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Abstract: This paper is concerned with nonlocal fractional p-Laplacian Schrédinger-Hardy-type
equations involving concave—convex nonlinearities. The first aim is to demonstrate the L*°-bound for
any possible weak solution to our problem. As far as we know, the global a priori bound for weak
solutions to nonlinear elliptic problems involving a singular nonlinear term such as Hardy potentials
has not been studied extensively. To overcome this, we utilize a truncated energy technique and the
De Giorgi iteration method. As its application, we demonstrate that the problem above has at least
two distinct nontrivial solutions by exploiting a variant of Ekeland’s variational principle and the
classical mountain pass theorem as the key tools. Furthermore, we prove the existence of a sequence
of infinitely many weak solutions that converges to zero in the L*-norm. To derive this result, we
employ the modified functional method and the dual fountain theorem.

Keywords: fractional p-Laplacian; a priori bounds; De Giorgi iteration; variational methods

1. Introduction

Research on elliptic problems involving nonlocal fractional Laplacian or more general
integro-differential operators has gained attention due to their relevance in terms of pure
or applied mathematical theories that are used to illustrate some concrete phenomena,
such as the image process, minimal surfaces and the Levy process, quasi-geostrophic flows,
the thin obstacle problem, and multiple scattering. In addition, comprehensive studies on
this topic can be found in works such as [1-6].

Meanwhile, in recent years, considerable attention has been paid to the investiga-
tion of stationary problems related to singular nonlinearities, because they can be used
to describe a model for applied economical models and several physical phenomena;
see [7-9] for more comprehensive details and examples. Furthermore, some recent
papers [10-19] dealing with the existence and multiplicity of solutions to elliptic prob-
lems with singular coefficients have captured the attention of many mathematicians in the
past few decades.

In this paper, we are concerned with the Schrodinger-Hardy-type nonlinear equation
driven by the nonlocal fractional p-Laplacian as follows:

|o]P~0

p——— 4 Aa(y)|o| 20+ 0g(y,0) in RN, (1)

Lo(y) +b(y)|olP v = Ra

where s € (0,1), p € (1,4+),sp < N, and g : RN x R — R satisfies a Carathéodory
condition with superlinear nonlinearity and 4, b are potential functions that is specified
later. Here, £ is a nonlocal operator defined pointwise as

Lo(y) =2 - lo(y) — v(z)|p*2(v(y) —v(z))K(y,z)dz forally € RN,

where K : RN x RN — (0, 4-00) is a kernel function that fulfills the following conditions:
(L1) mK € LYRN x RN), where m(y,z) = min{|y — z|, 1};
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(£2) There exists a positive constant g such that K(y,z) > yoly — z|~(N*5) for almost all
(y,z) e RN x RN and y # z;
(£3) K(y,z) = K(z,y) forall (y,z) € RN x RN,

When K(y,z) = |y — z|~(N+5P), the operator £ becomes the fractional p-Laplacian operator
(—4)j defined as

S o) = 21 lo(y) —2(2)|P 2 (v(y) — 0(2)) N
(FA)p o) =21 Jevmy) ly —z[N ¥ % yERD
where Be(y) := {y € RN : |y —z| < ¢}.

In this regard, the first aim of this paper is to provide the L*-bound for any possible
weak solutions to Problem (1). As far as we know, the uniform boundedness of any possible
weak solutions to the nonlocal fractional p-Laplacian problems of Schrédinger type with
a singular coefficient such as Hardy potentials has not been studied extensively, and we
are only aware of the study in [20]. In [20], Choudhuri leveraged the bootstrap argument
known as the Moser iteration technique (for example, see [21,22]) as the main tool to obtain
an a priori bound of weak solutions to the homogeneous Dirichlet boundary value problem
of a fractional p-Kirchhoff type involving singular nonlinearity. In contrast to the approach
in [20], the De Giorgi iteration method and a truncated energy technique are utilized as
key tools; these were first suggested in [23]. This approach is based on the recent studies
in [16,24]. However, this elliptic equation of the fractional p-Laplacian involving Hardy
potential has more complex nonlinearities than the problem without such a potential and
thus requires more challenging analyses to be carried out carefully. In particular, our
approach is more useful than the Moser iteration technique as it is applicable to p-Laplacian
or double-phase problems involving the Hardy potential; see [16,24]. This is one of novelties
of this paper.

As its application, we demonstrate two multiplicity results of nontrivial weak solu-
tions to the Schrodinger-Hardy-type nonlinear equation driven by the nonlocal fractional
p-Laplacian. From a mathematical point of view, such elliptic problems with a singular co-
efficient have some technical difficulties because this operator is not homogeneous and the
energy functional does not guarantee the compactness condition of the Palais—Smale type.
In particular, it is not easy to show that the Palais—Smale-type sequence has the compactness
property in the desired function space because of the appearance of the Hardy potential. Re-
lated to this fact, the authors in [11,14,15,19] discussed the multiplicity results of solutions
by employing various critical point theorems in [25,26] without proving the Palais—Smale
compactness condition. The authors in [11] studied the existence of at least one nontrivial
weak solution to a nonlinear elliptic equation with a Dirichlet boundary condition:

Ap = [o]P—20 ;
—Dpv = P+ Ag(y,v) inQ, )
v=0 on d(),

where A > 0 and # > 0 are two real parameters, 1 < p < N,and h : ) x RN —» RN
is a Carathéodory function. Inspired by this paper, Khodabakhshi et al. [15] determined
the existence of at least three distinct generalized solutions when p = —1 in (2). In this
case, we also cite the study in [14] for infinitely many solutions and the study in [19] for
the existence of three solutions to elliptic equations driven by p-Laplacian-like operators.
In this direction, concerning the elliptic problem involving the fractional p-Laplacian

s ) L .
{(—A)pv(y)y P +Ag(y,v) inQ, -

v=0 on 0(),

the authors of [10] proved the existence of at least three solutions to Problem (3) with
u = —1. Furthermore, based on the study in [13], which is a result in a local setting,
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they proved the existence of two solutions to Problem (3) with 4 = 1 by demonstrating
the Palais—Smale compactness property, which is essential in applying the critical point
theorem in [27]. However, in this case, if we consider a standard argument, it is not
difficult to show this property for a Palais—-Smale-type sequence because can we easily
show some topological properties for the energy functional corresponding to the principal
part in (3) with ¢ < 0. Very recently, in a different approach from [10,11,13-15,19], Kim
and coworkers [17,18] presented several existence results for infinitely many solutions to
Kirchhoff-Hardy-type nonlinear elliptic problems as some extension of Problems (2) and (3)
when pu <0.

In this respect, as mentioned earlier, the present paper is dedicated to establishing two
multiplicity results of solutions to (1) when p belongs to the interval (—oo, ii*) for some
positive constant p*. The first is to prove the existence of at least two distinct nontrivial
solutions that belong to the L space by exploiting a variant of the Ekeland variational
principle in [28] and the mountain pass theorem in [29] instead of the critical points
theorems in [25-27]. To this end, by analyzing the boundedness of a Palais-Smale-type
sequence and the Hardy inequality for the fractional Sobolev space, which is inspired by
recent papers in [12,16,30], we overcome the lack of compactness of the Euler-Lagrange
functional, which is the main difficulty. This is another novelty of this paper, which is
different from previous studies [10,11,13-15,19]. In [12], Fiscella provided an existence
result for at least one nontrivial solution to the Schrodinger-Kirchhoff-type fractional
p-Laplacian involving Hardy potentials:

[o]P~%v
ly[*”

wherea > 0, b > 0, u is a real parameter, and g is a continuous function verifying the
Ambrosetti-Rabinowitz condition in [29]. The main tool for obtaining this result is the
classical mountain pass theorem. The existence of at least one nontrivial solution to a
double-phase problem involving Hardy potential can be found in [30]. To obtain this,
he proved the Palais-Smale compactness condition using the cut-off function method.
Motivated by this work, the authors of [16] demonstrated several multiplicity results and a
priori bounds of nontrivial weak solutions to Kirchhoff-Schrodinger-Hardy-type nonlinear
problems with the p-Laplacian:

(2 4001y ) (=) 0(y) + b(y) [0 20 = 4 +Ag(y,0) in RN,

p—2
_K(/RN |Vol? dy)div(|Vv|p2Vv) + b(y)\v|”_20 =u ’U‘y“ﬂ ° + ¢(y,0) inRY,

where 1 < p < p*, K € C(R{) is a real function, b : RN — (0, %) is a potential function
satisfying some conditions, and g : RN x R — R is the Carathéodory function that does
not satisfy the Ambrosetti-Rabinowitz condition.

Finally, as an application of the L*-bound for weak solutions, which is our first main
result, we derive the existence of a sequence of infinitely many small energy solutions
converging to 0 in L*-norm. This is based on related studies [18,31-36] without the Hardy
potential; for the Hardy potential, see [18]. To the best of our knowledge, for nonlinear
elliptic problems with Hardy potentials, the L*-bound for weak solutions converging to
zero has not been studied extensively, and we are only aware of the study in [18]. However,
even considering the Kirchhoff-Hardy-type nonlinear equations in [18], the present paper
obtains this multiplicity result for the case in which u belongs to the interval (—oo, u*)
for a positive constant y*, which, in a sense, is an extension of the study in [18]. In this
respect, we combine the modified functional method with the dual fountain theorem as
in [18,32] to provide the final main result. For this reason, our approach is different from
previously related works [31,35,36] that used the global variational formulation given
in [37]. Moreover, our problem has a nonlocal operator and the Hardy potential, which
requires us to perform more complex analyses than those of [18,32,33].
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This paper is structured as follows: In Section 2, we review some necessary preliminary
knowledge for the fractional Sobolev spaces that we use throughout the paper. Section 3
demonstrates the L*-bound for any possible weak solution to Problem (1). As its applica-
tion, in Section 4, we offer the existence of at least two nontrivial solutions belonging to
L*-space by showing some auxiliary results related to Problem (1). Finally, we offer the
existence of a sequence of solutions converging to zero in the L*-norm.

2. Preliminaries

In this section, we briefly present some definitions and essential properties of the
fractional Sobolev spaces to be used in the present paper. Welet0 < s <1 < p < 4oobe
real numbers and p; be the fractional critical Sobolev exponent, that is,

o= Nl\i’;p ifsp <N,
’ +oo ifsp > N.

We define the fractional Sobolev space W7 (RN) as follows:

N Ny P(z)]P
WSP(RY) := {weL’”R /RN/RNZV\HPdedZ<+OO}’

endowed with the norm
1

14
T (nwnm - +|¢|WSPRN) ,

where
p
9y 2= [ SOy a0 9l = [ R aya

Then, WP (RN) is a separable and reflexive Banach space. Also, space C3°(RV) is dense in
Ws#(RN), thatis, Wy 7 (RN) = WP (RN) (see, e.g., [38,39]).

Lemma 1 ([39,40]). Let 0 < s <1 < p < 400 be such that ps < N. Then, there exists a positive
constant C > 0 depending on s, p, and N such that

||4’||Lp§‘ (RN) <C |1/’|wsfn(RN)

for all p € WP (RN). Also, space WP (RN) is continuously embedded in L*(RN) for any
€ [p, pi]. Moreover, the embedding

WP (RN) o L, (RY)
is compact for t € [p, p¥).

Now, let us consider the space W,SC’p (RN) defined as follows:

WP EY) = {p e @Y [ ]I - @I, dyds < oo,

where a kernel function K : RN x RN\ {(0,0)} — (0, +-c0) satisfies conditions (£1)—~(L3).
By (£1), the function

(1,2) = (p(y) — P(2)K7 (y,2) € LP (BN)
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for any i € C(RN). Let us denote by Wlsc,p (RN) the completion of C3°(RYN) with respect
to the norm

— p !
”lP”WISCp(RN i <”l’b”U" RN) + |lP|W}SC’p(RN)) ’
where

spRN : /RN/RN 2)|PK(y, z) dydz.

Lemma 2 ([41]). Let 0 < s < 1 < p < o0 be such that ps < N, and let K : RN x RN\
{(0,0)} — (0,00) satisfy assumptions (L1)~(L3). If p € WP (RN), then ¢ € WSP(RN).
Moreover,

_1
[¥hwerqany < max{l, g 7 Il gy

where 7y is given in (L2).

Next, we assume that the potential function b fulfills the condition
(V) beC(RN), inf,cgn b(y) > 0, and meas{y € RN :b(y) < bp} < +ooforall by € R.

On the linear subspace,

X5, (RN) = {¢ € LP(b,RN) : /RN /RN —9(2)|PK(y, 2) dydz < +oo},

we equip the norm
1

4
||¢||X§b(RN) = ([ ]p/C + Hlp”LP b,RN ) ’

where
b= /]RN /]RN 2)PR(y,2) dydz and ]}, gv) = /]RN b(y)[l” dy.

Then, be (RN) is continuously embedded into W7 (RN) as a closed subspace. Therefore,
(be RN, |-l XK, (RN)) is also a separable reflexive Banach space.

From Lemmas 1 and 2, we can offer the following consequence directly.
Lemma 3 ([41]). Let 0 < s < 1 < p < +oco be such that ps < N, and let K : RN x

RN\ {(0,0)} — (0, 00) satisfy assumptions (L1)~(L3). Then, there exists a positive constant
Co = Co(s, p, N) such that for any i € th (RN)and 1 < g < p,

|P
HlP”Lq RN) /I‘QN /I‘QN |N+ps dde

/RN /RN p(y 2)|PK(y, z) dydz,

where 7y is given in (L2). In addition, the space be(RN ) is continuously embedded in L1(RN)
forany q € [p, p¥] and the embedding

XK, (BN) < L9(RN)
is compact for q € [p, p¥).

The following assertion is the fractional Hardy inequality, which is given in [42].
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Lemmad. Let N >1,0<s <1< pandlet K: RN x RN\ {(0,0)} — (0, c0) fulfil conditions
(L1)—(L3). Then, for any ¢ € be(]RiN), when sp < N, and for any
Y e X’C (RN)\{0}, when sp > N,

_ [ ) @,
ol = [ r < /RN o P
P
SN /RNW 2 Ky, 2)dyiz,

where cgy = cy(N, s, p) is a positive constant.

Throughout this paper, the kernel function £ : RN x RN\ {(0,0)} — (0,00) en-
sures assumptions (L£1)-(£3). Moreover, (-,-) denotes the pairing of be (RN) and its

dual (XK, (RN))*.

3. Variational Setting and a Priori Bound of Solution

In this section, we present the variational framework related to the given problem and
then provide the L*-bound of any possible solutions to (1) when u belongs to the interval
(—oo, y*) for some positive constant p*.

Definition 1. Let 0 < s <1 < p < o0 be such that ps < N. We say that v € be (RN)isa
weak solution of Problem (1) if

/RN /RN 2)[P2(v(y) — 0(2))(9(y) — ¢(2))K(y, 2 dyd2+/ y)[o|P v dy

\vl”‘z

=pu <de+A/ y)|o[” zqudy+9/ g(y,v)edy

RN |y[
forall ¢ € be (RN).
Let us define a functional ®; ;, : Xs’fb (RN) — Rby
@up0) = [y [ W) 0@ K2 dydz [ bwlol”dy.

Then, it is obvious that the functional ®; , is well defined on be (RN), @, € C! (be (RN),R)
and its Fréchet derivative is given by, for any ¢ € be (RN),

?) = [ fon o) = 2@ 2 00) 2(2) (9v) — () (v, 2) dydz
+ / y)lolP~ 2v¢dy
Denoting G(y, t) fo s) ds, we suppose that

Al)l1<r<p<g<piand0<ace L”(RN)HLW(RN).
(G1) g: RN x R — R satisfies the Carathéodory condition and there exists a non-negative
function b € L®(RN) such that

(v, ) < byl
forall (y,¢&) € RN x R.



Fractal Fract. 2024, 8, 426

7 of 31

Under assumptions (A1) and (G1), we define the functional ¥, ,, : be (RN) — R by

14 [o]? r
(O N 2 [ cawloray+o [ Glyo)dy

Then, it follows that ¥, , € ct (X;C[j (RN),R) and its Fréchet derivative is

o2

(¥hu(0) @) =n AN ET <Pd1/+?\/ [0 2ogdy
+0 /RN 8y, v)pdy
forany v, ¢ € be (RN). Next, we define a functional Ty be (RN) — Rby

Iy,A(v) = &5 (v) — TA,;«(”)-

Then, we know that the functional Z,,, € C' (be (RN),R) and its Fréchet derivative is

9= [, [\ 1o0) 2@ 2(el) ~ o) (gly) ~ 9(2))K(y,2) dyd:
2
+/ y)|olPopdy — P‘/ |p|sp ¢ dy
_A/ Yol *opdy — 9/ 8(y,v)pdy

forany v, ¢ € be (RN).

To obtain Theorem 1, which is our first main result, we need the following notable
Lemma introduced in (Lemma 2.2 [23]).
Lemma 5. Let {2, }_; be a sequence of positive numbers satisfying the recursion inequality

Zi’l+1 S CTnZ}l_’—(SI n= 0/ 1/2/ e

for some T > 1,¢ > 0and 5 > 0. If Zy < min{1,c-D/67(-V/PY then Z, < 1 for some
n € NU{0}. Moreover,

for any n > ny, where ny is the smallest n € NU {0} satisfying Z, < 1. In particular, Z, — 0
asn — oo,

Now, we show the regularity-type result via the De Giorgi iteration argument and the
localization method. The fundamental idea of the proof of this consequence follows from
the study in [16]; see also [33].

Theorem 1. We assume that (V), (A1), and (G1) hold. If v is a weak solution of Problem (1), then
there is a positive constant u* > 0 such that v € L®(RN) and there are positive constants 11,C
independent of v such that

o]l @y < ClloN]s g
for any € (—oo, u*), where y appears in Problem (1).
Proof. Let A, = {y € RN : 0(y) > m}, Ay = {y € RN : —v(y) > m} for m > 0. We note

that | A,,| and |.A,,| are finite for any m € N, where | - | denotes the Lebesgue measure on
RN. Taking a test function u = (v — m), € X(RN) in (1) and integrating over RN, we have
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L [ o) — o) 2(oty) — 0(2)) (n(y) — n(a)) Ky, 2) dydz + [ 6a)lolf oy
—P‘/RN |U| 7 ud +)\/ y)lo|™ zvudy+9/ ¢(y,v)udy.

Using inequality |a — 8|7 2(a — B)(as — B+) > |ar — B4 |7 foralla, B, v € Rwithy > 1
and (F1), we deduce from the last equality that

_ )P p=2 _
oo fon 140 — w2V Ky, 2) dydz 4 [ b))l oo —m) dy
. |Z)‘p 2
—m)d
</\/ lo|™ 2y m)dy—i—G/A ey, v)(v —m)dy.

Let us set yu* = Yocy t, where cp is given in Lemma 4 and 7 is given in (£2).
Case 1. u € (0, u*).

Since v > v — m > 0 on A, by Lemma 4, we infer that

Loy Loy 140) = u@ 1Ky, 2) dyiz
v|P~2v
+/ W)[olP~20(v —m)dy — V/ ||y|sp v —m)dy
4
- P/C,dd/ Pz—d—/“"d
/RN/RN u(z)|PK(y, z) dydz + y)lol"“o(v —m)dy H o, Tyl
o|P
//\v @Kz dydz+ [ ool ot mdy—p [ ay

( WH)U/ ) o) PK(y,2) dydz+ [ bl oo m)dy). @)

and thus, in accordance with (A1), (G1), and the Holder inequality, we have

(=) ([, [, o) —orK.: dydz+/ Dlol’ oo~ m)dy

</\/ ()|o| 2v(v —m dy+9/ v)(v—m)dy
< Alalsgeny [, Jol"dy + 0l can /,4 ol dy
< (14 9) (Al vy + 010l gam)) [, 017y, ©)

We put my, :=m,(2—1/2"),n=0,1,2,-- -, with m, > 0 specified later and

Zy = / (v —my)1dy.

Since m, < m;, < myy1 < 2my foralln € N, we have

q q
/ (U_mn)qdyz/ o] (1_ My ) dyZ/ i dy
Ay Ay iy Mu+1 Ay, 290142)

My 1
and therefore

Z >/ [ol" dy
n = Amn+1 2q(n+2) .
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[ iy <avz, (6)
My 41
where {1 := 27 > 1. For the Lebesgue measure of A, ,, we deduce that
A v—m, \7 21N ]
Y (2 e ma
‘ mn+1’ Jan, (mnH _ mn> Y S, s ( )T dy
Thus, we have
ol
A < =52 (7)

%

We note that 1+ m’, 1< 2(14m, q). Then, it follows from Relations (5)—(7) that we obtain

( HCH) </&%H1/& v(2)IPK(y, 2) dydz

My 41

+f el <vmn+1>dy)

mn+l

Ltm nﬂ)(Auaumw)+9||b||Lw(RN)) [ Ity
Mp4+1
T) (Ml v + 016l o vy ) 655220 + [ Am, 1|

r— ) qﬂrl
L") (Alal s gany +0lbloan) ) 0220+ Lo 2,

<
< (14wl
(

=61 Z,, (8)

where éz = 2(14m,")Cy and C; := (A||a]|Loo(RN) + 6||b||Lm(RN)>£% + (1. We denote

=& " and v, := (v —my41)+. Then, it follows from the Holder inequality that

‘7
a0 10—1
/.Am UZ d]/ S </]1ka UZO dy> }Amn+1 | 0

n+1
|Amn+1 |

qo :=

||Un Hqu ]RN
< Clqmb”v”HX|‘Amn+1 | qo ’ (9)

where Cj,,p is an imbedding constant of be (RN — L%(RN). By (8) and the fact that
0 >0y =0—Myyq > 0o0n Ay, ,, weobtain

lonllye i = [ fon 120®) —0a @Ky, 2)dydz+ [ ey)lonl” dy

_/m /

n+1 My 41

</, / . 0(2) K (y, 2) dydz

+ / Dl 2e(o ) dy

lon(y) — vn(2)|PK(y, 2 dydz+/ y)|on|? dy
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< Cobpl 2,

(10)
where C; := (1 — ”C—”) !

o . We deduce from (7), (9), and (10) that

Zyy1 = /A vl dy

My+1

q q 1-L
< Clmb”(v - m"+1>+HX§h(RN |Amn+1| 0

_41
zmb (szzfl |‘Amn+1 |1 o

0 [ gl 1-L
—= Clmb [2C2(1 + My ‘7)(:1["3;1] ' ﬁzn

*

i — _
szh(ZCZ(:l)%(l—l—m* ) E”p+(ﬂ+1)<1 ‘70) q(] 9

My
q 1- 4 —g(1-41 ,i+ﬁ 1_l+
< C3Clmh(2C2C1)”fl o (1 + M, Ty )m* q( ﬂo)gn( 0 P)Z

for a positive constant C3. We assert

—g(1-41 —g(1—-4 41
Zn+1§€3+<m*q( "°>+m*q( 0 ”)>£’f(”‘”z,1+5, n € NU{0},

1 1= o
where {3, 1= C3C?mb(2C2C1)P€1 0 and 6 = % - qio This implies

Zny1 < Ll (m*—vq + m;ﬂéz) b"Z, ", (11)

where 0 < ay := q(l - —) <oy = q(l - L4+ %) and 7 := (17 for any € (0, u*)
Case 2. y € (—o0,0].

From similar arguments to those in (4) and (5), we have
—u(z)|P p-2
Lo fon 1) —u()PK (5, 2) gz + [ bl ol? ol
olP~?w
v—m)d
V/m Iyls” (= mdy
// lo(y) —v(z)|PK(y, z dydz+/ () ||~ %0(v

—m)dy

—m)dy
and thus

/ / ) — 0(2)|PK(y, 2 dydz+/ )|ol” 20

< (1+m1) (Aa] e + (bl oo / v|dy.

< ( )( Jallsn) + Wl ) |, Tol'dy
This, together with an analogous argument to that in (8), yields that

/m/m ) —v(2)|PK(y,z )dydz+/ y)[olP~ 2 o(v—

where {1 and ¢; are given in (8). This implies

—m)dy

m)dy < (012,

lonll = fo foulont9) =@ K auiz [ ool dy
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<[ [ ) -o@PKE,z) dydz
Amn+1 My +1
[ bl (o ) dy
‘Amn+l
< LU Z,.
Using an argument analogous to that used to derive (11), we attain
Zyp1 < 3 (mfxl + m;'xz) T2, (12)

1-4
where /3_ := C3C?mb(2C1)%£l 0 forany u € (—o0,0].
Applying Lemma 5 with (11) and (12), we deduce that

Zn:/RN(v—mn)‘idy—>0 as n— oo, (13)

provided that
1 -5 1
Zy < rnin{l,€3 s (m;’xl + m*_’”) T },

where /3 is either /3 or ¢3_. We note that for a large enough m., Zy < 1 since |A;,,| — 0
as my — 00. Moreover, we observe that

ZO:/AM*(U—m*)qdyg/RNvidy. (14)

Meanwhile,
is equivalent to

-5
my 4+ my "2 < g;lr*% </RN v'i dy) . (15)

Moreover,

is equivalent to

Hence, by choosing

1 1 q % 1 1 q %
m, = maxy (203)% 7% (/]RN vl dy> ,(203)%2 7% </]RN vy dy) ,

we obtain Inequality (15). Combining this and (14), we derive Relation (13). Since m,, 1 2m.,
Relation (13) and the Lebesgue dominated convergence theorem imply that

/RN(U—Zm*)‘i dy =0.
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Therefore, (v — 2m,); = 0 almost everywhere in RN and hence esssup, gy 0(x) < 2m,.
By replacing v with —v and A,;, with A,,, we have analogously that v is bounded from
below. Therefore,

o o
”U”LOO(RN) < C4max{ </[RN|v|q dy) , </RN|U|‘7 dy) },

where Cy is a positive constant independent of v. The proof is complete. [

4. Applications

As an application of Theorem 1, we demonstrate two multiplicity results of nontrivial
weak solutions to the Schrodinger-Hardy-type nonlinear equation driven by the nonlocal
fractional p-Laplacian. First, we present useful auxiliaries that play a decisive role in
proving the existence of at least two distinct nontrivial solutions to (1). The proof of the
following assertion can be regarded as a modification of those of Lemma 5 in [33].

Lemma 6. We assume that (V), (A1), and (G1) hold and the following is satisfied:

(G2) G(y,&) > 0 forall (y,&) € RN x R and limg| ., %
y € RN

Then, for any 6 > 0, we have the following:

(i) There are constants A* > 0 and pu* > 0 such that, for any A € (0,A*) and for any
p € (—oo,pu*), we can choose ® > 0and 0 < T < 1 such that T, \(v) > R for all
v € XK, (RN) with lollxx, vy =T

(ii)  There exists an element ¢ in X;fb (RN), ¢ > 0such that I,, \ ({p) — —o0 as { — +oo.

(iii) There is an element ¢ in be (RN), ¢ > 0such that T,, 5 (C¢) < 0 forall { — 0.

= co uniformly for almost all

Proof. Let us show Condition (i). Through Lemma 1, there is a constant d; > 0 such
that [|v]| , myy < di ||U||X)cb(RN) for p < v < pi. We assume that ”U”X’CU(RN) < 1. We set

ut = Yocy L, where cy and g are given in Lemma 4 and (£2), respectively. First, we
consider the case y € (0, 4*). Then, it follows from (A1), (G1), and Lemma 3 that

_ P p
/RN/RN oI (y,2) dydz+ / )[ol? dy
P‘ v
Jan |y|SP dy / y)|o|" dy — 9/
_ P 14
> /RN/RN o(2)|"K(y,2) dydz+ / ol dy
Sy Ay Il gy
p Jrv Iyls" LT Ny X (BY) q LT (RN)
P p
> 1 /RN /RN 2)PK(y, )dydz+ / )[ol? dy
—”CH/ / PK(y,z) dyd
Yop JrN JRN 2Ky 2) dydz
/\dl ” HL (RN)
L
_ P p
> (-t [ /RN oK) dydz [ ololdy
/\d1 Ol1D oo vy
” H - ” ”X’C (RN) _#H “L‘Y (RN)

L7 (RN)
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1 ucy /\dl
> (5= B ol gy = S22l o ol e
_bd
= Bl ol
1 c Ad 0d
> (5= 5) = 22401y = 210l | Pl o (16)
for positive constants dp and d3.
On the other hand, we consider the case for y € (—oo,0]. Then, we obtain
— P p
=2 Lo Lo o @) 0@ PK(w2) dydz o [ sw)iopdy
;4 |v]? P
- Msp dy — */ a(y)lol" dy 9/
— P p
/RN /]RN v(z)|PK(y,z) dydz + = / y)|v|? dy
)\d] “ ||L°° RN)
“ ” pL H HxlC (RN) ” “Lq RN)
1 /\d _bd
2 ol vy = = el e 10 ||XK )~ g Tl 1ol ey
1 Ad 6d
> (5= 22100 gy~ 2101 )nanK - 7)

Let us define the function f, : (0,00) — R by

Adz 0d,

Q) = —=¢""+ qé .

1
Agdy(p=r) \ -7
')

Then, it is immediately clear that f, admits a local minimum at point §o = ( 05 (0—p

and so

Jlim £3(So) =0

Thus, it follows from (16) and (17) that there is a positive constant A*, such that for each
A € (0,A*) and for any p € (—oo, u*) we can choose R > 0 and small enough 7 > 0 such
that 7, ) (v) > % > 0 forany 0 € X5 (RN) with [v] ®N) = T-

4 s,b

Next, we prove Statement (ii). By (G2), for any Cy > 0, there is a constant o > 0
such that
G(y,¢) = Colgl” (18)

for |¢| > & and for almost all y € RN. We take ¢ € be (RN)\ {0}. Then, Relation (18) yields

= o L El0w) — @I (v vz 4 [ o) 2ol dy
Z . @q)slp dy—% a(y)|Zel"dy — 9/ Gy, Cop)d
<07(5 Lo Lo — 0P 2 dyz+ 5 [ o(w)lol?dy
# - ||;p||sp y—GCo/Rlepl’”dy)

for sufficiently large { > 1. If C is large enough, then we arrive at 7, ; ({¢) — —oo as
{ — oo. Hence, the functional IH, 1 is unbounded from below.
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Finally, (iii) remains to be shown. We choose ¢ € be (RN) such that ¢ > 0. For suffi-
ciently small ¢ > 0, from (G2), we obtain

=2 Lo Lo @10w) @K 2 dydz o [ b)izop dy

B[ Lgel” _7/ ) |Zo|" dy — 9/ Gy, {p)d

p Sy Jyfr Y
cv
< 2 P 14
=5 </RN /RN 2)|PK(y, z dyd2+/ y)l¢l” dy
_ |9[” )_ Ag ,
o 1y ) = 5 [ )0l dy.

Since r < p, it follows that Z,, 1 ({¢) < 0 as { — 0. This completes the proof. [J

Now, we prove that the energy functional Z, ) ensures the Cerami condition
((C)-condition for brevity), i.e., any sequence {v; }, .y C be (RN) such that

{Zyr(vn) }nen is bounded  and ||I’;,A(vn)||X;(RN)(1 —+ ”vﬂnxfb(RN)) —0 as n— oo

has a convergent subsequence. The basic idea of the proofs of the following consequences
follows analogous arguments to those in [12]; see also [16].

Lemma?7. Let 0 < s <1< p < 4oowith ps < N. We assume that (A1) and (G1) hold and that
(G3) there exist v > p and M > 0 such that

gy, )t —vG(y,t) >0 forall yeRN and |t|>M

is satisfied. Then, for any A,0 > 0 and for any p € (0, u*), the functional T, ) satisfies the
(C)-condition, where yu* is given in Lemma 6.

Proof. Let {v, },cn be a (C)-sequence in be(RN), ie.,

sup [Z,,1 ()| < € and <I;M(vn),vn> =0(1) =0, as 1 — oo, (19)
neN

where €, is a positive constant. From condition (V) and the same argument as in [43], we
arrive at

11
(P v) /wa(y”?’”‘ 4y 9C5/{‘UH‘SM}<|W| +b(y)on|)dy
1/1 1
“(=-- Pdy —
Zz(p V) /RNb(y)Ivnl dy — & (20)

for any positive constant Cs and for some positive constant .
From (20), (A1), (G1), and (G3) and for any u € (0, u*),

1
C1+1>Z,,(vn) — 7< ;U\(vn),vn>

= o fo lor®) —0u@ P 2) dydz [ wwlon dy
v AT
g N '|yTdey 2] oty 6 / Gl o) dy

_Z _ B p
s L L o) =0 @) P2 dydz — [ bl dy
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u [0n|?
L a3 [ snrars? [ sy

> () Lox Jor 000 = on(2)PK(w,2) dydz

+ (; - }/) Loowlenldy+2 [ (g, 00)0 —vG(y,00)) dy

- V(il’ B 1) /RN |;TS|: dy—)\(i - i) /RN a(y)|va|” dy
( B ) /]RN /]RN ) — o (2)|"K(y, z) dydz

n (;19_11/)/]1@ b(y)|on|? dy + 9/{| n|<M}( 8y, vn)vn —vG(y,vu)) dy

+ S o oy 800 )0n — VG 00))
D)L a1 L
> (]1/) Lox Jor 000 = on(2)PK(w,2) dydz
i (;17 - i) /R b(y)lonl” dy — 6Cs /{\vﬂ\smﬂwl” +b(y)[oaldy
_CHV(_> /]RN/]RN ) —vn(2)|"K(y, z) dydz
M7-3) Lowlenlay
> (; - }/) (1 - };10”) Ly L JJoa) = oKty 2) dydz
+3(5-7) Loy =2(5 1) [ sl dy—c
> minf1 = 22, 2 (2 DY ol o

1 1 .
A= )l e, o Tl ey — o @

where d; is given in Lemma 6. Hence, we know that

€1+1+/\(—)d1||a|| pL ||vn|| (RN)+¢O
Hy 1 1
> min{1- <1 1 (p = el 22)
Next, we consider the case for y € (—o0,0]. From an analogous argument to that

in (21), it follows that

1
Ki+1>TZ,a(vn) — ﬁ<I;/¢,A(Un)/v”>

B ( - ) /RN /RN ) —ou(2)[PK(y, z) dydz
+<;19$> L b@)onl? dy u(ll) L ||;”s|§ dy

+ - / 8y, on)on —vG(y,vu)) dy
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1/1 1 1 1 ~
>_(=-—= P —A === r — Ro.
>3 (5= )Wt oy =2 (5 =5 ) ilal, g, o Il ey = o
Hence, we know that
K 1+A 11 d 11 2
1+ 1+ P 1||“HLPL ||UnHX)c (RN)—'—RO =5\ 7% o n||ch (RN)® (23)

Therefore, from (22) and (23), we can state that {v,, },cn is bounded in be (RN).
From Lemmas 3 and 4 and the reflexivity of be (RN), there exists a subsequence, still
denoted by {v, },en, and v € be (RN) such that

vy — vin X5 (RN), v, = oin LP(RN, y|~*P),

v, —»vae inRY, v, - 0inlY(RN), o, — Oln, — ¢ (24)

for any v € [p, pk) as n — oo. Then, the sequence

1
{Iont) = 042200 ) ~ on(2)E 0 2)7 |
neN
is bounded in L¥' (RN x RN), as well as almost everywhere in RV x RN

Bu(y,2) = [ou(y) — oa(2) "2 (0n(y) — 0a(2))K (3, 2)"
= B(y,2) := [o(y) — 0(2) [P 2(0(y) — v(2))K(y,2)""  asn — oo,

Thus, proceeding, if necessary, to a further subsequence, we infer that B, — B in LY (RN X
RN) as n — co. Furthermore, |v,|P~ 20, — |v|P~20v in L' (b,RN). Hence, since (y,z) —
lo(y) — @(2)| - |y — z|~(+P9)/P € LP(RN x RN) and ¢ € LP(b, RN), we assert that for any
¢ € X5 (RN)

s,b ’

\\.d

/RN /RN [on(y) — o (2) [P 2 (vn(y) — ou(2)) (9(y) — ¢(2))K(y,z) dydz
/RN /RN 2)[P*(v(y) — 0(2)) (9(y) — ¢(2))K(y, z) dydz (25)

and
L e @l Poumow)dy — [ sl o) dy  @6)

asn — oo.
On the other hand, sequence

{ only) 200 (y) }
|]/‘7, neN

is bounded in L¥ (RN), as well as almost everywhere in RN

S

P—24 p—2
ou(y)| ; o), PO,
lyl” lyl”
By (24), we have
|oalP 20, = [0~ 2vin LV (RN, |y|~*F),
so that o ) o] )
. | P 0y, _ v|P~%o
nlgrgo RN W(de_~/RN ‘y|5p q)dy (27)
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forany ¢ € X’C (RN).
From (25) (26) and (27), we derive that
lim [ ] lon) = 0u(2) P2 (0u(y) = o) (0(0) — 0K (,2) dydz = o) (28)
and

: 2 . |on|P~“0n
Am Jon S [enl" 00 dy = 2175, vy 7111—I>I010/1RN |y\s” vdy = /NI IS”dy' )

By also considering Lemma 3, (24), Assumptions (Al) and (G1), and the Hoélder inequality,
we obtain

”vn - v”rLP(RN) —0 (30)

Aol o on = o)y < ol

and

L8t =0y < [ b lonlt o, ~ oldy
< Bllmnontly o on oy 20 @D

asn — co. Furthermore, using (24) and (25) and the Brézis and Lieb lemma in Theorem 1 [44],
we obtain

[on]!) e = [on — 011 = [oul]) e +0(1),
”Un”Lp b]RN ”Uﬂ U”Lp bRN) ”U”Lp b]RN) +0(1) (32)

and
Joallly, — low — ol = lolly, +o(1) (3)

as n — oo. Thus, by (19), (28)-(33), we obtain

o(1) = < ;Im(vn) Un _U>

_/JRN /IRN ) —on(2)|PK(y, z dydz+/ |Un|;7 Un( n—0)dy
/RN /RN —0a(2) P2 (0n(y) — 0a(2)) (v(y) — 0(2))K(y, 2) dydz
2
—H RNW n—v)dy — )\/ Y)|ou| " %0u(vy — 0) dy

—0 [ 8(5,04) (0 —0)dy +0(1)
> [onl] i+ ol gy — 200 = 1017 )
L >
- dy — —d 1
oL o= Lo ) ot
> Joull” b ) — (Il = [ol,) +o(1)

u(llon —ol;)) +o0(1) (34)

XIC RN ”v”

> fou = ol g,

as n — oo. Hence, it follows from (24) that

lon =15 < pllon — v, +o(1)

XK (RN)
=pul+o(1) (35)
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as n — oo. Now assume, for contradiction, that £ > 0. Then, from Lemma 4, (35), and the

fact that p < 12, we have

p

lim [0, — U}Z,IC < nlgr.}o lon — UHXQC[’(RN)

n—o0

; _oll?
< p lim fo, —of,

; _ nll?
- Jim lon = o]y,

< 10
c
: p
= nh—I&[v” — s
which is impossible. Therefore, ¢ = 0; so, by (35), we have v, — v in be (RN). This
completes the proof. [

The following lemma, which is a variant of the Ekeland variational principle, plays a
decisive role in obtaining our first main consequence.

Lemma 8 ([28]). Let £ be a Banach space and xg be a fixed point of £. We suppose that F : £ —
R U {400} is a lower semi-continuous function, not identically +oco, bounded from below. Then,
forevery e > 0and y € & such that

F(y) < i?fF—i-e,

and every A > 0, there is a point z € & such that

F(z) < F(y), |z —xole < (1+]yle)(e* —1),

and

&
F@) 2 @) - 320

|x —z|g forall xe€&.
With the help of Lemmas 6-8, we are in a position to derive our first major result.
The proof is completely the same as that of Theorem 1 in [33].

Theorem 2. We assume that (V), (A1), and (G1)—(G3) hold. Then, there is a constant A* > 0
such that for any A € (0,A*) and for any y € (—oo, u*), Problem (1) has at least two different
nontrivial solutions in be (RN) that belong to L®-space, where y* is given in Lemma 6.

Proof. By means of Lemmas 6 and 7, we choose positive numbers A* and p* such that
7, has a mountain pass geometry and the (C)-condition for any A € (0,A*) and for
any p € (—oo,u*). The mountain pass theorem derives that 7, ) has a critical point
vy € be (RN) with Z,, \(v9) = 6 > 0 = Z,,,(0). Thus, Problem (1) admits a nontrivial
weak solution vg. By virtue of Lemma 6, for a fixed A € (0,A*) and u € (—oo,u*),
we can choose R > 0and 0 < 7 < 1 such that Z,,,(v) > %R if |‘U|‘X§b(RN) = 7. Let

us denote ¢ := inf g 7, 1(u), where Br := {v € be(RN) : ||U||X)cb(RN) < 1} with a
boundary dB;. Then, it follows from (16) and Lemma 6 (3) that —o0 < 6 < 0. Putting
0 < e <infycyp, Zy (1) — 4, invoking to Lemma 8, there is an element ve € B such that

{IH,/\(UE) <d+e,
(36)

Ly (ve) < Zya(u) + Mm”” - ve”ngh(RN)

for all u € By with u # v.. We set

~ €
o)=L, ,(u)+ ———|u—vo .
;t,/\( ) ;4,/\( ) 1+ ”UGHbe ') ” GHth (RN)
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Because 7, ) (ve) < 0 + € < inf,eyp, Z, A (u) we determine that v € Br. From these facts,

we know that v, is a local minimum of fy, A- Now, by taking u = v + tv for v € By with
small enough ¢t > 0, from (36), we deduce

0< fy,)\(ve +to) — fy,)\ (ve) B Iy,)»(ve +to) — Iy,)\ (ve) n €
B t t T+ ||U€||X§b(RN)

HUngb(RN)‘

Therefore, letting t — 0+, we obtain

€

<I;/l,)\(v€), U> + ) ||’U||X§[’(RN) Z 0

T+ Toelg v

Substituting —v for v in the argument above, we derive

~(Zya(ve),0) + | [olxx vy = 0.

€
1+ Hvenxfb(RN

Thus, we know
(1 + ||U€HX§b(RN))’<I;¢,A(U€)'U>’ < GHUHX;%(RN)

for any v € By. Hence, we infer
(14 el g IZpa () Ik vy < € 37)

Combining (36) with (37), we can choose a sequence {v;, },ecn C Bz such that

TZir(vy) =06 as n— oo,
{ p (0n) (38)

(1+ ”vonfh(RN))||I;,A(U”)||X§5(RN)* —0 as n— oo

Thus, {v, } ,en is a bounded Cerami sequence in be (RN). According to Lemma 7, {vy, } ,en
admits a subsequence {vy, }xen such that v, — v; in Xslfb (RN) as k — co. With the
aid of this and (38), we determine that Z, y(v1) = ¢ and I;Z, 4(v1) = 0. Hence, v; is a
nontrivial solution of Problem (1) with Z, (v1) < 0, which is different from vy. As a result,
in accordance with Theorem 1, Problem (1) allows for at least two different nontrivial
solutions in XX (RN), which belong to L®-space. The proof is completed. [J

Finally, we demonstrate the existence of a sequence of infinitely many weak solutions
to problem (1) which converges to 0 in the L*-norm. This requires the following additional
conditions for g:

(G4) There is a constant §p > 0 such that g(y,¢) is odd in ¢ € (—Co, o) and pG(y, &) —
¢(y,&)& > 0 for almost all y € RN and for 0 < || < &y;

(G5) limg| o éfgf;)g = +oo uniformly for ally € RN,

Using the dual fountain theorem as the main tool, we consider the following decom-
position lemma to obtain our final result. Let £ be a separable and reflexive Banach space.
Then, it is known (see [45,46]) that there are {e, },en C € and {I}; },,en C £* such that

€ =span{e,:n=1,2,---}, & =span{h};:n=12,---}

and

1 ifizi
<h;-‘,ej>—{ 1=y

0 if i #].

Let us denote &, = span{e; } yen, Dn = Bf_1 & and 3, = B, &
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Lemma 9 (Dual Fountain Theorem [47]). We assume that (E,| - ||) is a Banach space, and
H € CY(E,R) is an even functional. If there is ng > 0 so that, for each n > ny, there exist
Bun > an > 0, the following hold:

(P1) inf{H(@) : @ € 3n, |@| = Bn} > 0;

(D2) 0y = max{H(®@) : @ € Py, ||@|| = an} <O;

(D3) ¢y :=inf{H(@) : @ € 3, |@| < Bn} — 0asn — oo;

(D4) H fulfills the (C)f-condition for every ¢ € [Py, 0),

then H admits a sequence of negative critical values , < 0 satisfying P, — 0as n — co.

Definition 2. We suppose that (&, | - ||) is a real reflexive and separable Banach space,
H € CY(&,R), c € R. We say that H fulfills the (C)-condition (with respect to 9),) if any
sequence {v, },en C € for which v, € 9y, forany n € N,

H(va) »c and  [(Hly,) (on)]e+(1+ [onlle) = Oasn — eo,

has a subsequence converging to a critical point of H.

Let us introduce the following auxiliary results, which are useful in proving our
final consequence.

Lemma 10. If (G1) holds and

pG(y,t) — gy, )t > 0 forally € RN and for t # 0, (39)

then we have

Zya(v) = <Iy)\() >:Oifandonlyif71:0. (40)

Proof. LetZ, \(v) = <I;M(v),v> = 0. Then, we see that

= —pZya(v)
/RN /]RN 2)|PK(y, 2 )dydz—/RN b(y)[ov|? dy
||p / . / ~
“’/N ] % Ly AWl dy +0p | G(y,0)dy (41)
Z - WK (y,z) dyd —/ b Pd
L L lo) —o@lKy,2) dydz— [ w)lel dy
+V/N|y|5}7 ]/+A/ y)lo’ dy+9/ pG(y,v)dy
and
/]RN /RNW -v(2)|PK(y,z dydz—|—/ y)|o|? dy
[0]?
—H RN ‘y|SP dy_ / |U| d]/ 9/ dy—O 42)

It follows from Relations (41) and (42) that

/RN(PG(% v) — g(y,v)v) dy < 0.

Consequently, Assumption (39) implies that v = 0. The converse is clear from the definition
of Z A O
#
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Remark 1. By (G4) and (G5), for any € > 0, there exists &, € (0, min{&y,1}) such that
G(y, &) > &P forae ye RN andall |E| < &. (43)
We fix &3 € (0, &/2) and let ¢ € CH(R,R) be such that ¢ is even, (&) = 1 for |&| < &,

@(&) =0for |&| > 283, |9/ (&)] <2/, and ¢'(&)E < 0. We then define the modified function
g:RN xR — Ras

~ 0 ~
8, ¢) = 526, %),
where N
G(,€) == (8)G(y, &) + (1 —9(&))ylg]” (44)
for some fixed 1 € (O, min{ b c’”l }) with Cp iy being the imbedding constant for the
p,imb

imbedding € — LP(RN). Then, there exists a positive constant & and § € C1(RN x R, R) such
that g(y, &) isodd in &,

pG(y, &) —§(y,&)& > 0 for almost all y € RN and all & € R (45)
and N
pG(y,¢) =8y, 6)¢ =0 iff &=0 or [5]>2C,. (46)
In view of Remark 1, let us define the modified energy functional f%(; : X = Rby
Zy0(0) :=®(0) — ¥ 0(0),
where
¥, 0(0) = ” oI” gy A / |v\’dy+9/ v) dy.
" o Jyfr

Then, it is clear that Iylg € C!(X,R) is an even functional.

Lemma 11. We assume that (V), (A1), (G1), (G4), and (G5) hold. Then, for any A > 0 and for
any p € (0, p*), there exists an interval T such that Z,, g is coercive for every 0 € T, where p* is
given in Lemma 6.

Proof. Let v € be(RN) with ”U”be(RN) > 1. Weset A; := {y € RN : [o(y)| < &},

Ay = {y € RN : &3 < [o(y)| < 283}, and Az := {y € RV : 283 < [o(y)|}, where {3 is
given in Remark 1. Let us consider € (0, u*). Since 4 < yocy !, taking into account
Lemma 4, (G1), (44), and the definition of ¢, we have

— P P
/RN/RN v(2)[PK(y,z) dydz + — / y)lo|” dy
(%
-5 f i “/ ”W'rdy‘@/wG
1 c
z(P B ol g = 7121, 2, g 1y e/ o)ldy

~6 qo<v>|c<y,v>\+<1—(p<v>>n|v|”dy—e /. kel ay
Ay A3
1 pcu 1
> (5= 2 ol gy = 7l 2, o Chaml ol
Gly, o) dy o [ Pd
A |Gy =0 el dy

1 ],{CH 1 r r
_ (1 1 .
> (P >|| IIXK &) r”a”L%(RN)Cp,zmb||vHX§b(RN)



Fractal Fract. 2024, 8, 426

22 of 31
o M g, ol dy
A1UA2 q A2
1 pen
> (5= B okl gy = 7l 2, o Chamlols
Hb||L°° RN
—9<q()+17 /RN\va
1 CH
> (5= 5 ol gy = 711, 1, g Crame s, )
15] o (e M
- 9<q HUHUJ (RN)
> 1_@ -0 W’”Uw+ C. - ”v”P
“\p p q T ) =pim | W0k, o)
1
—;Ha” L7 () ;,imb\|v|\§g§b(RNy (47)

where C,y, jp is an imbedding constant of be (RN) < L™(RN) for any m with p < m < p*.
Also, if y € (—00,0], then it follows in a similar way to in (47) that

> o fon o) = 2Py, 2) dydz+ / ol dy

_7/ ol dy — 9/

1 15[ oo ()
> | = — i S . P
= |jj 6 ( q +7 Cp,lmb “v”be(RN)

—;”61” pL(RN) pzmb”vH)(lC (RN)* (48)

We set

1"1 — (o0 q(’)/O - ]’ch)
P00l e mrvy + 917) Copimp

q
=10, .
? ( PBll o vy +q7])cp,imb>

Therefore, we arrive through (47) and (48) that the functional fy, A 1s coercive in be (RN),
that is, fH,A(v) — o0 as ”U”th(RN) — oo forany u € (—oo, y*) and for any 6 € I', where T
is either I'y or T'p. O

and

Lemma 12. We assume that (V), (A1), (G1), (G4), and (G5) hold. Then, for any A > 0 and for
any p € (0, u*), the functional T,, g ensures the (C)c-condition for every 6 € T', where T and p*
are given in Lemma 6 and Lemma 11, respectively.

Proof. For any ¢ € R, we let {v,},cn be a (C)c-sequence in be (RN) satisfying (19).
From the coercivity of i-%g, we infer the sequence {v, },cn is bounded in Xs’fb (RN) and

thus {v, },en has a weakly convergent subsequence in Xs’fb(]RN). Without loss of
generality, we suppose that

Uy — 7 ianb(RN) asn — oo.
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So, there is a subsequence, still denoted by {v, },¢n, and a function vy in be (RN) such
that (24) is satisfied. By the definition of ¢ and (G1), we deduce that

20,0 < i (bWl +plel ) (49)
for a positive constant C;. Due to (24) and (49), we obtain
B iy
< [ (b lenl? 4 plonl ™) 0w — woldy
-1 —
< C1 ([l ooy Lol oy o = ol oy + 1P oml gy lom = 2ol oy ) =0 (50)

as n — oo. From analogous arguments to those in Lemma 7, we state that v, — vy in
XK (RN)asn — 0. O

Lemma 13. Let us denote

Xen = sup  [lufpxmy)
lul=Luc&,
and
Xn = maX{Xq,anp,n}- (51)

Then, xn, — 0asn — oo (see [47]).

With the help of Theorem 1 and Lemmas 10-12 and Remark 1, we are in a position to
demonstrate our final main assertion.

Theorem 3. We assume that (V), (A1), (G1), (G4), and (G5) hold. Then, for any A > 0 and for
any u € (0, u*), Problem (1) has a sequence of nontrivial solutions {vy } e in be (RN whose

Zyp(vn) = 0and oy peo@ny — 0as n — oo for every 6 € T, where y* and T are given in
Lemma 6 and Lemma 11, respectively.

Proof. If all conditions (D1)~(D4) of Lemma 9 are ensured, then for any u € (0, 4*) and
forevery 6 € T, Z, g admits a sequence of negative critical values ¢, for satisfying ¢, — 0
as n — oo. This, together with Lemma 12, yields that for any {vy, },en € be (RN) with

Zyp(vn) = ¢y and |‘f;3,9(”n) = 0, we know that the sequence {v,}, . is a (C)o-

Ly
sequence of fylg and {v; } oy admits a convergent subsequence. Thus, up to a subsequence,
still denoted by {v,}, .y, we have v, — v in Xs’fb (RN) as n — co. From Lemma 10 and
Remark 1, we infer that zero is the only critical point with zero energy and {v;, }, . has to
converge to zero in be (RN); so, |onllm(mny — 0 as n — oo for any m with p < m < p*.
In accordance with Theorem 1, any weak solution w of (1) belongs to space L*(RN) and
there exist positive constants 7, C independent of w such that

U

|l any < Cleolly gy

From this fact, we know |vy,|| Lo(RN) —* 0, and thus, by Lemma 10 and Remark 1 again, we
arrive at |0y || () < &3 for large n. Hence, {v, },,cy with large enough 7 is a sequence of
weak solutions to (1), as desired. From this point of view, we check that all conditions of
Lemma 9 hold.

(D1): By (G5), (44), and the definition of ¢,

Cw.2)| < 16,0l +mlal (52)
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for almost all y € RN and for all ¢ € R. Let x, < 1 for large enough n. First, let us consider
i € (0, u*). Then, it follows from (52) that for any v € be (RN) with ||z)||X;cb ®Y) =1,

/RN /RN ) —0v(z)|PK(y,z) dydz + = / y)|vlP dy
5 =7 R =0 f [
> (; B ol )~ 7 o 20
—0 [ (16,0)|+nfol")dy
> (5= B ol gy = 711, 2, g oMy

_ — P
9/ G(y,0)|dy GW/RNIUI dy

1 pcu 1
> (5= B ol gy = 711, 2, g [y

p
) M| 7dy — OnxL|o|?
RN q y 7’])(” X)C RN)
1 pcu ;
> (5= B Vol gy = 711, 2, g [y
eubnm N
%n T~ —enxnnvnxK &)
1 ey
> (5= B ol gy = 711, T o
enbnm RY) »
- nH HX)C (RN) 17XH||UHXIC RN)
1 pcu
> (5= 2 ol gy = 710, e T e
15] oo (v N
e<q 1 )3l o (53)

for large enough 7. Let us choose

b= [9<”b”L°°<RN) +,7> 2y0pxh

(54)
q Yo — HCH

and let v € 3, with Hv||X’Cb(RN) = B1n > 1 for sufficiently large n. Since u € (0, #*) and
Bin — ©asn — o, there exists 119 € N such that

~ 1 c
Zuo0) = (5 = 58Il oy = 3191, 2, g K0T,

[ ||L°°(RN)
9<q Xn||U||X;< (RY)
1 HCH P
> (-
- (217 2’70P>ﬁ1’”

Hb||L°° RN 20 ﬁ 2r(p—q)
_*H I L [(()4_’7 # o
LP=7 (RN) q Yo — UCH
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>0

forall n € Nwithn > ng.
On the other hand, if 4 € (—o0,0] and |v| XK (RN) > 1, then it follows from (G1),

the definition of ), and similar arguments to those in (53) that

/RN Jo 100) =0 @IK(5,2) dydz o [ wiwlol7dy

il ay—o [ |G
H HX,C —— a—aL HXK )
18]
—9<Lq”+ X1 e (55)

for sufficiently large n. We choose

1
bl ;e P2
Bon = (zw (””Lq(ﬂ‘” + 11) xﬁ) . (56)

Then, we know lim;, e B2,» = c0. Let v € 3, with ”v”XKb &Ny = B2 > 1 for large enough

n. Then, using (55), we choose an 1y € N such that

. b o v
Tuo(®) 2 Sl )~ <q” Kol
= lal o ool )
L FE e
2 2p,32n_*|| all pL )<2P9<q()+77 xn'
>0

for all n € Nwith n > ny.
Let B, be either By, or B, ,, which is given in (54) and (56), respectively. Then,
we conclude
inf(Z0(0) 0 € 30, ol vy = B} = 0

forany p € (—oo, u*).
(D2): We note that | - || o (mn), || [ pry) and | - ||X;<b (rN) are equivalent on 2),,. Then,
there are constants 01, > 0 and 0, > 0 such that /

01 [[0] oo my < ||U||X§[7(RN) < 02l|vllp iy (57)
for any v € 9. From (G4) and (G5), for any €3 > 0, there exists {3 € (0,&,/2) such that

3Q2n

G(y,¢) = ¢IP (58)

for almost all y € RN and all |&| < &. We choose a; := min{%,@@l/n} foralln € N.
Then, we determine that [0 ~gn) < 3 for v € 9, with HUHX’%(RN) = ay, and thus

G(y,v) = G(y,0).
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First, we consider u € (0, u*). Then, we determine by (57) and (58) that
_ P 14
= fo fo 100) — @K 0. 2) dyda / )fol? dy
Pl lls
- |y|spd / y)|o| dy — 9/
_ P p
/]RN/]RN v(z)|PK(y,z) dydz + = / y) vl dy
By 3Q2” 2 01P dy
RN
1 3Q2
< ?HUH;;%(RN) : H ”U’(RN)
1 9023
< 1ol oy~ 1ol )
<P ‘p"¢3 ) (59)

for any v € 9, with ”v||X}Cb(RN) = ay.

Next, if 4 € (—o0,0], we have

= 1 ucy
L)< (5-2) [ [ o) — @K (2) dydz+ 1 [ ool dy

_7/ y)[of dy — 9/

< ”p%%ﬁ. (60)

If we choose a large enough €3 such that 1 < 6¢3, then, through (59) and (60),
oy = max{fy,g(v) 10 €Dy, ”Z’foh(RN) =y} <0

for any p € (—oo, u*). If necessary, we can replace ny with a larger value, so that ,, > a, > 0
for all n > ny.

(D3): Let By, be either By, or By ,, which is given in (54) and (56), respectively. Be-
cause 9, N3, # @and 0 < a; < By, wehave ¢, < 0, < Oforalln > ng. Letv € 3,
with ”U“X;Cb ®yy = 1and 0 <t < B,. With a similar argument to that in (53), we have, for

any p € (0, %),

/RN /RN —to(z)|PK(y,z) dydz + — / y)|to|? dy
Pl |to[P _1/ — /
oty Wy fotleel dy—e [ Gy, o) dy

1 pcu
> (p B ) ol o
1 ; ~
—;/Rwa<y>\tv| dy—0 [ |G, to)|ay
1 r r
> —Bi [ ool dy =0 [ (1G(yt0)| +nltol") dy

1
> ——Biulal L7 M ol )

—9/ (y,tv)dy — 917/ [to|P dy
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1
2 _;ﬁg,nHa”LpL ” “Lp RRN)

00| L vy
— q _ P
/RNItvl dy GU/RNHZ)I dy

1
> _718;11””” pi ” ”LP RN)

0[]
” “L ) / ol dy — oY, [ lol”dy

1 0D L (mN)
> —;||ﬂ||L%(RN)l31,an B 1k — 0Pl xh, (61)

where ), is given in (51). Hence, from this and the definition of B; ,;, we infer

Il 52 ey 6| HL
0>ty > —7[%1” Xn — ﬁlnxn — 0B X

N _IlallL%(RN) 1B Lo ) o 2070p |77 %

= T q Yo — HCH
_9

OBl | [ 1Pl=@y) L) 200p pe %

q q Y0 — HCH
A (62)

n

14
6] oo (N 20 2 2p(p—0)
q Yo — HCH

On the other hand, we let 4 € (—o0,0]. Then, it follows from a similar proceeding to

that in (61) that

/]RN/]RN —to(z)|PK(y, z) dydz + — / y)|to|P dy
—;/R a(v)lteldy =0 [ |Gy, o) ay
>l g P )~ S ol
>l g, o B ”b””(mﬂzn

for large enough n. This, together with the definition of 8, ,,, yields

o %@RN enbum -
0>¢n > — ﬁzn Xn— ﬁzn — 0nBh X
la] e b 7 2(p—)
. pr )lzpe<| ”Lq(RN) +;7> o
q
0bl ;e bl ;e =2 2q(p—9)
R ”Lq (RN) lzp(;(” ”Lq(RN) +17> ot
_pP_
p=2q7 2p(p—q)
rE (63)

Xn

b [ee]
_917[2%(” “Lq(]RN) +;7>
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Because p < g and x, — 0 as n — co, we conclude by (62) and (63) that
l/’n = {fyﬂ(v) NS 371/ ||U||X§[’(RN) < .Bn} =0

as n — co for any p € (0, u*).
(D4): Let ¢ € R and let the sequence {vy, },cn in be(RN) be such that v,, € 9),, for
anyn € N,

Iylg(vn) — ¢ and ||(Iy,9

ED,,)/<U”)”(X§b(RN))*(1 + H'Un ”be(RN)) —0asn — oco.

Since f;,,g is coercive for any y € (0, u*) and for every 6 € T', by Lemma 11 it follows that
{vn }nen is bounded in be (RN) for every 6 € T. So, there is a subsequence, still denoted
by {v, },en, and a function v in Flv'%g such that (24) is satisfied.

To finish this proof, we prove that v, — vin be (RN) as n — oo and also that v is a

critical point of jyﬂ' As be (RN) = U,en Dn, for n € N, we can choose u, € ), such that
u, — vasn — oo. Hence, we know we have

(Zyp(0n),on =) = ((Zuo

9,) (), Un — tn) + <(fy,9 9,) (Wn), thy — ).

Since (Z,,6ly,) (vn) — 0, uy — vand v, —uy — 0in Y, as n — oo, we have

o(vn), vy —v) = 0asn — oo.

This, together with (19) and (28)—(33), yields Relation (34). From similar arguments to
Lemma 7, we can state that v, — v as n — oo. In addition, we have I;le(vn) — I}/{,G (v) as

n — oo. Let us show that v is a critical point of fﬂrg. In fact, we let ny € N be fixed and take
any u € Qy,. For n > ng, we have

(Zyp(0),u) = (Zyp(0) = Ly p(0n), 1) + (T, p(0n), 1)
= (Zup(0) = L g(vn) u) + ((Zyplp,) (vn), u),
50, passing the limit on the right side of the equation above, as n — oo, we arrive at

<~,/4,9(U), u) =0forall u € Yy,

As n is taken arbitrarily and |J,,cy 2 is dense in be (RN), we have f}’w (v) = 0, as claimed.
Hence, we arrive at v, — v in X;Cb (RN) as n — o0, and v is also a critical point of 7, 4.

Accordingly, we know that the functional .;ZV'V/Q assures the (C)¥-condition for any u € (0, u*)
and for every 0 € I'. Condition (D4) is proved. The proof is complete. [

5. Conclusions

The present paper is devoted to deriving the multiplicity and a priori bounds of solu-
tions to the Schrodinger-Hardy-type nonlinear equation driven by the nonlocal fractional
p-Laplacian. As far as we know, the uniform boundedness of any possible weak solutions
to Schrodinger-type nonlocal fractional p-Laplacian problems with a singular coefficient,
such as Hardy potentials, has not been studied extensively, and we are only aware of the
study in [20]. However, our approach to obtain this regularity result is different from that
in [20] because we employ the De Giorgi iteration method and a truncated energy technique.
By applying these methods, we provide two multiplicity results of nontrivial weak solu-
tions to our problem. To obtain these results, we consider a different approach to those in
previous related studies [10,11,13-15,19,31,35,36]. More precisely, in contrast to the papers
in [10,11,13-15,19], we show the existence of at least two distinct nontrivial solutions which
belong to the L*-space by exploiting a variant of the Ekeland variational principle and the
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References

mountain pass theorem instead of the critical point theorems in [25-27]. By combining the
modified functional method with the dual fountain theorem as in [18,32], we derive the
existence of a sequence of infinitely many small-energy solutions that converge to zero in
the L*°-space. This approach is different from previously related works [31,35,36] that use
the global variational formulation given in [37]. These are the novelties of this paper.

Furthermore, a new direction of research in strong relation is the investigation of the
fractional p(-)-Laplacian with the Hardy potential as follows:

B [o|PW) -2y

. N
|y|5p(y) +Ag(y,v) in RY, (64)

M([”h,;;(.,)) Lo(y) + b(y) |U|P(y)*2w

where

o o(y) — v(z)[P?)
[U]S,P(v') T /RN /RN p(y,Z)Iy*ZIN“”(V'Z) dydz

and the operator £ is defined by

£o(y) = 21im [o(y) = 2()"¥) 2 (0(y) ~ 0(2))

dy, RN,
N0 JRN\B.(y) |y —z[NFsplv2) ove

where s € (0,1) and Be(y) := {z € RN : |y — z| < ¢}. Furthermore, the Kirchhoff coefficient
M : [0,00) — R fulfills the following requirements:

(M1) M € C(R") fulfills inf;cg+ M({) > 1o for a positive constant 1;

(M2) There exists a positive constant ¢ > 1 such that

oM(@) = [ MOy = M@O)g

for { > 0.

To the best of our knowledge, there are no results on the existence of solutions to
the fractional p(-)-Laplacian with the Hardy potential due to the absence of the fractional
Hardy inequality in variable Lebesgue space. However, the authors of [48] obtained
the Hardy-Leray inequality and related various inequalities in variable Lebesgue spaces.
An analysis of the results in [48] should yield some results regarding the existence of
solutions to Problem (64).
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