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Abstract: This work investigates a fractional-order multi-wing chaotic system for detecting weak
signals. The influence of the order of fractional calculus on chaotic systems’ dynamical behavior
is examined using phase diagrams, bifurcation diagrams, and SE complexity diagrams. Then, the
principles and methods for determining the frequencies and amplitudes of weak signals are examined
utilizing fractional-order multi-wing chaotic systems. The findings indicate that the lowest order
at which this kind of fractional-order multi-wing chaotic system appears chaotic is 2.625 at a = 4,
b = 8, and c = 1, and that this value decreases as the driving force increases. The four-wing
and double-wing change dynamics phenomenon will manifest in a fractional-order chaotic system
when the order exceeds the lowest order. This phenomenon can be utilized to detect weak signal
amplitudes and frequencies because the system parameters control it. A detection array is built to
determine the amplitude using the noise-resistant properties of both four-wing and double-wing
chaotic states. Deep learning images are then used to identify the change in the array’s wing count,
which can be used to determine the test signal’s amplitude. When frequencies detection is required,
the MUSIC method estimates the frequencies using chaotic synchronization to transform the weak
signal’s frequencies to the synchronization error’s frequencies. This solution adds to the contact
between fractional-order calculus and chaos theory. It offers suggestions for practically implementing
the chaotic weak signal detection theory in conjunction with deep learning.

Keywords: multi-wing chaotic system; fractional calculus; weak signal detection; deep learning;
MUSIC algorithm

1. Introduction

As a nonlinear signal detection method, chaotic weak signal detection has been studied
for over thirty years. The difference between the chaotic system method and other classical
signal processing techniques is that chaotic systems can resist noise through iteration.
This allows the noise to be much larger than weak signals and achieve a negative signal-
to-noise ratio, which is already superior to the most common amplification methods.
Among numerous weak signal detection methods that can handle noise, the detection
performance of chaotic detection methods is related to the design of chaotic systems. By
increasing the effective number of control parameters in chaotic systems, weaker, smaller
signals can be detected, resulting in higher detection performance limits. Since Birx [1]
proved in 1992 that the Duffing chaotic system can be used for weak signal detection, he is
considered the pioneer of the theory of chaotic weak signal detection. Wang [2] continued
his work on Birx by showing how to detect weak signals using the initial value sensitivity
property of the Duffing system and gave a complete procedure for doing so. In recent years,
researchers have kept a close eye on Duffing systems for weak signal detection, and several
novel theories for gauging the signal detection capability have emerged [3–7]. Meanwhile,
many practical problems have been resolved by applying chaotic weak signal detection
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approaches [8–10]. This shows that the subject of chaos-based weak signal identification
has gained popularity in engineering applications and can potentially tackle problems that
are not well-suited for linear signal detection.

Researchers have employed more chaotic systems to detect signals and have also found
solutions to a few real-world issues to enhance the detection performance further [11–18].
Furthermore, the multi-wing chaotic system has a distinct attractor topology beyond
these additional systems. As a result, this chaotic system likewise displays extremely
complicated features [19–24], which naturally prompts researchers to think of using it
for the detection of weak signals. Li [25] created a nonlinear feedback controller from
chaotic synchronization, stabilized the chaotic system with many wings to the equilibrium
point, and then used the chaotic system’s synchronized state to detect weak signals with
multiple frequencies. In Yan’s [26] study of a multi-wing chaotic system with an infinite
number of equilibrium points, he found that weak signals might be identified by comparing
the fluctuations between four-wing and two-wing chaotic attractors. The viability and
superiority of employing a multi-wing chaotic system for weak signal identification are
amply illustrated by these works.

Due to advancements in chaos theory, fractional-order chaotic systems have grown in
importance within the field of chaos. Additionally, fractional-order calculus has introduced
new features to the field, making fractional-order chaotic systems highly relevant as a
research hotspot with significant potential for engineering applications [27–31]. In all
chaotic applications, fractional-order chaotic systems for the detection of weak signals have
emerged as a state-of-the-art part of chaotic weak signal detection [32–36].

Although fractional-order multi-wing systems have been partially studied and ap-
plied [37–40], research on how to use such systems for weak signal detection is rare,
especially in demonstrating the advantages of fractional calculus. Secondly, how to apply
the existing theory of chaotic weak signal detection to practical device design is also a
major obstacle to the development of this theory. Finally, deep learning image recognition
is a very mature technology, and in the state criteria of chaotic systems, the attractor graph
method is a classic method. However, the development of combining the attractor graph
method with deep learning image recognition and introducing deep learning into chaotic
weak signal detection is still blank.

Therefore, in order to address the above issues, in this paper, we researched the
application of fractional-order multi-wing chaotic systems in weak signal detection. Firstly,
the multi-wing chaotic system will be rewritten into the fractional-order form, because
the fractional-order system is more consistent with the actual physical model. Then the
influence of order parameters in fractional-order calculus on the characteristics of chaotic
systems is analyzed. Lastly, weak signal detection was accomplished using this fractional-
order chaotic system. Using the difference in the number of four-wing and two-wing
chaotic attractor wings, a chaotic array represents the difference between weak signals
while detecting their amplitude. In determining the frequency of the weak signal, a
fractional-order multi-wing chaotic synchronization system is designed which is built
using the drive–response method. If the weak signal is added to the driving part, the
synchronization error of this system will vary with different frequencies of the weak
signal. This system then uses a multi-signal classification (MUSIC) algorithm to estimate
the weak signal frequencies by converting the weak signal frequencies into a chaotic
synchronization error.

The remainder of the paper is summarized as follows after the introduction: Section 2
presents the system model of the fractional-order multi-wing chaotic system and employs
phase diagrams, equilibrium points, bifurcation diagrams, complexity, and other techniques
to assess the dynamics features. Section 3 covers the identification of weak signals using
a fractional-order multi-wing chaotic system. It divides the procedure into two parts:
amplitude detection and frequency detection. It also provides the detection principle and
discusses using the chaotic array and MUSIC methods for processing data in real-world
scenarios. Section 4 concludes the paper at the end.



Fractal Fract. 2024, 8, 417 3 of 17

2. Fractional-Order Multi-Wing Chaotic System Model and Dynamic
Characteristics Analysis
2.1. Fractional-Order Multi-Wing Chaotic System Model

A non-autonomous, multi-wing chaotic system was proposed by Yan [26]. It has com-
plicated dynamical features, including the generation of symmetric attractors, an infinite
number of equilibrium points, and a driving amplitude that affects the number of wings.
The following is the equation: 

ẋ =− ax + byz

ẏ =cy − xz

ż =− z + xy + G

(1)

where G is the external driving force signal, a, b and c are positive parameters, x, y, and z
are state variables, and the amplitude r and frequency ω are often included in G. As a result,
this system can be employed as a weak signal detection system. Nevertheless, there are still
issues with this detection system. The main one is that the frequency and amplitude r do
not regulate the appearance of chaos in the numerical region of all standard weak signals,
which leads to the creation of detection blind zones and lowers the detection performance.

Therefore, using fractional-order calculus, Equation (1) is enhanced in this study to
create a new 3D fractional-order system that is more suited for weak signal detection. This
new system can be stated as: 

Dqx =− ax + byz

Dqy =cy − xz

Dqz =− z + xy + G

(2)

where G is the external driving force signal, x, y, and z are the state variables, a, b, and c are
the positive parameters, and q is the derivative order. D is the fractional-order differential
established by Caputo. A few fundamental characteristics of system Equation (2) are
examined next.

2.2. Dissipativity and the Existence of an Attractor

The divergence can be used to calculate the dissipativity of the chaotic equations [41],
and the exponential constraint rate of system Equation (2) is:

∆V =
∂ẋ
∂x

+
∂ẏ
∂y

+
∂ż
∂z

(3)

For the proposed system, ∆V is −a + c − 1, and for the chosen set of parameters, it
is equal to −4. This result means that all system orbits will eventually be confined to a
subset of zero volume, i.e., system Equation (2) is dissipative. This dissipative nature of the
system guarantees the existence of an attractor for the system.

So the numerical approximate solution of the fractional-order multi-wing chaotic
system can be obtained through calculation, which can be used to draw the attractor
phase diagram. For the approximate solution, we use the Grünwald–Letnikov approxima-
tion formula based on the Riemann–Liouville definition. The general numerical solution
expression for fractional differential equations using this method is:

aDq
t y(t) = f (y(t), t)

y(tk) = f (y(tk), tk)× hq −
k

∑
j=ν

c(q)j y(tk−j)
(4)

where
c(q)0 = 1, c(q)j = (1 − 1 + q

j
)× c(q)j−1. (5)
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According to the existing studies on chaotic systems of integer order, let q = 0.95,
a = 4, b = 8, c = 1, G = r × sin(ω × t); take r = 1.126, and ω = 1. The initial values are
taken as [x, y, z] = [0.1; 0.1; 0.1]. This chaotic system forms a four-wing chaotic attractor as
shown in Figure 1.

Figure 1. If q = 0.95, a = 4, b = 8, c = 1, G = r×sin(ω × t), r = 1.126, ω = 1, and the starting
value of (x, y, z) = [0.1; 0.1; 0.1], then a fractional-order multi-wing chaotic system has four wings in
its attractor.

2.3. Equilibrium Analysis

Drive force signal G governs system Equation (2), which is non-autonomous. As a result,
the left side of system Equation (2) must be set to zero to compute the equilibrium point.

0 =− ax + byz

0 =cy − xz

0 =− z + xy + G

(6)

Then, we may determine that, at this moment, the equilibrium points of Equations (1)
and (2) are the same and that infinite equilibrium points exist with infinite driving signal
G values. Consequently, as indicated in Table 1, they are grouped to obtain five different
types of equilibrium points.

Table 1. Equilibrium points of system Equation (2).

Equilibrium Point State Variable x State Variable y State Variable z

S0 0 0 0
S1

√
1 −

√
2G

√
1−

√
2G

2

√
1
2

S2 −
√

1 −
√

2G −
√

1−
√

2G
2

√
1
2

S3 −
√

1 +
√

2G
√

1+
√

2G
2 −

√
1
2

S4
√

1 +
√

2G −
√

1+
√

2G
2 −

√
1
2

To get the Jacobian matrix, linearize system Equation (2) at the equilibrium points
(x∗, y∗, z∗):

J =

− 4 8z∗ 8y∗

− z∗ 1 − x∗

y∗ x∗ − 1

. (7)
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Let det(λE − J) = 0; obtain the corresponding characteristic polynomial as:

λ3 + A2λ2 + A1λ + A0 = 0. (8)

where
A2 =4,

A1 =− 1 − 8(y∗)2 + 8(x∗)2 + (z∗)2,

A0 =− 4 + 16x∗y∗z∗ + 8(y∗)2 + 4(x∗)2 + 8(z∗)2.

(9)

The eigenvalues of the equilibrium point fulfill Re[λ] < 0 if it is stable. According
to the Routh–Hurwitz criterion, the equilibrium point is only stable when A2 > 0, A0 > 0
and A2 × A1 − A0 > 0. Given the conditions of this paper, we select G = 0, 1, and 5,
respectively, because the size of G impacts each equilibrium point, and G also affects the
system’s ability to identify weak signals. Table 2 displays the equilibrium point’s stability.

Table 2. Stability of equilibrium points of system Equation (2).

Value of Driving Signal G Eigenvalues at Equilibrium
Point S0

Eigenvalues at Equilibrium
Point S1 S2

Eigenvalues at Equilibrium
Point S3 S4

0 −4, −1, 1 Unstable Saddle
Point

−4.7186, 0.3593 ± 1.8060i
Unstable Saddle Point

−4.7186, 0.3593 ± 1.8060i
Unstable Saddle Point

1 −1, −1.5 ± 1.3229i stable
Focus

0.8128, −2.4064 ± 1.5374i
Unstable Saddle Point

−5.8526, 0.9263 ± 2.3962i
Unstable Saddle Point

5 −1, −1.5 ± 13.9194i stable
Focus

2.5574, −3.2787 ± 5.2185i
Unstable Saddle Point

−8.3744, 2.1872 ± 3.2614i
Unstable Saddle Point

According to Table 2, the equilibrium point S0 belongs to the first class of saddle
points, whereas the saddle points S1, S2, S3, and S4 belong to the second class. The first
class of saddle points connects the rings of chaotic attractors that were created around the
second class of saddle points.

M. S. Tavazoei [42] provides the condition for the system to appear as a locally asymp-
totically stable equilibrium point, which can be computed to determine the minimal frac-
tional calculus order in which chaos can arise. The results are as follows:

|arg(eig(J))| < qπ

2
.

As shown in Table 2, the necessary condition for the existence of chaotic attractors in
system Equation (2) at a = 4, b = 8, and c = 1 is q > 0.875, which means the total order is
2.625, and this value decreases with the increase of G.

2.4. Dynamic Characteristics under the Influence of Order

The integer-order chaotic system can be considered a specific fractional-order system
by the theory of fractional-order calculus. Except for order, the remaining parameters of a
fractional-order chaotic system then influence the chaotic system in a way comparable to
the law of an integer-order system. As a result, we solely consider how the additional order
parameter affects the fractional-order multi-wing chaotic system’s dynamic properties. A
bifurcation diagram and SE complexity diagram are used for this. The result is shown in
Figure 2:
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Figure 2. Bifurcation diagram and SE complexity diagram of the fractional-order multi-wing chaotic
system Equation (2) varying with parameter q, where a = 4, b = 8, c = 1, ω = 1, G = r×sin(ω × t),
r = 1.126, and ω = 1. The value range of q is from 0.85 to 1.15.

The chaotic phenomenon is evident in the range of [0.85, 1.05] in Figure 2, which is
consistent with the results computed in the preceding section. Furthermore, the chaotic
system ceases to be chaotic when the order exceeds 1.05, demonstrating how differing
fractional-order calculus orders alter the remaining parameters’ control range. Thus,
the advantage of the fractional-order chaotic system is demonstrated by the fact that,
by altering the order, it can gain a more extensive chaos interval or period window than
the integer-order chaotic system’s fixed influence range of each parameter.

Next, taking orders of 0.9 and 0.95 as examples, we will compare the influence of G
values on the state of chaotic systems at different orders. The results are shown in Figure 3:

Figure 3. Bifurcation diagram of the fractional-order multi-wing chaotic system Equation (2) varying
with parameter r, where G = r×sin(ω × t), a = 4, b = 8, c = 1, ω = 1, and q = 0.9 in the left panel,
q = 0.95 in the right panel, and the value range of r is from 0 to 1.4.

From Figure 3, it can be seen that after changing the order value from 1, the length
of the chaotic region becomes significantly longer, and the number of occurrences of the
period window becomes less. This suggests fewer blind spots for detection and a more
comprehensive detection range for weak signal detection with this technique.

3. Weak Signal Detection

The study that is now available indicates that the multi-wing chaotic system Equation (1)
has the property of having switchable numbers of wings, which is achieved by varying the
driving force G. Consequently, this property of the fractional-order chaotic system remains.
Furthermore, this chaotic system possesses the properties of a single-parameter chaotic
system with rapid state change, which is compatible with the chaotic system properties
required in the field of chaotic weak signal detection. Consequently, it is possible to
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convert the information of weak signals into fractional-order multi-wing chaotic systems’
dynamical phenomena and thereafter identify the weak signals.

3.1. Amplitudes Detection of Weak Signals

According to the conventional theory of chaotic weak signal detection, adding a weak
signal will cause the chaotic system to enter a periodic state. At this time, the chaotic
system will undergo chaotic control to revert to its chaotic state, offsetting the added weak
signals and the altered control parameter to obtain the signal for measurement. In this
process, the chaotic state has a higher noise resistance than the periodic state. Therefore,
to circumvent the periodic state’s low robustness to noise, we used the difference between
the four-winged and the two-winged chaotic states in this study to detect the weak signals.

First, we considered the case of a single fractional-order chaotic system as a detection
system when the equations of the system are:

Dqx =− ax + byz

Dqy =cy − xz

Dqz =− z + xy + G + M(t)

(10)

where M(t) = g + Nosie is the addition of a mixed signal made up of noise and the signal
that has to be measured. A portion of the signal to be measured must be known in advance;
g is the same form of the weak signal to be calculated as the drive signal. Considering
Gaussian white noise as the noise and a sinusoidal weak signal with a frequency of 1 rad/s,
M(t) represents the weak signal. The question is how to determine the amplitude of the
weak signal at this particular instant. With q = 0.9, a = 4, b = 8, c = 1, and G = r×sin(t),
the attractor of Equation (10) is displayed as follows when r is between the critical values
of 1.12939796 and 1.12939797.

Figure 4 shows that the attractor of the chaotic system Equation (10) will vary if the
control parameters are altered by 0.00000001. Consequently, it is possible to determine the
variation pattern of control parameters by tracking changes in attractors. The influence of
the signal to be tested is similar to altering the control parameters because both the form
of G and the signal M(t) to be tested are consistent. This allows the attractor’s change to
determine the amplitude of the weak signal that needs to be measured. Numerous studies
have examined the effects of various noise on chaotic systems [43,44], and fractional-order
multi-wing chaotic systems have the inherent ability to withstand noise.

Figure 4. Using the G-algorithm for the numerical approximation of Riemann–Liouville, the attractor
of Equation (10) is projected in the x-y plane, where the parameters are a = 4, b = 8, c = 1, w = 1,
and the time interval is 0.01; r = 1.12939796 on the left, and r = 1.12939797 on the right.

In terms of the performance of individual chaotic detection, there is no essential
difference between fractional-order chaotic systems and integer-order chaotic systems.
However, when establishing a chaotic oscillator array, multiple arrays with order differences
can be established by changing the fractional order. That is why this paper discusses the
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use of chaotic oscillator arrays for weak signal detection. It should be noted that fractional-
order chaotic systems can use distinct fractional-order systems to form arrays, unlike
integer-order systems, which can only modify one parameter. Consequently, the array’s
dimensionality has increased. Once the array is established, variations can be used to
determine the amplitude information of weak signals. Several arrays can be built to
increase precision because this paper’s fractional-order multi-wing chaotic system can
display chaotic events in fractional orders between 0.875 and 1. Here, taking the order
equal to 0.9 as an example, we explain how to use a chaotic oscillator array for detection.

Figure 5 shows that the interval over which the four-wing chaos phenomenon occurs
has a few complex windows. When utilizing an array to detect signals instead of a single
chaotic oscillator, these windows can prevent errors from occurring. The chaotic array
alters due to the addition of various weak signals, as seen in Figure 6.

Figure 5. Chaos oscillator detection array, where the value of r ranges from 1.122 to 1.137, simulation
time is 500, and calculation step size is 0.005.

Figure 6. Chaos oscillator detection array, where the weak signal added on the left is −0.02sin(t),
and on the right it is 0.01sin (t).
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Figure 6 illustrates how the addition of weak signals altered the chaotic array’s proper-
ties, with the direction of the change varying according to whether the signal was positive
or negative. The chaotic array’s wing count will decrease with the addition of a positive
weak signal and rise with the addition of a negative weak signal. Thus, in real-world
applications, the measured signal’s amplitude can be acquired as long as the chaotic array
is located.

From the above analysis, it can be seen that in order to use chaotic arrays to detect weak
signals, it is necessary to identify the state of the chaotic array and obtain information on
the changes in the chaotic array. If the common Lyapunov exponent method is used, each
oscillator needs to be calculated, and the 4 × 4 size in this article requires 16 calculations. If
the chaotic phase diagram method is used for discrimination, it reduces the calculation time
and number of calculations, but there is no universally recognized criterion for qualitative
analysis. Therefore, we consider using deep learning image recognition to recognize and
distinguish chaotic phase diagrams.

The manuscript introduces deep learning image recognition into the theory of chaotic
weak signal detection, which is used to quickly identify information in chaotic arrays.
This method has been rare in previous research, and it uses the multi-wing features of
the attractor to simultaneously identify the entire array, reducing the judgment time. In
addition, the main problem of detecting weak signals with chaos is the need to judge the
chaotic state, so currently, commonly used methods make it difficult to design actual signal
detection devices. By establishing a chaotic array to transform weak signals into image
changes in a chaotic array and then using more mature deep learning image recognition
for processing, this design makes the emergence of actual signal detection devices possible.

There are many mature models for deep learning image recognition, and the T-Rex2
model is used in this manuscript. It is open-source and can be used on online websites.
T-Rex2 is an interactive object counting model designed to first detect and then count
any objects. It formulates object counting as an open-set object detection task with the
integration of visual prompts. Users can specify the objects of interest by marking points
or boxes on a reference image, and T-Rex2 then detects all objects with a similar pattern.
Guided by the visual feedback from T-Rex2, users can also interactively refine the counting
results by identifying missing or falsely detected objects.

As a result, we may learn the attractor graph based on two wings by using Figure 4 as
sample data. Equation (7) presents the findings.

From Figure 7, it can be seen that the deep learning image recognition method can
successfully obtain the number of wings of the chaotic attractor based on the number
of samples. So the number of wings of the chaotic arrays in Figures 5 and 6 are 21, 23,
and 20, respectively. It is possible to determine the precise amplitude of the extra-weak
signal by comparing the wing numbers. The actual amplitudes of the weak signals can be
determined to be 0.01 ×−2 = −0.02 and 0.01 × 1 = 0.01, respectively, based on the order
of magnitude involved in building a chaotic oscillator array.

Next, we will consider the detection performance of fractional-order multi-wing
chaotic systems under the conditions selected for this paper. The lowest detectable signal-
to-noise ratio is used to represent the performance, with the specific condition that when the
noise is too large and the attractor phase diagram changes to the point where deep learning
cannot recognize it, it is considered undetectable. When the noise levels are 0.329 and 0.330,
respectively, the results of deep learning image recognition using chaotic attractors are
shown in Figure 8.
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Figure 7. The yellow solid box indicates that users prompt once on one image. This article selects the
double-wing part of the four-wing chaotic attractor. Other different color boxes are automatically
annotated by T-Rex2 and display other images with similar object patterns to the prompt image.
Using the left half of the four-wing attractor as an example, deep learning image recognition results
were able to correctly identify both biplane and four-wing attractors.
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Figure 8. The results of chaotic attractors obtained by adding different levels of noise in deep learning
image recognition.

So according to the formula, the minimum detectable signal-to-noise ratio of a fractional-
order multi-wing chaotic system under the selected conditions is:

SNR = 10 ∗ log(0.01/0.329) = −34.93db.

3.2. Frequencies Detection of Weak Signals

Currently, frequencies detection can be considered using the sweeping method, but this
method is time-consuming and consumes many hardware resources. Therefore, researchers
have proposed using the method of chaotic synchronization to detect the frequencies of weak
signals. This is because the current research on chaos synchronization has been very in-depth,
and many different synchronization methods have been proposed [45,46]. The drive–response
method is a very classic chaos synchronization method. The use of the drive–response chaotic
system to detect the frequencies of weak signals is based on the principle of using an applied
weak signal to change the synchronization error of the chaotic system, and this error is linearly
correlated with the applied weak signal. Therefore, the frequencies of the weak signal can be
obtained by calculating the frequencies of the error value. The designed driving and controlled
response systems are shown in Equations (11) and (12).

Dqx =− ax1 + by1z1

Dqy =cy1 − x1z1

Dqz =− z1 + x1y1 + G

(11)


Dqx =− ax2 + by2z2 − ux

Dqy =cy2 − x2z2 − uy

Dqz =− z2 + x2y2 + G − uz

(12)

The terms ux, uy, and uz in system Equation (12) are nonlinear controllers. Let
the synchronization error between system Equation (11) and system Equation (12) be
ex = x2 − x1, ey = y2 − y1, and ez = z2 − z1. Then the synchronization error is the dif-
ference between Equations (11) and (12). That is, the following synchronization error of
fractional-order chaotic systems is obtained:

Dqex =− aex + b(eyez + eyz1 + ezy1)− ux

Dqey =cey − (exez + exz1 + ezx1)− uy

Dqez =− ez + exey + exy1 + eyx1 − uz

(13)
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The synchronization controller is designed as follows:
ux =b(eyez + eyz1 + ezy1)

uy =cey − (exez + exz1 + ezx1) + kyey

uz =exey + exy1 + eyx1

(14)

Bringing system Equation (14) into system Equation (13) yields the final synchroniza-
tion error, as shown in system Equation (15).

Dqex =− aex

Dqey =kyey

Dqez =− ez

(15)

Since the fractional-order order 0 < q < 1 in this paper, the Lyapunov function E is con-
structed according to the sufficient condition for stability of fractional-order systems [47,48]:

E(ex, ey, ez) =
1
2
(e2

x + e2
y + e2

z).

The derivative is then obtained as:

Ė = ėxex + ėyey + ėzez = −ae2
x − ke2

y − e2
z .

It is obvious that the synchronization error is asymptotically stable; thus, we are able
to show that the drive and response systems Equations (11) and (12) are synchronized,
as shown in Figure 9.

x
y

time

z

Figure 9. The synchronization error of the state variables x, y, and z when the system Equations (11)
and (12) are synchronized.

Therefore, synchronization errors can be used to observe changes in the drive–response
system when detecting the signal’s frequencies. For instance, the equation for driving the
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system becomes as follows when a mixed signal, S(t), is added to the third component in
system Equation (11): 

Dqx =− ax + byz

Dqy =cy − xz

Dqz =− z + xy + G + S(t)

(16)

Thus, S(t) will enter the chaotic system’s iteration in system (16), and S(t) will not
change the chaotic system’s dynamic properties. On the other hand, if S(t) has the same
form as G, then altering the system’s parameters equals modifying the chaotic system’s
dynamic properties. As seen in Figure 10, this will modify the chaotic synchronization
system’s synchronization error.

1 
ra

d\
s

5 
ra

d\
s

time

10
 r

ad
\s

Figure 10. After adding S(t) of different frequencies to system Equation (16), the error between the
selected state variables z in the figure show the synchronization error of the chaotic synchronization
system , where S(t) = 0.01sin(ω ∗ t), where ω is 1, 5, and 10 rad/s.

Figure 10 illustrates this point. While the chaotic system is stable, varying S(t) will
result in varying synchronization errors, and the frequencies of fluctuations in synchroniza-
tion errors is equal to that of S(t). Thus, it is possible to determine the frequencies of S(t)
by computing the frequencies of synchronization mistakes. Additionally, a weak signal
frequencies was found. The frequencies inside the synchronization error can be obtained in
various ways. Schmidt [49] proposed the MUSIC algorithm, which is used in this paper.
This algorithm can assess the signal’s frequencies and successfully withstand noise. The
following are the primary steps:

1. Use N data points stabilized by the synchronization error, then extract N − M data
points from them as the sample matrix.

2. Find the covariance matrix of the constructed sample. R = 1
N−M ∑N−M

n=1 X(n)XH(n).
3. Perform eigenvalue decomposition of the covariance matrix R. The eigenvalues

are arranged from small to large, and the first m corresponding eigenvectors are taken to
construct the signal eigenmatrix US = [v1, v2, . . . vm]. The rest are used to construct the
noise characteristic matrix UN = [vm+1, vm+2, . . . vM].
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4. Using the frequencies estimation formula, P( f ) = 1
G( f )′UNU′

N G( f ) , where

G( f ) = [1, e−2π f j, . . . , e−2π(M−1) f j], the maximum value of P( f ) calculated is the frequen-
cies of the synchronization error.

Using the above steps, calculate the synchronization error of Figure 10 and obtain
Figure 11.
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Figure 11. The result graph of frequencies estimation using the MUSIC algorithm for the stable
synchronization error shows three peaks around 1, 5, and 10 rad/s.

From Figure 11, it can be seen that the three peaks in the resulting graph are around
1, 5, and 10 rad/s, which is consistent with the frequencies of the weak signal we input.
This result indicates that using a synchronous fractional-order multi-wing chaotic system
to detect the frequencies of weak signals is feasible.

4. Conclusions

This paper addresses the potential application of fractional-order multi-wing chaotic
systems for weak signal detection. First, the impact of order in fractional calculus on the dy-
namic properties of chaotic systems is examined. Based on the findings, a 0.9 fractional-order
multi-wing chaotic system is chosen as the weak signal detection system. In the case of
amplitude detection, the various features of chaotic array detection and single detection
oscillators are examined independently. Suppose that frequencies detection of weak signals
is required. In that case, a fractional-order multi-wing chaotic system with drive–response
synchronization is devised to detect the frequencies of the measured signal through changes
in the synchronization error. When processing data, the MUSIC technique measures the
synchronization error and subsequently estimates the frequencies of weak signals. Deep
learning image recognition is used to process the number of wings of chaotic arrays.

The novelty of the work in this paper consists of the following: First, the creation of
chaotic oscillator detection arrays highlights the advantages of fractional-order chaotic
systems. Secondly, using the difference between four-winged chaotic states and double-
winged chaotic states for detection makes both states resistant to noise. Finally, the states
of the chaotic array are identified using deep learning images: a method that significantly
reduces the judgment time compared to the usual Lyapunov method.

This paper still requires some prior knowledge to identify weak signals. Furthermore,
this paper’s correctness could still be enhanced. Therefore, the main problem of chaotic
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weak signal detection theory remains how to detect the frequencies and amplitude of weak
signals simultaneously. The primary issue is that high accuracy increases the approximate
calculation error of fractional calculus and complicates the construction of chaotic arrays
and synchronization. Consequently, the engineering implementation of the suggested
signal detection technique will be the main focus of future research.
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