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Abstract: We consider fractional integral operators (I — T)?,d € (—1,1) acting on functions
g : 7" = R,v > 1, where T is the transition operator of a random walk on Z". We obtain the
sufficient and necessary conditions for the existence, invertibility, and square summability of kernels
7(s;d),s € Z¥ of (I — T)?. The asymptotic behavior of 7(s;d) as |s| — co is identified following
the local limit theorem for random walks. A class of fractionally integrated random fields X on Z"
solving the difference equation (I — T)?X = e with white noise on the right-hand side is discussed
and their scaling limits. Several examples, including fractional lattice Laplace and heat operators, are
studied in detail.

Keywords: fractional differentiation/integration operators; tempered fractional operators; fractional
random field; random walk; limit theorems; long-range dependence; negative dependence;
conditional autoregression

1. Introduction

Classical fractional differentiation/integration operators (I — T)%, d € (—1,1),d # 0 act-
ing on functions ¢ : Z — R, where (I — T)g(t) = g(t) — g(t — 1) is a “discrete derivative’ with
respect to ‘time’ t € Z, are defined through the binomial expansion (1 — z)¢ = 2]?"’:0 lpj(d)zf ,
z€C, |z| <1, viz.

(1 - T)g(t) = io 9@ Tig(t) = }”j()¢j<d>g<t j), tez M
j= j=

with the coefficients r(i— d)
j—
. d = e T 4
i) = i D(—a)

Here, I' denotes the gamma function I'(z) := [~ t* ‘e ~'dt,z > 0,and I'(z) := z"'T(z+1),
—1 <z < 0. Also, see the end of this section for all unexplained notation. The asymptotics

Pj(d) ~ T(—d) =4

(which follows by application of Stirling’s formula to (2)) determines the class of functions
g and the summability properties of (1).

Fractional operators in (1) play an important role in the theory of discrete-time stochas-
tic processes—in particular, time series (see, e.g., the monographs [1-5] and the references
therein). The autoregressive fractionally integrated moving-average ARFIMA (0, d, 0) pro-
cess {X(t);t € Z} is defined as a stationary solution of the stochastic difference equation

jeN. 2

(j—=0o0), 0<d <1 )

(I-TYX(0) = Y (@)X (t - ) = elt), teZ @
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with white noise (a sequence of standardized uncorrelated random variables (r.v.s)) {&(t);
t € Z}. Ford € (—1/2,1/2), the solution of (4) is obtained by applying the inverse
operator, viz.:

X(t) = (1 T)%e(t) = Y. gy(~d)e(t— ), teZ ©)
j=0

Since (3) implies 2]?”:0 lpj(d)z < oo (|d| < 1/2),(5) is a well-defined stationary process
with zero mean and finite variance. The ARFIMA(0, d,0) process is the basic parametric
model in statistical inference for time series with a long memory property (also referred to
as long-range dependence) (see [1-3,5,6] for a discussion of the ARFIMA(0,d,0) and its
generalization ARFIMA (p, d, ) models). We note that the ARFIMA (0, d, 0) process has an
explicit covariance function and the spectral density

f(x)=@mn) N —e ™2, xcll:=[-n,7]

which explodes or vanishes at the origin x = 0 as (27r) ~!|x| 724, depending on the sign of d.

In this paper, we extend fractional operators in (1) to functions g on a regular v-dimensional
lattice Z", v > 1. Whereas generalization of our construction to irregular lattices or more
abstract index sets is an interesting and challenging open problem, our choice of Z" fol-
lows the traditional approach in random field theory, which heavily relies on the Fourier
transform and spectral representation. We consider a rather general form of the operator T:

Tg(t)= Y g(t+u)p(u) =Eg(S1+t), teZ',

uczZv

where {S;;j > 0} is a random walk on Z starting at So = 0 with (1-step) probabilities
p = {p(u) := P(S1 = u);u € Z'}. We assume that p(0) < 1, i.e., the random walk is
non-degenerate at 0. Clearly, T/g(t) = ¥yczv g(t +u)pj(u) = Eg(S; + t),t € Z", where
pj(u) := P(S; = u), u € ZV are the j-step probabilities, j = 0,1,2, - - - with po(u) = I(u = 0).
Similarly to (1), we define fractional operators (I — T)4, —~1 < d < 1,d # 0 acting on
g:7" — Rby

(1 T)ig(t) = fo Py @Tg(t) = ¥ t(wdgt+u), tez
L

uczv

with coefficients

T(u;d) = f:o 9i(d)p; (u), ®)
L

expressed through the binomial coefficients ¢;(d) and random walk probabilities p;(u).
Let us describe the content and results of this paper in more detail. The main result of
Section 2 is Theorem 1, which provides the sufficient condition

/m 11— p(x)|2ldx < oo @)

for invertibility (I — T)4(I — T)~¥ = I and the square summability of fractional coefficients
in (6), in terms of the characteristic function p(x) := Eexp{i(x, S1) } (the Fourier transform)
of the random walk. Section 2 also includes a discussion of the asymptotics of (6) as
|u| — oo, which is important in limit theorems and other applications of fractional inte-
grated random fields. Using classical local limit theorems, Propositions 1 and 2 obtain

‘isotropic” asymptotics of (6) for a large class of random walk {S;}, showing that T(u;d)

decay as O(|u|V~24); hence, Y_,,czv |T(w; —d)| = 0o (d > 0). The last fact is interpreted as
the long-range dependence [3,4,7] of the fractionally integrated random field {X(t);t € Z'},
defined as a stationary solution of the difference equation,

(I-T)X(t)=e(t), tez’ (8)
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with white noise on the rh.s. and it is studied in Section 3. Corollary 1 obtains con-
ditions for the existence of the stationary solution of (8) given by the inverse operator
X(t) = (I — T)“e(t), which is detailed in Examples 1 and 2 for fractional Laplacian and
fractional heat operators. Sections 2 and 3 also include a discussion of tempered fractional
operators (I —rT)%,r € (0,1) and tempered fractional random fields solving the analo-
gous equation (I — rT)?X(t) = &(t), which generalize the class of tempered ARFIMA
processes [8] and have short-range dependence and a summable covariance function.

Section 4 is devoted to the scaling limits of moving-average random fields on Z"
with coefficients satisfying Assumption 1, which includes ’isotropic fractional coefﬁcients
7(u; —d) as a special case. The scaling limits refer to the integrals X, (¢) = [, X([t])¢p(t/A)dt
of random field {X(¢);t € Z"} foreach ¢ : RV — R from a class of (test) functlons as scahng
parameter A — co. The scaling limits are identified in Corollary 3 as self-similar Gaussian
random fields with a Hurst parameter H = (v — 4d) /2. We note that limit theorems for
random fields with long-range dependence or negative dependence have been studied
in many works. The seminal paper [9] dealt with noncentral limit theorems for Gaussian
subordinated fields. Anisotropic scaling limits of linear and subordinated random fields in
dimensions v = 2,3 were discussed in [10-16] and in the references therein, with particular
focus on scaling transition arising under critical anisotropy exponents. Whereas most of
the abovementioned works considered partial sums on rectangular domains, [17] studied
the case of irregular summation regions and ‘edge effects’ arising under strong negative
dependence. Statistical applications for random fields with long-range dependence were
discussed in [2,18,19] and other works.

We expect that this study can be extended in several directions, including anisotropic
scaling, infinite variance random fields, and fractional operators in R" (see [20-25] for
discussion and the properties of fractional random fields with the continuous argument
t € RY).

Notation. In what follows, C denotes generic positive constants that may be different
at different locations. We write —% and < for the weak convergence and equality
of probability distributions. Denote by | - | the absolute-value norm on K, where K is
either R or C and the Euclidean norm on R". (., -) is the scalar product in R". Denote
by e; the vector in R” with 1 in the jth coordinate and 0’s elsewhere. For p > 1, denote
by LP(Z") the space of functions f : Z' — K for which Y ,czv |f(#)|? < oo and by
LP(R") the space of measurable functions f : R” +— K for which the p-th power of the
absolute value is integrable with respect to the Lebesgue measure dx on R": || |1y (gv) :=

(Jgv |f(x)|Pdx)1/P < oo with the identification of functions f, g, such that f = g almost
everywhere (a.e.). Denote by L®(R") the space of measurable functions f : RY — K for
which || f[|pe(mv) == inf{C > 0 : [f| < Ca.e.} < oo, with the identification of functions
f,g, such that f = g a.e. Write [(A) for the indicator function of a set A. Write [x] for
the smallest integer greater than or equal to x € R. i := v/—1 € C,Z} := Z" \ {0} and
N:={0,1,2,...}.

2. Invertibility and Properties of Fractional Operators

We start with the properties of the binomial coefficients in (2):

Pi(d) <0 (j>1), il[)j(d):() ifo<d<1,
$id) >0 (j>1), itpj(d)zoo if —1<d<0.

The identity (1 —z)%(1 —z)™% = 1 leads to

1= ’;f:lﬁ( )lpk ]+k Z Z#’] Ebn ] )
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and the invertibility relation
ZIIJ; Juj(—=d) =1(n=0), neN. (10)
The following lemma gives some basic properties of the fractional coefficients T(u; d)
in (6).
Lemma 1. (i) Let 0 < d < 1. Then, the series in (6) converges for every u € Z" and

7(0;d) >0, T(w;d) <O0(u+#0), and Y t(u;d)=0. (11)

uczZv

(ii) Let =1 < d < 0. Then, 0 < T(u;d) < oo for every u € Z" and 7(0;d) > 1 and

Y. T(u;d) = co.

uezZv

Moreover, T(0;d) < oo implies T(u;d) < oo and

=Y t(wd)t(—u;—d) < 7(0;d) < oco. (12)
u#0

(iii) Let 0 < d < 1 and 7(0; —d) < oo. Then,

Y t(s;d)t(t—s;—d) =1(t=0), teZ' (13)

sezv

Proof. (i) From (6) and (9) we obtain
7(0;d) _1+2¢] >1+le]
since p;(0) = 1(Vj > 1) is not possible. On the other hand, for u # 0 we have po(u#) = 0 and

d) = i¢j<d>pj<u> <0 14)
L

in view of (9).
(ii) Since ¢;(d)p;j(u) > 0 is obvious from (9), it suffices to show (12), since it implies
T(u;d) < co by (11). We have

To:= Y t(wd)(~t(—w;—d)) = Y Z pi(d —d))pj(u)pr(—u)
u#0 u#0 j k=1
oo n—1
= E Z lzbj(d — Py ] Z P] )P ] —u)
n=2 j=1 u#0

where exchanging the order of summation is legitimate as all summands are non-negative.
Hence, using Y-, 2o pj(#)pn—j(—u) < pxn(0) and (10), we obtain

ngk

pu(0)(n(d) + Pn(—d))

L1
IA
MS

ij (—n—j(—d)) =

3
||
N

n=2

IA
Mg

pn(0)¢pn(d) < 7(0;d)

3
Il
)

proving part (ii).
(iii) The convergence of the series in (13) and the equality follow as in (12):
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Y t(sid)e(t—s—d) = Y gi(d)g(=d) Y pi(s)pe(t —s)
sezVv j k=0 sezY
= Y pa(0) Y 95 ()
n=0 j=0
=po(t) =1(t =0)

Lemma 1 is proved. O

Remark 1. Let 0 < d < 1. Then, the inequalities are strict: T(u;d) < 0 and T(u; —d) > 0, if
pj(u) > 0 for some j, i.e., u is accessible from state 0. Moreover, if state 0 is transient, i.e., the
probability of eventual return to 0 is strictly less than 1, which is equivalent to 2;0:0 pj(0) < oo,
then T(0; —d) < oo.

The main result of this section is Theorem 1, which provides the necessary and
sufficient conditions for the square summability of the fractional coefficients in (6), in terms
of the characteristic function p(x) (see (7)). Write ]?for the Fourier transform of a function
f:Z" - R.Forr e (0,1),d € (—1,1) introduce the tempered fractional operators

(I—1T)g(t) = i)rjlpj(d)Tjg(t) = ZZ T (wd)g(t+u), telZ'
j= ucZv

with coefficients
o0

T (u;d) := Zorjlpj(d)?’j(u)/ (15)

=

and the Fourier transform 7, (x;d) = (1 — rp(x))".

Theorem 1. For —1 < d < 1, the following conditions are equivalent:

/H 1= B)| Ml < o, (16)
Y. w(w;—d])* < co. (17)

ucZv

Either of these conditions implies
T —ld]) = (1= p(-) "M in L2(IT), (18)
Moreover, for 0 < d < 1, the above conditions (16)—(18) hold with d in place of —|d|.

Proof. Let 0 < d < 1. Firstly, we consider T(u;d) in (6). They satisfy }_,czv |T(u;d)| <
Lo [$j(d)| < oo because of (3) and Y ,czv pj(u) = 1 with 0 < p;j(u) < 1. Then,
Yuezy T(w;d)> < oo is immediate. Moreover, we have the Fourier transform
T(x;d) = Yo ¥j(d)pj(x), where pj(x) = p(x)/ satisfies |p(x)| < 1. We see that

T(xd) = (1—p(x))?, xell’, (19)

belongs to L?(IT").

Now let us prove the implication (16) = (17). We use approximation by the tempered
fractional coefficients 7,(u; —d) in (15) as r ,* 1. We ascertain that 7,(x; —d) = (1 —
rp(x))~% — (1—p(x)) @ ae asr /1. Next, forz € C, |z| < 1,0 < r < 1 the inequality
1—z|<[1—rz|+|rz—2z| <|1—rz|+1—r, wherel —r <1—|rz| <|1—rz| becomes
|1 —z| < 2|1 —rz|. Using this, we obtain the domination forall0 < r < 1, x € IT",

1 24

1T (x; —d)| < — < —_
[T—rp(x)]* = [1—p(x)4
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by a function in L2(IT") according to (16). Hence, by the dominated convergence the-
orem (DCT), %(;—d) — (1 —p(-))"% as r , 1 holds in L?>(TT"). As a consequence,
7(-;—d), 0 < r < 1is a Cauchy sequence in L?(IT"). By Parseval’s theorem, the inverse
Fourier transforms,

T (u; —d) = (271_[)V /m e*i<”'x>?,(x;—d)dx, ucZ’,0<r<1,

are a Cauchy sequence in L?(Z"), and so 7, (-; —d) converges in L(Z") to some f € L*(Z")
asr 1. This f must be 7(-; —d) because 7 (u; —d) , T(u; —d) asr /1 for all u. We
conclude that 7(-; —d) € L?(Z") or (17).

Let us turn to the implication (17) = (16). From (17) and 7.(w; —d) * t(u; —d) for
all u it follows that 7,(-; —d) — ©(-;—d) as r * 1 holds in L?(Z"). By Parseval’s theo-
rem, T, (; —d) = (1 —rp(-))™%, 0 < r < 11is a Cauchy sequence in L?>(TT"). It follows
that lim, ~y [, [T (% —d) — g(x)|?dx = 0 for some g € L?(I1"). We also have lim, (1 —
p(x))™ = (1 — p(x))"? for each x € TIIY, such that p(x) # 1. Since
Leb,(x € IIY : p(x) = 1) = 0 (see Lemma 2.3.2(a) in [26]) we conclude that
g(-) = (1 —p(-))? a.e., proving (16).

The above argument also proves (18). On the one hand, 7(-; —d) is the limit of 7, (-; —d)
in L>(I1") as r 1 because 7,(-; —d) converges in L2(Z") to t(-;—d) asr ,* 1. On the
other hand, %,(-; —d) = (1 —rp(-))™% — (1—p(-)) ¢ in L>(TI1") as r 1. We conclude
that 7(-; —d) = (1 — p(-)) a.e. Theorem 1 is proved. [J

Next, we turn to the asymptotics of the ‘fractional coefficients” 7(u;d) in (6). The
proof uses the local limit theorem in [26] for random walk probabilities p;(u) = P(S; = u).
Following the latter work, we assume that

Ee1l <00 (3¢ >0) and {S;} is zero mean, aperiodic, irreducible. (20)

For example, if S; is symmetric, i.e., 5 4 _ S1, and, moreover, has finite support
that contains 0, e;, i = 1,..., v, then the random walk satisfies our assumption (20). The
conditions in (20) imply that the random walk has zero mean ES; = Y, c7v up(u) = 0 and
an invertible covariance matrix

[:=ESS].

According to the classical (integral) CLT, the normalized sum S;/ \/j, j — oo ap-
proaches a Gaussian distribution on R" with density

06) = e Y 2R
Denote 1 » '
pi(u) :== —(an)v/z\/ﬁe_WI w2y eRY.
Lemma 2 ([26] Theorem 2.3.11). Under the conditions of (20), there exists C > 0, such that
~ _ 1 Juf? 2 v
pi(w) = Pl < Cpi(0) (57 + =), Vlul <f meZ” (21)

For ‘very atypical’ values |S;| > j we use the following bound ([26], Proposition 2.1.2):
for any k > 1 there exists C > 0, such that

P(|Sj| > z\/j) <Cz ¥, Vz>o. (22)

Proposition 1. Let p = {p(u);u € Z'} satisfy (20). The coefficients in (6) are well-defined for
any —(1 A %) <d <1,d # 0and satisfy
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T(w;d) = (By(d) + 0(1)) (s, T )~ /2= Jy| - oo, (23)
where
29T (d + (v/2))
B1 (d) = .
7V/2T (—d)+/detT
Proof. Let us prove (23). Since T is positive-definite, |u|r := /(u, T 1u), u € RY is

a norm. Note that it is equivalent to the Euclidean norm because any two norms are
equivalent in finite-dimensional real vector space. In particular, the spectral decomposition
I~! = UAU'—where U is an orthogonal matrix whose columns are the real, orthonormal
eigenvectors of I !, U’ is the transpose of U, and A is a diagonal matrix whose entries are
the eigenvalues of I' ! with Amax, Amin > 0 denoting the largest and smallest, respectively—
gives |ur = |AY2U'u|? < Amax|u/|? and, similarly, |u|2 > Apin|u|?. Using (6) for a large
K > 0 we decompose \u|"+2d (w;d) = Y2_, J;(u), where

Ju) o= [ulfTT(=d) Y T (),

]'>|u|12-/1<
Jo(u) := [ul{724 Y (pi(d) —T(=d) " )pj(n),
j>ulf /K
Ja(u) = a0 30 y(d)pj(u).
0<j<|ul}/K
It suffices to show that
lim lim J;(u) = By(d), lm limsupJ;(u) =0, i=2,3. (24)
K=o Ju|—e0 K—o0 |u|—o0

To show the first relation in (24), use (21). We have J;(u) = J{(u) + J; (u), where, for
each K > 0 fixed, the main term J{ (u) and the remainder term J;'(u) asymptotically behave
when |u| — oo as

Jiw) = [ulg2 (=)t Y ()

j>\u|2/K
|u|v+2d

Ve 717K < iy e 2y
7'L'V etl’

—d—l—(v/2)e—l/2xdx

(27r 1//21" d)v/detl’ /1/1<

and, for some constants C,c > 0,

7 ()] < Clu|f K32 Y j7473/2p;(u)
j>lul2/K

< C|u|flK3/2 /°° x7d7(3/2)—(v/2)efc/xdx _ 0(1)_
0

Hence, the first relation in (24) follows, using fooo x~1mTe Vxgy = I'(t), T >0 In
view of (3), the same argument also proves the second relation in (24) for i = 2.
Consider (24) for i = 3. Split J3(u) = J§ (u) + J4(u) into two sums over j > 0, where
j* < |u| and j? > |u], respectively. In the sum J}(u) we also have j < |u[3/K < |u|?, and
Lemma 2 entails the bound
3
py(a) < Cpyta) (-

) < C|u|3 (v/2)— Ze—c|u\2/j
i

for some constants C, ¢ > 0. Hence,
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> L v —clul?
|]§(M)‘ §C|u\v+2d+3/0 [y] d-3 (/2)8 |u| /[y]dy
1
< C|u‘7l/ x—43=(v/2)g—c/xqy = o(1)
0

since the last integral converges for any d. Finally, by (22), given a large enough k > 0, there
exists C > 0, such that p;(u) < Cj*/2 / |u|¥, which implies J (u) = o(1). This proves (24)
and completes the proof of Proposition 1. [

Lemma 2 does not apply to the simple random walk (which is not aperiodic), in
which case the local CLT takes a somewhat different form (see [26], Theorem 2.1.3). The
application of the latter result and the argument in the proof of Proposition 1 yields the
following result:

Proposition 2. Let p(ej) = p(—e;) = %, j=1,...,v. The coefficients in (6) are well-defined for
any —(1A %) <d <1,d # 0and satisfy

t(u;d) = (B(d) +0(1))[u| 2, [u] — oo,

where J
2°T(d + (v/2))
Bd) i= ——7—
(@) Vil (—d)

Proposition 1 and Lemma 2 do not apply to random walks with a non-zero mean, as in
Example 2 below (fractional heat operator), in which case the fractional coefficients exhibit
an anisotropic behavior different from (23). Such behavior is described in the following
proposition. We assume that the underlying random walk factorizes into a deterministic
drift by 1 in direction —e; and a random walk on Z"~!, as in Lemma 2:

) 1-6, u=—ey,
pln) = {Gq(ﬁ), u=—ey+(0,i), @5)

where 6 € (0,1) and §(it) is a probability distribution concentrated on it = (uy, ..., u,) € Z'71,
such that # # 0. Write {S;;j > 0} for the random walk starting at 0 with j-step probabilities
P(S; = @|50 = 0) =: §;(@), j = 0,1,..., such that 4, (t) := §(i), &t € ZV=1. In order to
apply Lemma 2, we make a similar assumption to (20):

EeS1l < oo (3¢ >0) and {S;} is zero mean, irreducible (26)

and we denote I := ES; 5/, the respective covariance matrix. Let

o(x) = (4 (%1%, x=(x,%) R’

be a positive function on RY satisfying the homogeneity property, p(Axy, A1/2%) = Ap(x),
VA > 0. As in Example 2, the fractional coefficients for p(u) in (25) we write as

T(—w;d) = Py, (A)pu, (—)l(ug >0), u=(uy,t) €Z". (27)

Proposition 3. Let (26) hold and 6 € (0,1). Then,

y exp { — @la) }(1+0(1)) (28)
I'(—d)(270)(v=1)/2v/detl 20uq

T(—u;d) =

as u; — oo and |it| — oo, |it| = o(u%/‘o’). We also have
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T(—u;d) = p(u)_d_("J“l)/Z(Lo(%) +o(1)), u =, (29)

where Lo(z),z € [—1,1] is a continuous function on [—1, 1] given by

B z—d—(v+1)/2 -
Lol@) = L eyt O L~ (/20y (1727~ 1)

for z € (0,1] and equals 0 for z € [—1,0].

Proof. Consider the following j-step probabilities of a random walk on Z'~! starting at
0: q;(#t) := p;j(u), where u = (—j,it) for it € 7Z'71,j=0,1,---. Let us estimate these by
q;(i) = (271j)~("=D/2(detT) ~1/2 exp{— (@1, T 'it) /2j}, where T is the covariance matrix
of the 1-step distribution g1 (i), &t € Z'~!. Note T' = 6I". By Lemma 2,

|af
5
Relation (28) follows directly from (3), (27), and (30). Relation (29) is written as

|9;(@) — ()| < qu(ﬁ)(]m +5), Vil < aez (30)

Ui
(u)d-i-(v-&-l)/ZT(_u,. d) — Lo
g Gt
The asymptotics in (31) is immediate from (28) for |u| tending to co as in (28). The
general case of (31) also follows from (28), using the continuity of Ly. For v = 2, the details
can be found in [12] (proof of Proposition 4.1). O

) =0, |u] = co. (31)

Remark 2. The approximation in (28) compares with the kernel

1+v

712
hc,—d(t) =0 tl_d_T exp{ —ct] — |4tf|1}]1(t1 >0), t= (tl, f) e RV (32)

of the fractional heat operator (¢ + 01 — A) 4,9 —A:=9d/0t — I az/atf forallc > 0,
d < 0,and some c; € R. For v = 2, Ref. [25] Equation (3.7) has recently derived the analytic
form in (32) of the kernel from the absolute square of its Fourier transform:

2)2 = | / e (1)de ] (33)
= AAn) I (—d)2(B + (c+ 12P)?)Y, z=(21,2) R,

which is the implicit definition of this kernel in [22]. Similarly to derivations in [25], for
v > 2, Equations (3.944.5-6) in the table of integrals [27] give

00 ithl—Ci‘] dﬁ]# . |t|
o—d(z) = 61/0 e £ dty /val exp {i(%,¥) i }dE

v bt (e |E) p—d—1
261(471') 2 /0 e 111 i’1 dfy

=)

v=1 2 12\ & . 21
= c1(4m) 7 T(—d) (21 + (c +|2*)*) ? exp { — id arctan (Hiz)},
yielding (33).

Finally, the tempered fractional coefficients in (15) are summable: Y, c7y [T (u;d)| <
Z]?"’:O ryi(d)] < 2(1— 1)1l < o forany d € (—1,1),7 € (0,1) and any random walk
{S;}. Assuming the existence of the exponential moment EeIS1 < oo for some x > 0,
(15) decays exponentially,
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T (w;d)| < Ce M, uez, (34)

for some C,c > 0. Indeed, Markov’s inequality gives #/|y;(d)|p;(u) < P(|S;| > |u|) <
e ulEerlSil < e”‘"”'(Ee"‘S”)j < e’("/z)h‘“ for any 0 < j < c|u| and large enough |u|.
Moreover, Y~ cjy ¥ [9(d) |pj(#) < Liscju ¥ = relul /(1 = r), proving (34).

3. Fractionally Integrated Random Fields on Z"

Let {e(t); t € Z"} be a white noise; in other words, a sequence of r.v.s with Ee(t) = 0,
Ee(t)e(s) = I(t = s),t,s € Z'. Given a sequence a € L*(Z") with the above noise we can
associate a moving-average random field (RF),

X(t) = 2 a(u)e(t—u), teZ' (35)
sEZY

with zero mean and covariance Cov(X(t), X(s)) = Y,czv a(u)a(t — s + u), which depends
on t — s alone and characterizes the dependence between values of X at distinct points ¢ # s.
A moving-average RF X in (35) will be said to be

* long-range dependent (LRD) if Y, c7v |a(u)| = oo;
e short-range dependent (SRD) if },,c7v |a(u)| < 00, Y ,czv a(u) #0;
* negatively dependent (ND) if }_,,c7v |a(u)| < 00,Y,czv a(u) = 0.

The above classification is important in limit theorems and applications of random
fields. It is not unanimous; several related but not equivalent classifications of dependence
for stochastic processes can be found in [3,4,7,17] and other works.

Many RF models with discrete arguments are defined through linear difference equa-
tions involving white noise [28]. In this paper, we deal with fractionally integrated RFs X
solving fractional equations on Z",

(I-T)X(t) = Y t(s;d)X(t+s) =e(t), (36)
seLY

(I-rT)'X(t) = Y w(s;d)X(t+s)=¢(t), 0<r<1l, teZ, (37)
sezv

whose solutions are obtained by inverting these operators (see below).

Definition 1. Let d € (—1,1) and T(u; +d) in (6) be well-defined. By the stationary solution of
equation (36) (respectively, (37)) we mean a stationary RF X, such that for each t € Z" the series
in (36) converges in mean square and (36) holds (respectively, the series in (37) converges in mean
square and (37) holds).

Corollary 1. (i) Let —1 < d < 1. Then,

X(t)=(I-T)"%{t) = Y. t(u;—d)e(t+u), teZ (38)

ucZv

is a stationary solution of equation (36) if condition (16) holds (for 0 < d < 1, (16) is also necessary
for the existence of the above X).

(ii) Let 0 < d < 1and (16) hold. Then, X in (38) is LRD. Moreover, it has a non-negative covariance
function Cov(X(0), X(t)) > 0, and Y_tczv Cov(X(0), X(t)) = oo.

(iii) Let —1 < d < 0and (16) hold. Then, X in (38) is ND; moreover, }_sc7v Cov(X(0), X(t)) = 0.
(iv) Let —1 <d < 1,0 <r < 1. Then,

X(t)=(I—rT)%(t)= Y v(w—de(t+u), teZ’ (39)
uczZv

is a stationary solution of equation (37). Moreover, X in (39) is SRD. Furthermore, Y ;v |Cov( X(0),
X(t))] < 00, Ypezv Cov(X(0), X(t)) = (1 — r)—Zd > 0.
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Proof. (i) Let 0 < d < 1. X in (38) is well-defined if and only if (17) holds, which is,
therefore, a necessary condition. Let us show that X in (38) is a stationary solution of (36).
We use the spectral representation of white noise,

e(t) = / Nz (dy), tez, (40)

where Z(dx) is a random complex-valued spectral measure on IT" with zero mean and
variance E|Z(dx)|? = dx/(27)". Then, X(t) is written as

Z(dx)
(1 p(x))

see (18). Then, (I — T)¥X(t) = S et Y o T(s;d)el ¥ (1 — p(x))~9Z(dx) = e(t)
follows by (19) and absolute summability } ;<7 |T(s;d)| < oo (see (11) and (14)).

Next, let —1 < d < 0. Then, X in (38) is well-defined and is written as (41), due to
Ysczv |T(s; —d)| < 0o. We need to show that the series in (36) converges in mean square
towards &(t) if and only if (16) or (17) hold. The latter convergence writes as

X(t) = / 2(x —d)Z(dy) = / et (41)

lim E|sy —e(t)]* =0, where sy:= Y t(s;d)X(t+s).

M—c0 ‘s|§M
From (41),
Blsw—e(0)P = @m0 [ | ¥ o0 t(sid) — (1 i) 1 - pla) Pl
T sl<m
<C| | ¥ e¥r(s;d) - (1—p(x))?| dx
I isl<m
=C | ) el3¥) (s d)|"dx
I =M
=C Y 1(s;—d|)? (M — )
|s|>M

in view of (17). This proves part (i).

(ii) From (9), (6) we see T(s; —d) > 0 are non-negative and } 7 T(s; —d) = Z]?“’:O ¥i(—d)
= o0. Thus, Cov(X(0), X(t)) = Ysczv T(s; —d)T(t +s; —d) > 0 and Y ;<7 Cov(X(0), X(t))
= 00,

(iii) As in the proof of (i), we obtain Y sz [T(s; —d)| < 1+ 524 Yeezy [¢j(—d)[pj(s) =
1+ 1520 [9j(—d)| = 2 (see (9) and Ysezr T(s; —d) = 0, implying Y70 Cov(X(0), X(t))
= Yisezr T(s; —d)T(t+s;—d) = 0.

(iv) Using Yyezy [T (w;d)| < o0, Ly w(w;d) = Y2 riyi(d) = (1 —r)?, the proof is
similar to the above. Corollary 1 is proved. O

The ARFIMA(0,d,0) Equation (4) is autoregressive, since the best linear predictor
(or conditional expectation in the Gaussian case) of X(f), given the ‘past’ X(s),s < t, is
a linear combination }5°; ¢;(d) X (t — j) of the ‘past’ observations, due to the fact that
Cov(X(s),e(t)) = 0(s < t). For spatial equations, as in (36) or (37), an analogous property
given the ‘past’ X(s),s # t does not hold, since Cov(X(s),&(t)) # 0 (s # t) as arule. This
issue is important in spatial statistics and has been discussed in the literature (see [29,30]
and the references therein), distinguishing between ‘simultaneous’ and ‘conditional autore-
gressive schemes’. A recent work [31] discusses some conditional autoregressive models
with LRD property.

Definition 2. Let X be an RF with EX(t)? < oo for each t € 7. We say that X has:
(i) a simultaneous autoregressive representation with coefficients b(s),s € Zj if for each t € Z"
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X(t)= Y b(s)X(t—s)+¢(t),

”
SEZY

where the series converges in mean square and the rwvs (t),t € 7V satisfy

Cov(g(t),8(s)) =0(Vs # t).

(ii) a conditional autoregressive representation with coefficients c(s),s € Zj if for each t € Z"

X(t)= ) c(s)X(t—s)+n(t), (42)

%
SEZY

where the series converges in mean square and the rovs y(t),t € ZV satisfy

Cov(n(t),X(s)) =0(Vs # t).

Corollary 2. (i) Letd € (—1,1) and X be a fractionally integrated RF in (38) and (16) holds. Then,
X has a simultaneous autoregressive representation with coefficients b(s) = —t(—s;d)/t(0;d),
s € Zyand {(s) = €(s)/1(0;d), s € ZY;

(ii) Let d € (0,1), X be a fractionally integrated RF in (38) and (16) holds. Then, X has a
conditional autoregressive representation with coefficients c(s) = —v*(s)/v*(0),s € Z{ and
n(s) = Jiw el5%) (1 — p(—x))4Z(dx)/7*(0), where Z(dx) is a complex-valued random measure
given in (40) with zero mean and variance E|Z(dx)|? = dx/ (27)" and

* - L —i{sx) |1 _ & 2d v.
7 (s) == a0y /Hve I1—p(x)|“dx, seZ';
(iii) Let d € (—1,1),0 < r < 1 and X be a (tempered) fractionally integrated RF in (39). Then,
X has a simultaneous autoregressive representation with b(s) = —7,(—s;d)/%(0;d),{(t) =
e(t) /7 (0;d) and a conditional autoregressive representation with c(s) = —vy;(s)/vE(0), n(t) =
Jiw elt¥) (1 — 1p(—x))?Z(dx) /77 (0), with the same Z(dx) as in part (ii) and
1

78) = /HV e A1 — p(x)|Mdx, s € 2.

Proof. (i) is obvious from Corollary 1 and (36), T(0;d) # 0.

(ii) By (16), c(s) and 7 (t) are well-defined, #(¢) € R and E5(¢)?> < c. The orthogonality
relation EX(#)1(s) = 0 (t # s) follows from the spectral representations in (40) and (41):

. T 5(—x))
EX(t)n(s) = (Zﬂ)l / Ve1<fsfx><2 Pl x;; dx

7 (0) ()
_ 1 ol(t=s%) 4y — s
G ) e =0 (7s)

It remains to show (42), including the convergence of the series. In view of the
definition of ¢(s), this amounts to showing

Y. X(t—s)7r"(s) = v*(0)n(t)

sezZv

or, in spectral terms, to the convergence of the Fourier series

i YNV
g B¢ e = (- et = LR @

in L2(T1"). Note 7*(s) = Cov(X*(0), X*(s)), where the RF X*(t) := (1 — T)%(t), t € Z",
results from application of the inverse operator. Since X* has negative dependence
(see (41) and the proof of Corollary 1 (iii)) the covariances 7*(s),s € Z" are absolutely
summable. Therefore, the Fourier series on the Lh.s. of (43) converges uniformly in x € IT"
to |1 — p(—x)|*, proving (43).
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(iii) The proof is analogous to (and simpler than) (i)—(ii), using Y_,c7v |t (w;d)| < co. O

Example 1. Fractional Laplacian. The (lattice) Laplace operator on Z is defined as

[Alg(2) := zi (g(t +tej) +g(t—e) —2g(t), teZ

u M<

so that [A] = T — I, where T(t) = 21]/ i—1(8(t +ej) + g(t — ej)) is the transition operator of
the simple random walk {S;;j = 0,1, - } on ZV with equal one-step transition probabilities 1/2v
to the nearest-neighbors t — t +e;,j=1,--- ,v. For =1 < d <1, the fractional Laplace RF can
be defined as a stationary solution of the difference equation

(—[A)X(¢) =e(t), teZ’ (44)
with weak white noise on the r.h.s., written as a moving-average RF:

X(t) = (—[A]) e(t) = Y T(w;—d)e(t +u). (45)

uczv

We find that p(x) = (1/v) Z]Vzl cos(xj), x = (x1,- -+ ,xy) € IV and

Q‘\H

v
Y (1 —cos(xj)) > Clx|?
j=1

forsome C > 0and 1 — p(x) ~ (1/2v)|x|? (]x| — 0). Hence, condition (16) for (44) translates to

e L= ) P S

In particular, a stationary solution of Equation (44) on v > 4 exists for all
—1 < d < 1. Finally, recall that (16) is equivalent to condition (17). We could have verified
the latter by using Corollary 2, which gives the asymptotics of coefficients T(u; —d) in (45).

Example 2. Fractional heat operator. For a parameter 0 < 0 < 1, we can extend the definition of
the (lattice) heat operator on ZV from v = 2 in [12] to v > 2 as follows:

A1p8(t) := ( 0)(8(t) —g(t—e1))

(t
i: —e1+ej) +g(t—er —e;) —2g(t)).

Thus, Ay, = I — T corresponds to the random walk on ZV with 1-step distribution p(—e1) =
1-0,p(—e1tej) = (1/91) j=2,---,v. Wefind that
—~ 2 9 L 2 -2 v
[1—p(x)]* = (cos(xy) =1+ ] Y (1—cos(x))))” +sin*(x1), x=(xy,---,x,) €I’
j=2

By the Taylor expansion,

. 0 2. -
\1—p(x)|2~(2(v_1)) \x|4+x%, x—0, x:=(0,x2,-,%).

We also find that outside the origin |1 — p(x)|> > C for some C > 0 since 0 < 6 < 1.

Therefore, . y'~2dxd
y ) v+1
J |1_ T < cf [ (< Fll<—
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and i, |1 — p(x)| 72 dx = oo if |d| > ”Zl. The above result agrees with [12] for v = 2,
0<d<y 3 and extends it to the arbitraryv > 2, -1 <d < 1.

Example 3. Fractionally integrated time series models (case v = 1). As noted above, the
ARFIMA(0,d,0) process is a particular case of (38) corresponding to the backward shift Tg(t) :=
g(t — 1) or the deterministic random walk t — t — 1. Another fractionally integrated time series
model is given in Example 1 and corresponds to the symmetric nearest-neighbor random walk on
Z with probabilities 1/2. 1t is of interest to compare these two processes and their properties. Let
T1g(t) :=g(t — 1), Tog(t) := (1/2)(g(t + 1) + g(t — 1)), t € Z be the corresponding operators,

Xq(t) == (I —Ty)"%e(t) leu Ye(t —u),

Xo(t) := (I — To) " ®e(t) = Z T(u; —dp)e(t +u), teZ.
UEZ

For |d1| < 1/2 and |dy| < 1/4, processes Xy and X, are well-defined; moreover, they are
stationary solutions of the respective equations (I — Ty)" X (t) = e(t) and (I — To)2X(t) = &(t).
The spectral densities of X1 and Xy are given by

1 1
2|1 — e~ ¥ 2 277 201|1 — cos(x)|91”

1 _ 1
271 — (1/2)(e~ix 4 eix) |22 277|1 — cos(x)|242

filx) =
fa(x) =

We see that when di = 2d, the processes X1 and Xy have the same 2nd order properties up
to a multiplicative constant, so that in the Gaussian case X is a noncausal representation of the
ARFIMA(0,2d,,0).

4. Scaling Limits

As explained in the Introduction, the isotropic scaling limits refer to the limit distribu-
tion of the integrals

Xa(¢) = /R X([E)p(t/A)dt, as A — oo, (46)

where X = {X(t);t € Z"} is a given stationary random field (RF) for each ¢ : RV — R
from a class of (test) functions . We choose the latter class to be

@ := LY(RY) N L®(RY).
In the following, X is a linear or moving-average RF on Z":

X(t)= Y a(t—s)e(s), teZ, (47)

sezZV

where {¢(t);t € Z"} are independent identically distributed (i.i.d.) r.v.s, with Ee(t) = 0,

Ee(t)? = 1, and a € L?(Z') being deterministic coefficients. Obviously, stationary
solution (38) of Equation (36) satisfying Corollary 1 is a particular case of linear RF
with a(t) = 7(—t;—d). Our limits results assume an ‘isotropic’ behavior of a(t) as

|t| — oo, detailed as follows. Let C(S,_1) denote the class of all continuous functions on
Sy-1 ={teR":|t| =1}

Assumption 1. Let {a(t);t € Z"} be a sequence of real numbers satisfying the following properties:
(i) Let 0 < d < v/4. Then,

o(t) = gz (L) +o(1), 1l = 49)
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where £(-) € C(Sy_1) is not identically zero.
(ii) Let —v/4 < d < 0. Then, a(t) satisfies (48) with the same ((t) and, moreover, Y yc7v a(t) = 0.
(iii) Let d = 0. Then, Y ycpv |a(t)| < oo and Y jczv a(t) # 0.

The class of RFs in (47) with coefficients satisfying Assumption 1 is related but not
limited to the fractionally integrated RFs in (36) and (37). Note that the parameter d is
no longer restricted to being in (—1,1). By easy observation, Assumption 1 implies the
LRD, ND, and SRD properties of Section 3 in the respective cases d > 0,d < 0,and d = 0.
Following the terminology in time series [3], the parameter d in (48) may be called the
memory parameter of the linear RF X in (47), except that for v = 1 the memory parameter is
usually defined as 2d € (—1/2,1/2).

In particular, the covariance function r(t) := Cov(X(0), X(t)) of the linear RF X in
(47) is written as

r(t) =Y a(u)a(t+u), teZ’
uczZv
or the lattice convolution of a(t) with itself. We will use the notation [a1 * a;] for the lattice
convolution and (a; x a3) for continuous convolution, viz.:

[y % ao)(t) := Y ar(w)ax(t+u), teZ’,
ucz?

(a1 % ap)(t) := /RV ay(u)ay(t+u)du, teRY

which is well-defined for any a; € L*(Z"),i = 1,2 (respectively, for any a; € L*(RY),
i=1,2).

Proposition 4. Let a; € L?(ZY) satisfy Assumption 1 with 0 < d < v/4 and some
¢ € C(Sy_1),i=1,2. Then,

lar % a)(£) = [H (Lia () +0(1)), [t = oo, (49)

2]

where the (angular) function Lyp(-) € C(S,_1) is given by

l1(s/|s)ba((t—s)/|t —

Proof. The existence and continuity of L1, follow from the finiteness of the integrals
f|s|<l |s[?4=vds < oo, f\s\>1 |s|2(24=v)ds < co. For (49), it suffices to show that

|4 (a1 % a2](£) — Lia(#/[t]) = 0, [¢] = co. (50)

Let |t|4 := [t| V1and a)(¢) := |t|2d A t/|t\Jr (t) = a;(t) — ad(t) = o(|t|>*),
i =1,2 (see (48)). Then, [a1 *az]( ) = Zl] olat *az}( )- Clearly, (50) follows from

|4 [0 % 3] (£) — Lia(#/t]) = 0, [¢] = oo (51)

and o
i % ab)(£) = o<|t|4d-”>, t > o0, (i) £ (0,0),1,j=0,1. 2)
To prove (51), rewrite [a) x a3](t) = [, a%([u])ad(t + [u])du as an integral and change

the variable u — |t|u in it. This leads to [tV 4d[al *a9](t) = L¢(t/|t]), where

Li(z) = [ ous(@are(z+1)du, ze€S,, (53)
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where

N () N A T A T
Relation (51) follows once we prove the uniform convergence sup, g . |L¢(z) —

L15(z)| — 0 (]t| — c0). Since S, _1 is a compact set and Ly, is continuous, the last relation
is implied by the sequentional convergence

ILe(z¢) — Lia(z)| = 0 (|t] = ) (54)

forany z € S,_1 and any {z:} convergent to z: |z¢ — z| — 0 (|t| = c0). The proof of (54)
uses the bound

la; ()] < Clu|*, ueRY,i=1,2, (55)
which follows from the boundedness of ¢; and |u| < |it| + |u — @t| with |u —i@t| < v/2/|t|;
hence, |u| < vV/2(|it| + |¢|71) < 2012 ([it| v |#]71). Note ay ¢ (it)az ¢ (z + i) — a9 (u)ad(z + u)
(Jt| — o) for any u # 0,z and |ay +(it)as+(z + )| < Clu[**~V|z + u[>*~ according to (55).
Since h(u) := Clu**="|z + u[**~" does not depend on t and [, h(u)du < oo, Pratt’s
lemma [32] applies to the integral in (53), resulting in (54) and (51). The proof of (52) is
similar and simpler and is omitted. [

The question about the asymptotics of the variance of (46) arises, assuming the power-
law asymptotics of the covariance admitting power-law behavior at large lags, which is
tackled in the following proposition:

Proposition 5. (i) Forany p > 0,¢; € ®,i=1,2as A — 0

O(AY), B>v,
/sz p1(t1/ Mo (£2/ V) |(1A [0 — 1| P)dtydt, = SOAF),  B<v,  (56)
O(AV1ogA), B=v.

(ii) Let r(t), t € ZV satisfy

r(t) = |t|4d"’(L(%) Fo(1)), [t = oo, (57)

where0 < d <v/4and L € C(S,_1). Then, forany ¢; € ,i =1,2

lim A~v—4 /]Rz P1(t1/A)p2(t2/ A)r([t1] — [t2])dtrdts = c(P1, ¢2), (58)

A—o0

where
t — 1t dt;dt,

|t — t2|) |ty — tp[v—4d

(91, ¢2) := /sz 1 ()¢ (t2)L( (59)

(iii) Let r € LY(Z"). Then, for any ¢; € ®,i = 1,2,

lim A7 [ ¢1(t1/A)pa(ta/A)r([t1] — [t2])dt dEr =/ P1(t)2(t)dE x Y r(s). (60)
A—roo R RY seZVv

Proof. (i) Write I, g for the Lh.s. of (56). First, let > v. Then, I, 5 < C Jgv [P1(81/A)|dty x
Jpo TNt — 11| 7Pdty < C [pu |¢1(t1/A)|dty = CAY [o, [¢1()|dt = O(AY) as [p, 1A [t 7Pdt <
co. Next, let B<v; then, I)\,Ig < )LZV_‘B]ﬁ, where ],5 = fRZ" |¢1 (t1)¢2(t2)||t1 — t2|_/3dt1dt2 < 00
is followed by Jg < C [p, |¢1(t1)|dt f‘tz_tl‘g [ty — t1]| 7 Pdty + [pou |1 (t1) X po(to)|dEdtr <
co. Finally, for = v we have I, = AJ,,, where [y, := [po [¢1(t1) X ¢2(£2)[(A71V |t —
ty|)~Vdtdt, = O(log A) follows similarly.
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(ii) The convergence of the integral in (59) follows from that of Jg in part (i), with = v —4d.
Let c)(¢1, ¢2) denote the integral on the Lh.s. of (58). By a change of variables,

g [ 9] 5
R

Avad 2 [ty — o] 4 A(t, t2)dtdty,

where Ly (t1,t2) — L((t; — t2)/|t; — t2]) (A — o0) for any #; # t,. Using Pratt’s lemma [32],
it suffices to prove (58) for L = 1. In the latter case, and with #; := [At;]/A,i = 1,2, we see
that Ly (t1, £2)| < C(|t1 — t2|/ (|1 — F2| V (1/)\)))1/74‘1 < C as in the proof of Proposition 4.
Thus, (58) follows from the DCT.

(iii) Let c) (¢1, ¢2) be the same as in the proof of (ii). For a large K > 0, write ¢ (¢1, ¢2) =
Yigcip wherecsn = [l 1 (t1/A)(92(82/A) — go(t1/2))r([t] — [t2])dfrdi, and
o0 = [ gy <k P1(E1/ V)2 (t1/A)r([t1] — [t2])dtrdta, and ¢y p = [y o P1(E1/A) X
¢2(t2/A)r([t1] — [t2])dtrdty. Here, A™V|cy x| < CATY [po [pr1(£/A)|dE X Ligok [r(s)] <
CYjs/>k I7(s)| can be made arbitrarily small uniformly in A > 1 by choosing K large
enough. Next,

Al <C [ lon(e)lde e %) = ga(t)]ds.

By the boundedness of ¢, we see that the integral |, o|<K lp2(t + 5) — ¢o(t)|ds —

0(A — o) a.e. in RY, and is bounded in t € RY. Then, since ¢; € L' (R") we conclude
limy o A7Y|c3,0| = Oby the DCT. Finally, A"Vcy p = [ ¢1(E)2(t)dE f|s+[/\t]f/\t|§1< r(—[s])ds,
and we can replace the last integral by the rh.s. of (60) uniformly in A provided K is
large enough. O

Proposition 5 does not apply to ND covariances satisfying (57) with negative d < 0.
This case is more delicate, since it requires additional regularity conditions of the test
functions and the occurrence of ‘edge effects’. A detailed analysis of this issue in dimension
v = 2 and for indicator (test) functions of rectangles in ]R%F can be found in [16]. Below, we
present a result in this direction and sufficient conditions on d, ¢;,i = 1,2 when the limits
take a similar form to (58). We introduce a subclass of test functions:

={oee: [ ([ 10(t+5) - pe)Pds) I ar < oo 61)

Proposition 6. Let a € L*(Z") satisfy Assumption 1 with —v/4 < d < 0. Then, for any
¢; € ®_,i =1,2 we have

lim )\_V_4d /RZV ¢1(t1/)\)4>2(t2/)\)[a *(Z]([tﬂ — [tz])dtldtz =cCc_ (471, sz), (62)

A—r00

where

2
- (9r.92):= [ TT( [ (0u(t+5) — i)l ~0(7) dt)as (63)

i=1

Proof. The convergence of the integral on the rh.s. of (63) follows from (61) and the
Minkowski integral inequality: { [p ([po [9(t +5) — ¢(s)[|t]>*Vdt)2ds} /2 < [o, [|p(t+
) = ¢ 2oy x[#2Vdt.

The proof of the convergence in (62) resembles that of (58). Write c) (¢1, ¢2) for the
integral on the Lh.s. of (62). Using Y g7y a(s) = 0 we rewrite [, ¢;(t;/A)a([t;] — [s])dt; =
Jrv (@i((ti+5)/A) — pi(s/A))a([t; + s] — [s])dt;, i =1,2,s € RY, and

c 2
te) [ asTT [0t 5) — gs)aA e+ 5) - i),
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where the inner integrals tend to those on the rh.s. of (63) at each s, such that [, [¢;(t+s) —
¢i(s)][t|*7Vdt < oo, i = 1,2. The remaining details are similar to (58) and are omitted. [J

Remark 3. The restriction d > —v /4 in Proposition 6 is not necessary for (63). Indeed, if ¢ € ®
satisfies the uniform Lipschitz condition |¢p(t) — ¢(s)| < C(|t| < 1,s € RY) then the integral
in (61) converges for 0 > d > —v/2, implying ¢ € ®_. On the other hand, for the indicator
functions ¢(t) = 1(t € A) of a bounded Borel set A C R with a ‘reqular’ boundary, we typically
have ||¢p(t + ) — ¢() | 2rvy = O([t|"/?) leading to d > —v /4.

Relation (48) entails the existence of the scaling limit

lim A2 ([Af]) = ae(t) = #2170 (L

Ao |ﬂ), A— oo, VteRY\{0}, (64

which is a continuous homogeneous function on R": for any A > 0 we have
Aeo(At) = A% Vag (), teR"\{0}. (65)
With the limit function in (64) we associate a Gaussian RF:

Jro (G x @) ()W(du), 0<d<v/4¢ped
Wa(@) = Q Jpo (o * P)reg ()W (du), —v/4<d<0,¢€P_, (66)
Jrv ()W (du), d=0,¢ €D,

where W(du) is a real-valued Gaussian white noise (also called the real-valued Gaussian
random measure) with zero mean and where variance du, (de * ¢)(#) = [, aco(t)p(t +
u)dt is the usual and

(4 Pl () == [ aco(8)(@(E+u) —p(w)dt, we R

the ‘regularized’ convolution. For the indicator test function ¢(#) = I(¢ € B) of a Borel set
B C RY (belonging to ®_) we see that the latter convolution equals

doo(t — u)dt, u¢B,

(10 ey 1) = {fB j Lo

— Jr\s deo(t —u)dt, u € B.
This paper uses the elementary properties of the white noise integrals in (66) only.
Namely, [, ¢(u)W(du) is well-defined for each ¢ € L?(R") and has a Gaussian distribu-
tion with zero mean and variance || 4)H7i2 ®) (see, e.g., [5,7]), implying that [p, ¢(u/A)W(du)

4 2 Jgv ¢(u)W(du) for each A > 0. The interested reader is referred to [24] on white
noise calculus on the Schwartz space and to [33] for fractional calculus with respect to
fractional Brownian motion. The existence of stochastic integrals in (66) follows from
Propositions 5 and 6. Particularly, the variances EW3(¢) = c(¢,¢) (0 < d < v/4) and
EW2(¢) = c—(¢,¢) (—v/4 < d < 0) agree with (59) and (63).

Let S(R") be the Schwartz space of all infinitely differentiable rapidly decreasing
functions ¢ : R — R, i.e., for each p € N and each multi-index &« = (a1,...,a,) € N,

sup (1 + |x[)P|0%¢p(x)[ < oo,
xeRY

where 9%p(x) := oXi-1%p(x)/ [T/, dx; (see, e.g., [34] (Section 7) for the properties of
S(RY) and the dual space S'(RY) of tempered Schwartz distributions). Following [35],
we say that a generalized RFY = {Y(¢); ¢ € S(RY)} is stationary if Y (¢) 4 Y(¢(-+a))

(V¢ € S(RY),a € RY) and H-selfsimilar (H € R) if Y(¢) < AHVY(g(-/A))
(V¢ € S(R), A > 0). As noted in Remark 3, S(R") C ®_ C ®; hence, (66) is well-defined
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for any ¢ € S(RY) and represents stationary generalized RFs on S(RY). By the scaling

property in (65) and a change of variables, we see that W;(¢) 4 \H(@ )TV Wa(p(-/A)) (Vg €
S(R")); hence, RF W, in (66) is H(d)-self-similar, with

H(d):=(v—4d)/2€ (0,v), —v/4<d<v/4
The RF in (66) appear as scaling limits in the following corollary:

Corollary 3. Let X be a linear RF satisfying Assumption 1 and X, (¢) be defined in (46). Then,

Wy(¢p), 0<d<v/4,V¢ped,
Af(v+4d)/2XA(¢) i> Wd(

)
$), —v/d<d<0,Vpecd_,
cWo(¢p), d=0,V¢ e P,

where 0% := ( Lz a(t))z.

Proof. Since (46) writes as a linear form X, (¢) = ¥,czv €(u) [pv ¢(t/A)a([t] —u)dtiniid.
r.v.s, we can use the Lindeberg-type condition (see also [3] (Corollary 4.3.1)). Accordingly,
it suffices to show that

sup | [ ¢(t/a(lt) = w)dt] = o\ Var(Xr(9)), A oo ©7)

uczZv

holds in each case, d > 0,d < 0,d = 0, of the corollary. The behavior of the last variance
is detailed in Propositions 5 and 6, and it grows to infinity in each case of d. On the other
hand, the Lh.s. of (67) does not exceed |||l (rv)lla]|11(z+), which is bounded in cases
d < 0and d = 0. Finally, in case d > 0 we see that the Lh.s. of (67) does not exceed
o/ M2y llall 2zvy = O(AY/2) and (67) holds, sinced > 0. O
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