I>
where f
Mf(t) N Wo < t ) Ho ( t )
- _ 1)
L Jo [y FOs ) (6N, )|
Ho ’
and A
(F) = Z(@) + M (1), @)
where
F(t) - F(0 NdBs(r)\ 1 Jo|Jy Qs(v)S(E)N(dt, dy) |dr
o - - (70 ()>dv+2i<f0 at >+t { W ) )
Using It6’s formula, the second equation in the model (2) becomes:
[ FS a3
dlogZ= BwIVI\:S + 'BfIP + ﬁ;’f —(y+x+u) - —2 dt + ard B, (1)
- / [©2(x) ~ log(1+ Qa(x)) ]y (dy) + | log(Qa(y) + DIN(t, dy)
(24)
2
< ﬁwIW Bf + B — (’)/—FK—F]J—FIXZZ) dt + apdB;(t)

~ [ [22(x) ~105(1 + Qa()n(dy) + [ Nog(Qaly) + 1IN (a,dy).
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Integrating Equation (24) from 0 to t then dividing by ¢ yields the following relation:

logZ —10gZ(0) _ | B (W) +/312<F> + By — <K+7+y+'x%>
2

t

"ot

N /y[Qz(x) — log(1 + QZ(X))]ﬂ(dy)} (25)

t r -
+axdBy(t)+ [ [ flog(1+ Q) IN(t, dy).

By substituting Equation (18) and (22) in relation (25), we have

o8 (1) [ﬁw(;vawa(t)) @ M) o ( 2)

i @ @ TR

logZ(0) = axdBy(t)
t + t

_ /y[Qz(x) —log(1+ Oz(x))]n(dy)} +

+ [ Rog(1 + Qn(y) (e, dy),
Ml e (HW z> — [ 10a(x) = log(1 + Oa(x)ly (dy) + By

BrMs(t) | BuMu(t)  1ogZ(0) = agdBy(t) (26)
R @) P

+ [ Rog(0ay) + 1))N(at, dy),
3u , APy
Ho Ho
+.Bfo(t) ,Bwa(t>

@) @)

+logtI(0) . azdlt%z(t) N /Ot /Q log(1 + 0 (y))|N(dt, dy).

+

+

2
%

- <H+7+ 2) —/y[ﬂz(X) —log(1+ ((x))]n(dy) + By

+

Further, M;(t) = % 5 dB;(t) for i = 1,---5 are the martingale functions (locally
continuous) and vanishes for t = 0. By letting t — co and using Lemma (2), we have

. 1
tlg]; sup ?Ml(t) =0. (27)
With a similar approach, one can easily prove lim; .o supMy(t) = 0 and

lim; o sup M (t) = 0.
For Rs < 1, relation (26) yields

2
lim supw < <7+K+y+0;2> (Rs—1) < Oas. (28)

Consequently, Equation (28) guarantees

lim (Z) =0, a.s. (29)

t—o0

Considering Equation (29) in expressions (18) and (22) and keeping in view
lim¢ 00 SUp My () = 0 and lim; e supr(t) = 0, we have

lim (W) =0, a.s, (30)

t—o0
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and
tlgg(]—"(t)) =0, as. (31)
Similarly, we can obtain
. II
tlgg(S) =Gty a.s. (32)
Finally
. oIl
tlgg(R(t)) BTICEINE a.s. (33)

completes the proof of the theorem. [

3.4. Persistence of the Disease

This section will examine the long-term survival of the NoV in the community. To
be more specific, we will investigate the conditions on the parameters that assure disease
persistence, which is required before establishing an effective control program. We will
start by studying the concept of average persistence described in [22,23].

Theorem 3. The system (2) is said to be persistent in the mean if:

2IT(+ /RS — 1
lim inf; o ((Z4+ W+ F)) > (CﬁO)' as., (34)
1
8l

where C; =

pvi , and it assures the existence of the disease at
e [y 00 (9) Tog(On (1) + 1 () |
all times t within the population.

Let us define
I12B ¢ BudA
RS = ﬁfiﬁw (35)
x1(x2)"x3%4
Proof. Let us suppose
G = —C1InS — CoInZ — C3lnW — CyInF, (36)

where Cq, C5, C3, and Cy4 are real numbers to be calculated.
By using the It6 formula to relation (36), we obtain

g = LG — C1ﬂé1d81(t) — CzDéZng(t) — C30¢3d84(t) — C40£5d85(i‘)
~Ci /y (1 (y)S —log(u (x) + 1)IN(dt, dy) - C, /y [2(y)T —log(Q2(y) + DIN(dt, dy) 37)
~Cs [ [Qu(y)W 1081 + Qu(y))IN(at dy) — Cs [ [05(y)F ~ log(1+ Os(y)) Nt dy),

where
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LG = —C1L(InS) — CoL(INT) — C3L(InW) — CoL(InF),

C1(BrF + BuZ + BV
:_C}SH+ (f 5 - )+C1(y+0)

“2
+ 61{21 + /y[Ql(?/) —log(O(y) + 1)]17(113/)}
e (/sffs + BuZS + BuWS

T >+C2(K+IH'7)

“2
+Cz{22+/y[02(]/) —log(Oz(y)Jrl)]W(dy)}

4
- CB’% + Capo + C3{
+ [ 1040 ~tog(1+ 0u o)l | )

5
- S e +c4{”‘21 + [ 0s(y) ~1og(1 + o5<y>>m<dy>}

042
< —4\/Clc%c304nﬁfﬁw5/\ +C {V to+ o+ /y[Ql (v) —log(n (y) + 1)]}7(@)}
“2
" Cz{K‘f'Pl tr+ 3+ [ [0a(y) - log(Oa(y) + 1>m<dy>}
0(4
+ Ca{ﬂv +5+ /y[m(y) —log(1+ 04(y))}17(dy)}
“5 .
+ C4{Vv + 71 + ./y[ﬂs(}/) —log(1+ 05(y))}77(dy)} +C1 (,BffJF BiL + ﬁwW)-
Let p = max{ By, u, B |, and
11
G = 5 ,
(o G+ 10u) ~ ogon ) + Vit |
11
b+ S+ [y 0a(0) ~ log(Oa(4) + D ()}
(39)

T
1T

{u 4+ [I0u) —log<1+o4<y>>m<dy>}’

e

IT

4 [ 0s(y) 10g<1m5<y>>],7<dy>}'
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¥ (1) =

For the sake of simplicity, let
a2
X = {u +o+ o+ /y[ﬂw) —log(1+ Ol(y))]n(dy)},
a2
X2 = {K tutro /y[ﬂz(y) — log(1 + Qz(y))]ﬂ(dy)},

“4
X3 = {uv + 71 + /y[m(y) —log(1+ 04(y))]77(dy)}/

Xy = {Vv‘i‘“?"'/ [Qs5(y) —10g(1+05(y))]77(dy)}-
2 Jy

By using these x;s, we have
TT4T12B ¢ ByOA
%1 (x2) x3%4

= —4r1[ /Ry 1] + CIpIF + T+ W],

LG < —

+4TT+Cr [ By F + BT + uWV| w0

Substituting Equation (40) into Equation (36), then integrating both side of the stochas-
tic NoV epidemic model (2), we obtain

G(S(H),Z(t), W(t), F(t)) 19(3(0)/1(0)/7/\7(0)/5’:(0))
< —4H[\/RT5 — 1} FCB[F+T+W) Cl“%fl(t) - Cz“%?(t)
G Jy[()S —log(1+ O (y))IN(dt, dy)
G fy[Qz(x)Ilog(t1+02(x))}N(dfrd}/) (41)
G [yl )W - 10gt(1 + Qu(y))IN(dt, dy)
G [y[0s(0)T - log(i +Qs(x))IN(dt, dy)
t

< _4n[\/R?g— 1} FCBI(F+T+W)] +¥(t),

where

_C1 [y[1 (1)S—log(1+0 ()] P(dtdy)+Ca [y [Qa (x)T—log(1-+Qy (x))|P(dtdy) +C5 [ [Qa (y)W—log(1+04 (1)) IN(dtdy) +Cy [y [Qs(x)T—log(1+Qs5 (x))|N(dt.dy)
; .

By virtue of strong law presented in Lemma 3, we obtain

lim ¥(#) =0, (42)
From Equation (41), we have
(F+I+W)) > 411(%1&;5— 2
1 (43)
1 L (G(S(t),Z(t), W(t), F(t)) — G(5(0),Z(0), W(0), F(0))
—@‘P(t) o+ Clﬁ< ; >
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By suing Lemma 4 and relation (42), the inferior limit of relation (43) is given by

li¥n inf(F+Z+W)) > HI(\éTR;)—l), as, (44)
—00 1

and likewise, lim inf; ;e ((F +Z +W)) > 0. These results complete the proof of Theo-
rem 3. [

4. Numerical Simulations and Discussion

The validation of theoretical results via simulations, an integral part of epidemic
modeling, and forecasting the future behavior of the disease under various circumstances
are presented in this section. To create a strategy for a numerically solving system (2),
we employed the conventional numerical approach established in [31]. To successfully
implement the algorithm, we took n = 0,1,2,..,, N*, where N* € N and x* € Y. To
describe the time period [0, T], we considered the constant step size At = % Further,
fori€1,2,3,4,5and N/' = S + I} + R} + W' + FI',and AZ;,, = W(tyi1) — W(ty) =
\/Boci,n, where «;, stands for the Gaussian noises having the distributions N(0,1). In
addition, AL, defined as L(t,+1) — L(t4), follows a Poisson distribution with intensity
v when considering Y = (0, +00) with v())) = 1. As a result, the Milstein algorithm for
obtaining the numerical solution of the model (2) takes the following form:

BF"S" 4 BT S" + B WIS
_ -

Sl =S4 {H - (y+a)5"} At

2
+ 0, S "By + %5" (AB2, — At) — 0y (x)S"A,,
B FS 4 ByI1S" + B WS"
Pi’l

7 =1 [ —(K—l—]/l—l-’)’)I”]At

2
+ T By + %I’“ (AB%H — At) — O (x) T A,

2
R = R 4 [y I + 08" — uR" At + a3R" By s + %R (AB2, — At) - 03(x)R"A,,
n+1l _ n n n n Dé n 2 o * n
WS =W+ 61" — uoW" At + agW" By 4 + > WHABy, — At) — Qq(x*)W" Ay,
2
FrH = P4 AT — o F A+ asF"Bys + 2 F" (ABR, — At) = Os(x*) F'4

In addition to the aforementioned technique, one can use an alternate numerical
method, such as the positive preserving truncated Euler-Maruyama (PPTEM) method [32],
to obtain numerical solutions to the model. Several writers have employed PPTEM ap-
proaches to address complicated physical phenomena (e.g., ref. [33] and references men-
tioned therein). In this particular case, the reasons for selecting this specific method include
its simplicity and efficacy in controlling Lévy jumps.

We need certain parameter values for the model (2) to numerically validate the the-
oretical results. Two sets of parameter values, which are presented in Table 2, were used
while simulating the model. These sets also contain the initial populations of humans and
microorganisms. For every combination of parameters, the model was simulated for the
time interval [0,600], and each aspect was studied with detailed graphical illustrations.
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Table 2. The value of the parameters of model (2).

Symbols Test 1 Test 2 Test 3
IT 10.0 05.0 05.0
Buw 0.02 0.20 0.20
Br 0.02 0.23 0.23
Bn 0.05 0.50 0.30
5 0.04 043 0.44
U 0.05 0.05 0.05

K 0.05 0.50 0.50
o 0.03 0.30 0.32
A 0.02 0.20 0.20
6 0.03 0.35 0.30
Ho 0.20 0.20 0.25
g 0.15 0.25 0.55
xo 0.20 0.25 0.24
a3 0.40 0.75 0.47
Ky 0.25 0.43 0.43
i 0.22 0.25 0.30
S5(0) 70.0 70.0 70.0
Z(0) 60.0 70.0 70.0
R(0) 30.0 30.0 30.0
W(0) 50.0 50.0 50.0
F(0) 30.0 30.0 30.0

4.1. Numerical Simulations of the Extinction

In the preceding sections, we have investigated conditions under which the disease
is extinct in the population and the condition that ensures the survival of the disease in
the long term. Based on the condition of R; < 1, we proved Theorem 2. The theorem
biologically explains the elimination of the NoV from the population with unit probability
whenever the required conditions are met. The disease will be eliminated from the com-
munity irrespective of the fact that the initial size of the infection is very high. To verify
these facts numerically, we simulated the model based on Example 1 and present visual
representations in Figure 1. One can easily notice that the curves generated by the stochastic
system gradually approach the infection-free state of the associated deterministic system.

Example 1. In this example, values of the parameter are assumed from Table 2 Test 1. By using
these values of the parameter, the threshold parameter Rg was calculated, which is surely less than
unity. Thus, the premise of Theorem 2 holds true, and hence the conclusion must follow. In other
words, each component of the solution to the model will satisfy the following expressions:

lim sup M <0, as.
t—o0 t
lim sup M <0, as.
t—o00 t

and loe F
lim sup M <0, as.
t—00 t

These inequalities represent the extinction of the infection within the population, and numeri-
cally Figure 1 verifies these conclusions. Consequently, the analytical findings showing extinction
have been validated and can be deemed reliable.
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Figure 1. Sample solution profiles of stochastic model (2) along with the solution of the associated
deterministic system explaining extinction of the NoV. (a) Susceptible individuals. (b) Infected
individuals. (c) Recovered individuals. (d) Bacteria contaminated NoV through water. (e) Bacteria
contaminated NoV through food.

4.2. Numerical Simulations of the Persistence

Likewise in this part, we attempt to quantify the persistence of NoV in the population.
Theoretically, Theorem 3 explains the mean presence of infection throughout the population
at all times. The theorem states that if the hypothesis is correct, the conclusion follows.
To demonstrate the numerical verification of the theorem, we have considered data from
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140

Table 2 Test 2, and it was found that R} > 1. Both the stochastic and deterministic models
were simulated with these data, and the findings are presented in Figure 2. The figure
depicts that the norovirus tends to exist in the population as long as the threshold exceeds
the value of one. Thus, in such cases, the stakeholders must look for a control program to
control the infection.
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700
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Levy Levy
——ODE 1 600 - ——ODE

500 -

400

1(t)

300

200

100

|
| i W) VW M
7 A L N VA o N L . o AW LY

100 200 300 400 500 600 0 100 200 300 400 500 600
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Figure 2. Sample solution profiles of the stochastic model (2) along with the solution of the associated
deterministic system explaining the persistence of the NoV. (a) Susceptible individuals. (b) Infected
individuals. (c) Recovered individuals. (d) Bacteria contaminated NoV through water. (e) Bacteria
contaminated NoV through food.
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Example 2. To numerically validate the findings of Theorem 3 related to the persistence of the
disease, we have assumed values of the parameters from Table 2 Test 2. Based on the studied data,
we found that the value of R}, is greater than one. Further study indicated that the parameters
in this example satisfy the assumptions specified in Theorem 3. The model was simulated using
these settings, and the results are visualized in Fiqure 2. The graph indicates that the infection will
survive within the population, in which case the model will have a uniform stationary distribution.

4.3. The Impact of Bj,, Bw, and By on the Infected Individual

To show the effect of By, B, and B¢ on the dynamic pattern of the NoV (specifically on
the infected compartments), we considered values of the parameters in Table 2 Test 3. The
dynamic behavior of the infected classes Z(t), W(t), and F(t) as well as the mean-relative
infections are displayed in Figures 3 and 4 and were obtained from simulating the stochastic
system. Reducing the levels of B, B, and B accelerates disease extinction in the relevant
populations. To promote disease extinction, it is required to lower the values of these
parameters. Furthermore, the simulations show that including nonlinear stochastic noises
is critical for a better understanding of the disease dynamics.

120

60

50

—— White+Levy —— White+Levy
Levy Levy

——ODE ] 100 ——ODE

W(t)

.
100

.
200

. . .
300 400 500 600
Time(days) Time(days)

@) (b)

120

—— White+Levy
Levy
—— ODE

100

W(t)

Time(days)

(0)

Figure 3. Sample trajectories for the compartments 7, W, and F obtained from simulating both the
deterministic and stochastic models with variations in the transmission coefficients. (a) (B, BufBy) =
(0.45,0.40,0.30). (b) (By, BwBy) = (0.35,0.20,0.50). (c) (Bp, BwPr) = (0.40,0.45,0.30).
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140 ; ; ; ; ; 100
—— White+Levy
Levy 90
120 [ ——ODE h

—— White+Levy
Levy q
——ODE

80
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60

W)
3

(]

. . . . . . . . . I
0 100 200 300 400 500 600 0 100 200 300 400 500 600

Time(days) Time(days)
(a) (b)

—— White+Levy
Levy 7
——ODE

(o)
g

0 100 200 300 400 500 600
Time(days)

(0)

Figure 4. The impact of the transmission coefficients on the dynamics of the compartments Z, WV,
and F obtained from simulating both the deterministic and stochastic models. (a) (B, BuwBf) =
(0.70,0.45,0.60). (b) (By, BwB) = (0.30,0.45,0.70). (c) (Bp, BwPr) = (0.40,0.40,0.30).

5. Concluding Remarks and Future Research Directions

Norovirus is a highly infectious disease causing vomiting and diarrhea and affects hu-
manity both in terms of deaths and health expenditure. In this manuscript, we investigated
the dynamics of norovirus via the inclusion of Lévy noise in stochastic modeling. After
the formulation of a stochastic STRWJF model, we studied the existence and uniqueness
of a global solution of the model. We calculated the threshold number and the number
was used in investigating the long-term behavior of the norovirus. The results show that
when another threshold parameter exceeds one, the norovirus survives in the community.
However, for the reproductive number (in a stochastic sense) less than one, the disease
tends toward extinction. Furthermore, the paper uses simulated examples to demonstrate
the real-world implications of these findings, providing important insights into norovirus
transmission dynamics. We employed the usual Milstein technique to numerically verify
the stability-based analytical conclusions. It has been found that the disease can only be
eliminated if the values of all of the transmission coefficients are reduced significantly. Over-
all, this study adds to our understanding of complicated biological and epidemiological
events, providing a solid foundation for studying and managing infectious diseases.

The research findings further recommend that the dynamic pattern of norovirus in-
creases through contaminated water and food compared with human-to-human NoV trans-
mission. Further, it was noted that to considerably reduce the risk, all three components
must be simultaneously addressed. The authors plan to incorporate other disease-related
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characteristics into the model in the future, such as age and the temporal dynamics of
the disease.
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