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Abstract: This paper applies the spectral Galerkin method to numerically solve Riesz space-fractional
convection—diffusion equations. Firstly, spectral Galerkin algorithms were developed for one-
dimensional Riesz space-fractional convection—diffusion equations. The equations were solved
by discretizing in space using the Galerkin-Legendre spectral approaches and in time using the
Crank-Nicolson Leap-Frog (CNLF) scheme. In addition, the stability and convergence of semi-
discrete and fully discrete schemes were analyzed. Secondly, we established a fully discrete form
for the two-dimensional case with an additional complementary term on the left and then obtained
the stability and convergence results for it. Finally, numerical simulations were performed, and the
results demonstrate the effectiveness of our numerical methods.

Keywords: Riesz fractional derivatives; fractional convection—diffusion equation; spectral Galerkin
method

1. Introduction

Fractional calculus theory is a generalization of traditional calculus theory that extends
the order of derivatives from integers to real numbers. Compared with conventional differ-
ential equations, fractional differential equations can better simulate physical processes in
nature due to the non-locality of the fractional derivatives. Fractional differential equations
have been extensively researched in various fields, including mechanics, statistics, physics,
biology, economics, and finance [1-8].

Fractional differential equations are typically challenging to solve due to the non-locality
of fractional differential operators. Some fractional differential equations can be solved using
the Fourier transform, Laplace transform, Mellin transform, or Green function [9-12]. How-
ever, these solutions typically involve complex and specialized functions that are challenging
to calculate, such as Mittag-Leffler functions, Wright functions, hypergeometric functions,
etc. As a matter of fact, for the vast majority of fractional differential equations, the analytical
solution cannot be found. Therefore, it is crucial to develop efficient and stable numerical
algorithms for them. Numerical algorithms for fractional differential equations mainly include
the finite difference method, finite element method, and spectral method. The spectral method
differs from the first two methods in that it utilizes trigonometric functions or orthogonal
polynomials as basis functions for numerical approximation, which contributes to its high
convergence. The higher the regularity of the true solution, the smaller the error of the nu-
merical solution. If the exact solution of the equation is infinitely smooth, then the spectral
method can achieve convergence accuracy of “infinite order”. In 1994, Blinova proposed the
concept of spectral methods. In the 1980s, Gottlieb et al. extended the spectral method to solve
a wide range of problems and conducted systematic theoretical analysis. In the 1990s, spectral
methods were widely used in fluid mechanics calculations [13].

The fractional convection—diffusion equation is a significant application of fractional
partial differential equations and is extensively utilized in science and engineering. Frac-
tional differential equations can be directly used to describe anomalous diffusion phenom-
ena [14]. The non-Gaussian diffusion process can be described using fractional derivatives,
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such as the Caputo fractional derivative, the Riemann-Liouville fractional derivative, or
the Riesz fractional derivative [15,16]. In general, the Caputo derivative is often used in
the temporal domain to represent the historical dependence in the time direction. The
Riemann-Liouville derivatives or Riesz fractional derivatives are often used in the spatial
direction to characterize long-distance interactions [17-20].

The Riesz fractional derivatives on a finite domain [a, b] are defined as follows:

0u

S =cy(aDIu+DJu), 0<y<2,v#1,

where ¢, = —1/(2cos (y/2)),and forn —1 < ¢ < n,n € N, the operators .DY, xDZ are

1 o [x u(s)

YV — _ I /A
anM = I—.(n — ,)/) ox" /a (JC _ S)'y—n+1 dS/
7, - (D" o /b _uls)
xDbM = F(Tl — ,),) EPT : (S — x)’)/*ﬂJrl ds.

From the above definition, we can see that the Riesz fractional derivative includes both left
and right Riemann-Liouville fractional derivatives. This indicates that a state depends on
information not only on the left side but also on the right side. For more details, please
refer to [1].

There have been numerous studies on the numerical solution of fractional-order
(convection-) diffusion equations: Sun [21] used the L1 formula to approximate the time
derivative and presented a difference scheme for the Caputo time-fractional diffusion-wave
equation. Liu [22] proposed a random walk model to approximate the Lévy—Feller advec-
tion—dispersion process and provided an explicit finite difference approximation of the equa-
tion. Shen [23] used the shifted Griinward-Letnikov formula to approximate the spatial-
fractional derivative, and the L1 formula to approximate the temporal fractional derivative.
Shen provided explicit and implicit differences for the space-time Riesz-Caputo fractional
advection—diffusion equation. Zhou [24] proposed a compact finite difference scheme
for the space-fractional diffusion equation. Wang [25] proposed a fast characteristic finite
difference method for solving space-fractional advection—diffusion equations. Huang [26]
provided the finite element solution for the fractional advection—dispersion equation.
Lai [27] obtained a space-time finite element method for linear Riesz space-fractional
partial differential equations. Tang [28] proposed the discontinuous Galerkin method com-
bined with the Runge-Kutta method for solving the spatial-fractional diffusion equation.
Bhrawy [29] utilized the shifted Jacobi polynomial as the basis function to construct a matrix
of fractional differential operators and proposed a Jacobi spectral collocation method for
nonlinear fractional sub-diffusion equations. Afterward, Bhrawy [30] introduced the spec-
tral tau method for the two-sided space-time Caputo fractional diffusion-wave equation.
This method utilized the shifted Legendre polynomial as the basis function to construct a
fractional differential matrix. Saadatmandi [31] utilized the Sinc-Legendre configuration
method to provide a numerical approximation of a series of variable-coefficient fractional
convection—diffusion equations.

For the convection—diffusion equation with Riesz fractional derivatives, Shen [32]
utilized the Laplace transform and Fourier transform to derive the exact solution of the
Riesz space-fractional convection—diffusion equation. Additionally, the finite difference
formulation is provided using the Griinward-Letnikov formula. Yang [33] established the
relationship between the Laplace operator and the Riesz fractional differential operator
and used the eigenequation —A¢ = A¢ to derive the analytical solution of the Riesz spa-
tial diffusion equation. Moreover, the L1 / L2 approximation method, the displacement
Griinward formula method, and the matrix transformation method (MTM) were employed
to approximate the fractional derivative. Zhang [34] proposed the Galerkin finite element
approximation of the Riesz space-fractional convection-diffusion equation. Celik [35]
presented the Crank—Nicolson method for solving the Riesz space-fractional diffusion equa-
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tion. Zeng [36] proposed the Crank-Nicolson Alternating Direction Implicit (ADI) method
for solving the Riesz nonlinear reaction—diffusion equation. Anley [37] discussed the finite
difference method for a two-sided two-dimensional space-fractional convection—diffusion
problem with a source term. Basha [38] derived a linearized Crank-Nicolson scheme for
the two-dimensional nonlinear Riesz space-fractional convection—diffusion equation.

Recently, some researchers have been exploring numerical solutions for distribution-
order differential equations. For example, Li [39,40] considered the finite volume method for
the Riesz spatial distribution-order diffusion equation and the convection—-diffusion equa-
tion, respectively. Ye [41] presented an implicit difference scheme for time distributed-order
and Riesz space-fractional diffusion equations. Zhang [42] proposed the Crank-Nicolson
ADI Galerkin-Legendre spectral method for solving the two-dimensional Riesz space
distributed-order advection—diffusion equation. Hu [43] introduced a new definition of
the spatial derivative and provided the implicit difference scheme for the space-fractional
advection—dispersion equation.

In this paper, we consider the below Riesz space-fractional convection—diffusion
equations [37,44]:

a d amuxj d Vi u(x,t
:2& )+2Kﬁ——%%+ﬂm)@ﬂeme
i=1 a|xl|% i=1 |x1|7’ 1)
u(x,0) = up(x),x € Qy,

u(x,t) =0,(x,t) € 00y x I,
where 0 < ’yfl <11< 'yl-(Z) < 2,1 = (0,T] is the time interval, Q; = (a1,b;) %

X (ag,by) is the d-dimensional spatial domain, u(x,t) denotes the solute concentra-
tion, positive numbers of K;,i = 1,---,d denote the fluid velocities in the x; direction,
positive numbers of K;,;,i = 1,-- - ,d denote the diffusion coefficients, and f(x,t) is the
source function.

We aim to apply the spectral Galerkin method to the above Riesz space-fractional con-
vection—diffusion equations when d = 1 and d = 2 and derive a fast and efficient scheme
for those equations. This paper is structured as follows. In Section 2, preliminaries for
fractional derivatives are introduced. In Sections 3 and 4, the spectral Galerkin methods for
solving one-dimensional and two-dimensional space-fractional convection-diffusion equa-
tions are presented, together with the analysis of the stability and convergence, respectively.
Several numerical examples are provided in Section 5, and the results of these examples
can validate the effectiveness of the proposed algorithms. This paper is summarized in
Section 6.

N

2. Preliminaries

In this section, we will introduce the necessary notations and details in fractional
calculus that are used throughout this paper.

Lemmal. Ifn—1<wa<mn, e [-1,1], then

Y NI T ) 1 PR
(T ) = TR )

F(n+vy+a+1)

Hn+7+1)(1_xWhﬁ®L

DY (1= )T (@) =

where [y’ ( )(a, B > —1) is the Jacobi polynomial [45].

According to Lemma 1, the chain rule, and L, (%) = 20( t), we have the following

lemma.
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Lemma2. Ifn—1<wa<nte|[-11,x=({b—a)2/2+ (b+a)/2€ [a,b], then

= F(nl—ua)ddx”./a (x — )" 1L, (%)ds
b—a,_, T(n+1)
() a1
_1)yn gn b
¢ _rgnl_)“)ddxn/;( (S_x)n_a_an(fe)dS
b—a,_, T(n+1)
= (=) T(n—a+1)

aDYLn(%)

(A+2)""y (%), % € [-1,1],

(1—2)"*],**(®),2 € [-1,1],

where Ly (%) is the Legendre polynomial [45], and ]’ ( t)(a, p > —1) is the Jacobi polynomial.

Let d denote the dimensionality of the space. We choose )y = (a1,b1) X -+ X
(a4,b;) C R? to be the space domain with d = 1 or d = 2 in this paper. Let £>(())
denote the £?-space on (), with the corresponding inner product being (-,-) and the
L2-norm being || - || ;2(q,)- C(Q4) denotes the space consisting of all infinitely many
successive differentiable functions on (); with compact support. In the following, we
present several function spaces.

Definition 1. Define the seminorm

1=

d 1/2
|u|]£(ﬂd) = (Zl |ﬂincliu(x)||2£2(Qd)> ’

and the norm
1/2
lullpag = (1020, + 14F,))
for u > 0. Here, ]} (Q) ( ]{"O(Qd)) denotes the closure of C*°(Qy) (C5°(Qy)) with respect to

[RIFRRE

Definition 2. Define the seminorm

1/2
|u|]R(Qd <2|x1D‘u ||£2 Qd > ’

and the norm ”
Il = (142 + 14Bsq,)
for u > 0. Here, J&(Qy) ( ]R,O(Qd)) denotes the closure of C*°(Qy) (C5°(Qy4)) with respect to

I- gy

Definition 3. Define the seminorm

d 1/2
|%mm—<ZWDWuMD@wm>

i=1
and the norm
) 1/2
lele ) = (Nl +1leian)
for u > 0. Here, J§(Qy) (]é’/O(Qd)) denotes the closure of C*(Qy) (C§°(Qy)) with respect to
H : H]V(Q :
S d)
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Definition 4 ([46]). Define the seminorm
|u|Hl‘(Qd) = H|W|VF(M)(W)||52(W)

and the norm 2
lulliny = (Il + #lan@y)

for u > 0, where F(u)(w) is the Fourier transform of the function u(x). H}(Qy) denotes the
closure of C§° with respect to || - || (-

Lemma 3 ([42]). Let 4 > Oand Q = (a,b), Yu € Hy(Q), v € Hg/z(Q). We have
2 2 2 2
(anfu,v> = (aDg/ u,xDZ‘/ v), (XDZu,v) = (xD;f/ u,anf/ v).

Lemma4. Let p > 0, u # n—1/2, n € N. The spaces ]ﬁo(ﬂd), ]ﬁ,o(ﬂd), and ]gO(Qd) are
equivalent to Hg (Qy) and have equivalent norms and seminorms.

Lemma 5 ([36]). Let p > 0and Q = (a,b) for u € J| o(Q) N J o(Q); then,
(Dku,«DYu) = cos(urm) || —ooDlls ) = cos(u)|x Dkl ),

where 11 is the extension of u by zero outside Q. If y #n—1/2,n € Nand u € IfO(Q), then
there exists a constant C independent of u such that

2wy < Clulpq)-

Note that there are also results similar to the above lemma for the two-dimensional
case. Please refer to [36].

Lemma 6 ([36]). Let > 0. Ifu € H)(Qy), then there exists a constant C; < 1 such that
ClHMHHg(Qd) < |u|Hg(Qd) < HMHH(’)‘(Qd)-
3. Spectral Galerkin Methods for One-Dimensional Riesz Space-Fractional

Convection-Diffusion Equation

In this section, we focus on the following one-dimensional Riesz space-fractional
convection—diffusion equation for 0 < a; < 1,1 < ap < 2:

ou(x,t) 0"u(x,t) 0"2u(x,t)
pr— — <
5 Klamm +K28MM +f(x,t),a<x<b0<t<T,
u(x,0) =up(x), a<x<p,

u(a,t) =u(b,t) =0, 0<t<T,

2

where u(x,t) is the solute concentration, K; is the diffusion coefficient, K; is the fluid
velocity, and f(x, t) is the source function.

Regarding problem (2), we can first obtain the semi-discrete form in time and then
discretize it in space.
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In the temporal direction, we utilize the CNLF scheme for discretization. The time
step is takentobe T = T/nt, t, = nt(n =0,1,--- ,nr). Equation (2) is approximated at
time t,, as follows:

u(x, tyar) —u(x, ty_1) _K 0" u(x,typq) +u(x, ty_q)
21 19)x[m 2
0" u(x,tyyq) +u(x,ty_1)
K
BRI 2

®)

+ f(x,t,) + O(T?),

where the derivative with respect to time on the left is approximated by using the Leap-
Frog scheme, the center average is used for u on the right, and the source function is taken
at the value of t,;. Let

yntl =1 e + yn—1
5;1/!” — T,Mn - f,fﬂ - f(x, tn)

Then, the semi-discrete form of Equation (2) at time ¢, is

Su" =K aiuﬂ + K iuﬁ + f" 4)
BT MY xm 29x|® '
Pr(x) = Li(R) — Lgya(2), 2 € [-1,1], )

where x = (b—a)%/2+ (b+a)/2 € [a,b], and L (%) is the Legendre polynomial of degree
k, satisfying the following triple-recurrence formula:

. koo
L (®) = 73 2L(®) — 7 (B), 2 € [-11],
Lo(£) =1

Define Vy as the function space spanned by {¢y(x)}, i.e.,

Vn = span{¢o(x), p1(x), ¢2(x),- -+, pn-2(x)},

the numerical solution of (2) is then obtained by finding u};, € Vy such that Vo € Vy
satisfies

(61}, 0) = K (55k uly 0) + Ko (5225 uly, 0) + (£, 0), ©
u?\] = Hzl\;ouo,
where IT 11\;0 is the projection operator, which is defined as follows:
(Hll\;ou — u,v) + (BX(H}\;OL[ — u),axv> =0, VveVy.
Because u}; is in the space of Vi, u}; can be written as
N-—2
uy(x) = ZO 7 j (x)- )
]:

Substituting u%; and v in (6) by the right-hand side of (7), we obtain the following system
of linear equations:

(M —TS)u™! = (M +S)u" ! 4 27F", (8)
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where

(M)ij = (¢j, 1),

(8)ij = Kicay (8™ + (8™)T) + Kacay (52 + (82)T),
2 2

(Sak)ij = (anﬁk/ ¢j1ngk/ ¢i)r

un+1 _ (ﬁg+l,ﬁT+l,ﬁg+1, . /ﬁN_2> ,

un—l — (ﬁg_l,ﬁ’f_l,ﬁg_l, . ,uAnNilz)T,

F' = (K, HF, o By o),

F' = (f(tn), ¢i(-))-

After solving the linear system (8), the numerical solution of u(x, t) at (x, t,) is
N-2
un (xg) = Z(;) i (Lj(%¢) — Lj+2(%)), k=0,1,---,N. )
]:

where £,k =0,1,- - - , N are Legendre-Gauss quadrature nodes, i.e., zeros of Ly (%) [45].

3.1. Stability and Convergence Analysis for Semi-Discrete and Fully Discrete Schemes

In this subsection, we perform a stability and convergence analysis of the semi-discrete
scheme (4) and the fully discrete scheme (6). Let

A(u,v) = Kyca, A" (1, v) + Kocay A" (1, 0),

where
A%(u,0) = (aDF%u, <D ?0) + (xD§2u, oD %0) k= 1,2

For simplicity, we use || - || to stand for | - [| ;2(() afterwards. The seminorm | - |pg and the
norm | - [|p,o are defined as

1/2
2 2
ulpg = (KullaD2ull? + Ko D2 %ul?) ™,

1/2

lullp.g = (el + uf? o)

Lemma 7 ([45]). Lets, v € R, and 0 < s < r. Then, there exists a constant C such that for any
u € Hi N H), the following inequality holds:
lu— IT\ ulls < CN"lull,,

where H}\}O is the orthogonal projection operator.
. . P,Q . tyu1/2 wy /2 . .
The orthogonal projection operator ITy;~ : Hy''® N Hy*'“ — Vy is defined as
P,Q —

A(u—IT~u,v) =0, VYove Vy. (10)
Lemma8. Letr € R, Q = (a,b). Ifaq, ap satisfy 0 < a1/2,02/2 <1 < rand ay # 1/2, then
there exist constants C independent of N such that Vu € Hy'(Q) N Hy?(Q) N HY(Q), and the
following inequality holds:

|u — Hf,’Qu|p,Q < CN™/277 ||y, + CN®2/277|[u] .
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Proof. From the definition of the seminorm | - |p o, combined with the properties of the
orthogonal projection operator I1 PQ we have

lu — Hfj’QuﬁlQ =A(u— Hfj’Qu,u - HII\)]’Qu) =A(u— I"If]'Qu,u —uy)

< Clu— T\ Pulpglu — uy

PQ-

Letting uy = Hll\}ou and using Lemma 7 leads to

PV 7
lu — HNQ“\P,Q < Clu—IT\’|pg
< C(NS2 4 N2 ).

O

To evaluate a numerical algorithm, we need to discuss its stability first. Generally
speaking, a numerical method is stable if the numerical solution can be bounded from above
by the data that are supplied to the problem with a constant that does not depend on the
discretization parameters. In other words, the result does not “explode” numerically [47].
Next, we will present the theorem of the stability of the semi-discrete scheme (4).

Theorem 1 (Stability of semi-discrete scheme). Let u"*t1 be the solution of problem (2) in the
semi-discrete scheme (4). Then, the semi-discrete scheme is stable, and there exists a positive constant
C independent of n and T such that

1/2
n
k
[ lp,0 < C(IMOI%,Q +2r) |f |2> :
k=1

Proof. We have the following weak form of (4) for v € Vy:

L3 L%

(o) = (o) + (o) + (740)

Substituting v by &;u*, the above equation becomes

k)2 ok k 02 koo x k sk
u||* =Ky 8|x|"‘1u’5fu + K> 8|x|“2u’52u —i—(f,é;u).

After the application of the Cauchy-Schwarz inequality and the mean inequality chain,
we have

1 1
(#5008 < S (AP + ok 12) < S+ o2,

N |

and hence,
oM ks ok AR 30 W ST

According to the definition of A% (u,v), it holds that

A AR SN TE e wy (k=1 k=1
Kl(xlu,étu>—4T(A (W) — AN (U u ))

_K
T4t
0 p oo\ _ KoCay ( pupp ka1 k41 wy (k=1 k=1
K2(x”/5t”>—41,(‘4 (W u ) — A2 (W u ))
_K
4t

(D52 oy = D5 204 o ).

(=D ) = D20 ).
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where 1 is the extension of u by zero outside ). Therefore,

M r ok 9 r oo
K1 (Wu ,5?1/[ ) +K2(a|xmu ,5?1/{

oD 25 )+ Kal| e D2 )

QU

a1/2uk—1H +K2Han§2/2uk_lH )

- (k1|
( r DYy e DE 2 )
( D"‘l/z k+lH + Koo D2/, k) )

Hm~mwm~%w

(|uk 1|%’,Q - |”k+l|%’,Q)'
Equation (11) hence can be reduced to

k112 k=12 k(2
|u** [po < lu" " [p o +27f" (12)

4T

Letting k in (12) vary from 1 to n and adding the equations together yield
n
"o+ 1u" Moo < B + |t o +27 Y IIF4
k=0

From Lemma 6, there exists C such that C||u" || 0= |u”Jrl 2 o thus,
12 12 2 12
Cllu"* ||p,Q < u"* |p,Q < |un|P,Q+ |u* |P,Q

n
k
< ulfh o+ B o +27 ) I £
k=0

< |MO|pQ+ (|u0|PQ+|u +2TZ I1£4112
3 02 120 k|12
= §|” |P,Q+§|u |P,Q+2T]§)Hf [

n
<2030+ TP+ 2T Y 11F4)P
k=0

n
21’30 +27 Y IIFI7)

O

According to the above theorem, when the function [, f%(x,t)dx € L?(I), then
Y7o |If¥|I? is finite, and hence, the semi-discrete scheme (4) is stable. In the following,
the convergence of the semi-discrete scheme (4) is presented.

Theorem 2 (Convergence of semi-discrete scheme). Assume that u is the exact solution of
Equation (2), and u™ is the numerical solution of the semi-discrete scheme (4). Then, there exists a
constant C independent of k and T such that

[u™(-) — u(-, ta)||lp,q < CT%

Proof. Subtracting (3) from (4) and taking the inner product with v € V,, on both sides,
we have .

M e
gk _ Y pk k k
(6",0) = K1<a|x|"‘19 ,v> +K2<a|x‘"26 ,v) + (H0), (13)
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where 0%(x) = uk(x) — u(x, ;) and Hf = O(7?).
Taking v = ;0" and using a similar technique to that used for the proof of Theorem 1,
we have

1/2
16" lpo < C(GOI%,Q +2ranl ||H’f||2> :
As can be seen from the above, there exists a constant C such that
" (-) = u(, ta)[pq < CT2. (14)
O

By using a similar approach to that used for the proof of Theorem 1, we can obtain the
stability result of the fully discrete scheme as in the below theorem.
Theorem 3 (Stability of the fully discrete scheme). Let uf;™ be the numerical solution of
the fully discrete scheme (6). Then, the scheme is stable, and there exists a positive constant C
independent of N, n, and T such that

1
[

1/2
n
k
PQ = C<|”(J)\J%,Q +2t ) |If ||2) :
k=1

Theorem 4 (Convergence of the fully discrete scheme). Assume thatu € H3((0,T]; H'((a,b)))
is the exact solution of Equation (2), and u¥; is the numerical solution obtained in scheme (6). Then,
there exists a positive constant C independent of n, N, and T such that

ko () = uCsta)llpg < €72+ N/27 4 N/27),

Proof. Taking the inner product with v € V,, on both sides of (3) and then subtracting (6)
from it, we have

atxl — arxz —
k _ k k k
((Sfe ,'U) —Kl <a|x|"‘1€ ,Z)> +K2(a|x|a2€ ,'U) + (Hl/v)/ (15)

where ek (x) = u(x, t) — uk;(x) and HY = O(7?).
Let & = u(x, t;) — HII\DI'Qu(x, t) be the projection error and 7% = Hfj’Qu(x, te) — uk; (x)
be the error between the projection of the exact solution and the numerical solution; hence,

¢ (x) = u(x, t) — I Qu(x, t) + I u(x, ) — ufy (x) = & () + ¥ (x).  (16)

Next, we need to estimate |17*|po. By the definition of the orthogonal projection
operator I'1 ZI:]'Q, Equation (15) can be rewritten as

M - % -
k) A 0 % k
(6",0) = Kl(axm” '”) +K2<a|x|az’7 “’) +(H50), 17)

where Hf = —6;¢5 + O(72).
Taking the test function v = 8% and adding k from 1 to n in (17) yields

1/2
n

7" Hlpg < C(ﬂol%,g +21), IH’z‘||2> :
k=1

To show the convergence of the fully discrete scheme (6), it is only necessary to estimate
the upper bounds of |°|p o and || H5].
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For |1°|p,o, by Lemmas 7 and 8, we have

P, 1,0

11%p.0 < I7°llpo = 15 Cuo — Tz uo | p.0
P, /

< Iy Rup — uo||p.g + [0 — I uo | p.0

< C(lel/zfr + ND{z/Z*}')‘

Since Hf = —4;&% + O(72), we only need to estimate ||6;&¥||. For ||6;¢¥ ||, we have

5 po <C

5 pg < C(N”‘l/z” + N”‘Z/Z*’).

Above all, we have
Hul]c\] - u(x, tk)”P,Q < C(TZ + Nﬂt1/27r + Nﬂtz/Zfr).
O

3.2. Implementation of Fully Discrete Scheme

We will give the details of the computation of the matrices in the scheme (8).
Computation of the matrix M. The ith-row—jth-column of the matrix M is the inner
product of ¢; and ¢;:

b
(M) = (99 = [ 9y(x)gi(x)dx

= [0 ~ 1a@) (L) ~ Lo
b—a [1

= | L@ — Lja (D) (Li(%) — Liy2(%))d2.

Due to the orthogonality of Legendre polynomials, we have

b—a 2 2 F__
T(2i+1+2i+5)f =17

b—a ; ;
T ’ 1=7]+ 2/
(M);; = 21 AR (18)
~2i¥5/ L=J]—4
0, else.

Computation of the matrix S. The matrix S* contains important components of S. It
follows that

(19)

= (aD¥?Li(2),:DY?Li(%)) = (uD%/2Lis2(£), 2D§ 2Li(2) )
(D872L5(2), D5 Liza%) ) + (aD5/2Lisa(2), D5 Lisa(9))
T
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According to (19), we need to calculate T(j,i) = (anc‘/zLj(f),xDZ‘/zLi(f» to compute
(5%)ij- Applying Lemma 2 yields

T(j,i) = (aD¥/2L;(2),xD}*Li(%))

b—a, _ R o
= (257 (DY2Ly(2), D} 2Li(%) )
b—a,_, [t . .
= (59 / L D2Li(£)¢DY/?L;(%)dx
b— b _ _ 20
= S 0mgy [fanra g g 8
b—a 1 _ _
:( 5 )1—agzg)fj/_l(1_I_xA)—a/Z(l_f)—a/Z]]{x/Z, a/Z(xA)]i a/2,a/2<x,\)df
b—a 1—a N —a/2,—a/210/2,—0/2 (& —a/2,x/2/ a
~ ( 5 ) gi,jzwk ]]' (xk)]i (%),
k=0
where ‘ .
G TG+1)rE+1)

W T(—a/2+ D)I(i—a/2+1)
We have used the Jacobi-Gauss quadrature rule in the last step of (20), where £} and

wk_“/ 2=%/2 | = 0,1,...,N, are Jacobi-Gauss quadrature nodes and the corresponding
weights [45].
Computation of the vector F". Noting that F/' = (f", ¢;), we have

B [t gi(x)dx
b— 1
7 | G t)pi(x)dz
b—a [l 1)
=P Rt (L) — Lia()ds
b—a X .
~ > Zf(xk, tn)(Li (%) — Lijo(%¢))wg, i=0,.N—=2,
k=0
where
Xp = b;aa?k+b#€ [a,b]. (22)

We have used the Legendre-Gauss quadrature rule in the last step of (21), where £; and
wi,k=0,1,..., N are Legendre-Gauss quadrature nodes and the corresponding weights [45].

4. Spectral Galerkin Methods for Two-Dimensional Riesz Space-Fractional
Convection-Diffusion Equation
In this section, as an extension of the previous section, we present the spectral Galerkin
method for the two-dimensional Riesz space-fractional convection—diffusion equations.
Consider the following convection—diffusion equations for 0 < a3, f; < 1,1 <
X, ‘32 < 2

Ju(x,y,t 0Mu(x,y,t oPru(x,y, ¢t
Y K Y K Y

ot 1 2 o)y [P
0“2u(x,y,t) oP2u(x,y,t)
+ d|x|%2 Ky aly|P2 + f(xyt), (x,yt) e xI (23)

u(x,y,0) = up(x,y), (x,y) € Oy,
u(x,y,t) =0,(x,y,t) € 900 x I,
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where I = (0, T] is the time interval, Q) = (a1, b1) X (az, by) is the spatial domain, u(x,y, t)
denotes the solute concentration, K; and K; denote the fluid velocities in the x- and y-
directions, respectively, K3 and K4 denote the diffusion coefficients, and f(x,y, t) is the
source function.

Let

"u(x,y,t) 0™2u(x,y,t)
olxfr T alxf
Pru(x,y,t) oP2u(x,y,t)
Ay T Ayl

Fau(x,y,t) =Kq
(24)

Fyu(x,y,t) = Ky

Then, Equation (23) can be written as

3
ai: = Fet+ Fyu+ (2,7, £). (25)

We will give the fully discrete scheme for (25) in the next step.
In the time direction, applying the same technique to (25) yields

Su" = (Fe+ Fy)u” + f". (26)
By adding T2 FF,d;u" to the left-hand side of (26), we obtain
Siu" + T FeFyou" = (Fye + Fy)u™ + f" + O(7?).
The above equation can also be written as
(1—7F)(1—tF)u™™ = (14 tF) (1 + tF,)u" ' + 21" + O(7°). (27)

Subsequently, several function spaces are introduced.
The function spaces Vy; and VIZ, are defined as

Vy =span{¢;(x):i=0,1,--- ,N -2},
Vg] = Span{(p](y) ]: 0,1,--- ,N—Z},

where

¢i(x) = Li(®) — Liza(%), %e€[-1,1], x=

2
d—c, c+d
7 VT

9j(y) = Lj() = Ljw2(9), 9e[-11], y=
The function space Sy on () is thus given by
Sn =V ® V§, = span{¢;(x)p;(y), i,j=0,1,---,N—2}. (28)

The numerical solution of (25) is obtained by finding u}; € Sy such that, for any
v € Sy, the following is satisfied:

{ ((1 =B (1= TR)u ™, 0) = ((1+7F) (1 + TR )k, 0) +27(f",0), 9

”9\1 = H}\;Ouo,
where I1 11\;0 is the projection operator satisfying
(Hll\}ou - u,v) + (ax(H}\;Ou — u),axv> + (ay(ﬂll\}ou - u),ayv> =0, VoveSy.

Equation (29) is the fully discrete scheme of problem (25).
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Since u”N+1 € Sy, we have

n+l Z Z Ai’H»l ]/) (30)

Letv = ¢;¢; (i,j = 0,1,--- ,N — 2), and we can obtain the matrix representation of (29)
as follows:

(My — T8, U™ (M, — TSy)T = (My + TSy)U" 1(M, + TSy)T + 2TF", (31)

where

(My)ij = (¢j, ¢i),  (My)ij = (9, ¢i),
(Sx)ij = Kicay (S¥' + (S¥)T) + Kaca, (S¥ + (S¥)T),
(Sy)ij = Kacp, (S5 + (S§")T) + Kacp, (S} + (S))T),
(83)ij = (an?"/qu’j,xDZ"/z(l’i),
2 2
(S5)i = ( Dj"2g;,, D} 4”)’
(unJrl)i], — ﬁ?j+1'
= a5,
(F")ij = (f",¢i9j), i,j=0,1,--- N-2.

After solving the linear system (31), the numerical solution of u(x,y, t) at (xx,y;, f;41) is

given by
1 N—-2N-2 1
nN+ (xk/]/l) = Z 2 MAZ‘+ (Li(fk) - Li+2(£k))(Lj(]2l) - Lj+2(_121))r k,1=0,1,---,N,
k=0 1=0

where £ and 7; are the Legendre-Gauss quadrature nodes.

The computation formulas of My, My, S%, and Syﬁk are provided in (18)—(20) in Section 3,
and (F");; can be computed by using the two-dimensional Legendre-Gauss quadrature rule.

Stability and Convergence

In this subsection, we demonstrate the stability and convergence of the semi-discrete
scheme (27) and the fully discrete scheme (29). Before presenting the theorem, we list a few
necessary notations and lemmas first.

Let

A(u,v) = Kyc AY (1, 0) + KZCﬁlAy’Sl (1,0) + Kzcuy AY? (1, 0) + K4cﬁ2A’,§2(u, ),
where

A% = (aDzk/zu,ngkmv) + <xDZk/2u,uD§"‘/2v),

AfE = (DB 2y DI 20) + (D, D %)
. . . P,Q . IX/Z ﬁ/Z . .
Define the orthogonal projection operator ITy/~ : Hy’“ N Hy"~ — Sy, satisfying

Alu — Hf]’Qu,v) =0, VoveSy,

where & = max{ay, a2}, B = max{p1, B2}
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The seminorm | - |p,o and the norm || - || p,o are defined as

2
lulpg = (KlHquﬁl/zqu+K2||CD51/ )2
2 2
+ Ka | DE 20l + Ky | Df? 12 ) )12,

5 )1/2
P,Q

Lemma9. Letr € R. If 0 < ay/2,Bx/2 <1 < rand ay/2, Bi/2 # 1/2, then there exists a

constant C independent of N such that for any u € HY/*(Q) n Hg/z(ﬂ) N H"(Q), the following
inequality holds:

[

po = (llul+u

= 113l < C (N2 [l 4+ N2/ [+ NP2 ] 4 NP2/ ] ).
Proof. The proof is similar to that of Lemma 8. [
Theorem 5 (Stability of the semi-discrete scheme). Let u"*! be the solution of the two-

dimensional problem (25) in the semi-discrete scheme (27). Then, the semi-discrete scheme (27) is
stable, and there exists a positive constant C independent of n and T such that

1/2
n
k
lu™ g < C<|u0 bot2t ) Ilf |2> :
k=1

Theorem 6 (Convergence of the semi-discrete scheme). Assume that u is the exact solution of
Equation (23), and u" is the solution of the semi-discrete scheme (27). Then, there exists a constant
C independent of k and T such that

lu" = u(x,y, ta) | pg < CT2

Theorem 7. (Stability of the fully discrete scheme). Assume that u”NJrl is the solution of the fully
discrete scheme (29), then the scheme is stable, and there exists a positive constant C independent of
N, n, and T such that

1/2
n

4 ng < c(m&ég iy ||f"||2> |
k=1

Theorem 8§ (Convergence of the fully discrete scheme). Assume that u € H3(I; H'(Q)) is
the exact solution of Equation (23), and u’f\, is the numerical solution obtained in the scheme (29).
Then, there exists a positive constant C independent of n, N, and T such that

oy = )l < C (72 4 NS/ 4 N2/ 4 BT /2T,

The approach to performing error analysis for two-dimensional problems is consistent
with the one-dimensional case. However, it is worth noting that in two-dimensional

problems, we need to prove (FxFy(Sguk, Suk ) > 0. In the following, we will provide the

details of the proof.
By definition, for Vv € Sy, we have

v b M b2
(k) = Kok (g ) + (g

K %2 9k K %2 gk
K 2<a|x|az aly[P ”’U> s 4<a|x|az a\y|ﬁz”'”>'

(32)
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where

o ob1 /2 Br/2 /2 B1/2
<W8y|‘810, U) = anlcﬁl (aDDxcl CDyl U,ngl del Z))

+2¢a,cp, (aD¥ /%D %0, D} 2D 20 ).
Define a bilinear form as
AP (u,0) = (uD4'2, D, xDy/2Df %0 ) + (,DY/2D}) *u, :Dy/2,Df *0).
Equation (32) hence becomes
(FxFyv,v) = 2K1K2calc/51A("‘1'ﬁ1)(v, v) 4 2K1Kyca, cﬁzA("‘l'ﬁz)(v,v)
+ 2K3Kac,cp, Alr2p1) (v,0) + 2K3K4c,12052A(”‘2'ﬁ2) (v,0).

According to Lemma 5, we have

2cac/5A(“'ﬁ) _ 260&/3(( Da/zyDﬁ/zv xDa/chﬁ/z ) 4 ( Da/chﬁ/zv xDa/zyDﬁ/z ))

= dcqcp cos(art/2) Cos(‘B7t/2)||_(X,D‘jc‘/2—ooDﬁ/2 ||£z R2)

2 /24112
= l-wD§/? D} 0] 2 52y

and then,

2 4 2 A
(FxFyo,0) = KiKa|-ooD5"? oD ?01 2 g2) + KiKal -eoD3 /2o DY 6 7

2, 2,
+K3K2H—00D$2/2—00D51/ UHEZ(RZ) +K3K4||—00D§2/2—00D52/ UHLZ(RZ)r

where 7 is the extension of v by zero outside ();. Obviously, we have
(FeFyopu®, 5 ) > 0.

5. Numerical Results

In this section, some numerical examples are presented to illustrate the theoretical
analysis.

The MATLAB (R2023a) platform was used for all numerical simulations in this paper.
Equations (8) and (31) were solved directly by using “/” and “\” in MATLAB.

To begin with, we define £~ and £ errors for d = 1 and d = 2, respectively. For
d =1, define

00 [f— = t —
err peo 1=, Og}(iXNW Xk, tn) — up (xx)|,
1/2
b—a " 5
err =y, = 5 Y wiluxg tn) — uly(xp)| ;
0<k<N
for d = 2, define
y— . J— n
errpeli=t, = Ogmk?gNW(xk,]/],fn) u (xi, y1)
1/2
by —ay)(by —az
err o=y, = <( )4( ) Z Z wrwi|u(xg, yi,tn) —U”N(xk,yz)|2 ’
0<k<N 0<I<N

where xy, y; are defined as in (22), and wy, w; are the corresponding weights in the Legen-
dre-Gauss quadrature rule.
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Subsequently, we will provide four examples and plot the results of numerical simula-
tions by using a sufficiently small time step for these examples.

Example 1. We consider the Riesz space-fractional convection—diffusion equation as in (2):
The source function of the problem is

fxt) = folx,t) + fi(x, £) + fa(xb),

where
folx, ) = 7 (u+ ve)e’ (1 - x)?,

ilo ) = —Kaca e (s (270 4 (1= 0))

12 ay ey 24 _— )t
m(xg’ +(1-x)? )+m(x4 + (1—x)*")),

(P 4 (1= 02 2)

24
I'(5—a)

2
t) = —Kocp theVt (—"
fa(x,t) 2y the (F(3—¢x2)

- I,(41_2(Xz)(x3"‘2 +(1—x)3%) 4

The exact solution of the problem is

(2 4 (1= 1)),

u(x, t) = treV'x?(1—x)%, x€[0,L], t €0, T].

Example 1 can also be found in [37].

Example 2. In this example, we consider the Riesz space-fractional convection—diffusion equation

as in (2). The source function is

fxt) = folx, t) + fi(x,t) + fa(x, t),
where
fo(x,t) = (1 —t)e sin (7x),
hp(x) + b (x)),
hia(x) + hyo(x)).

filx,t) = —chalteft
falx,t) = —Kacgyte™!

(
(
The formulas for hyy, hy, hyp, and hyo are as follows:

hy1 (x) = oDy sin (7x)
(2 —a)x MR (13 - 3,2 - 35 —3%)

— I(1—a)(a? —3a; +2) (33)
B 7T3x3—zx1F2(2,'% — “71,3 — ”‘71;7%”%(2)
20(1—a)(3 = 2) (2= F)(af —3a1 +2)
he(x) = D} sin (7x)
I |
(e —2) (a1 — DT(1 — ay) ((a1 = 1)((ag —2) sin (L) "

20 2 oy 3, w15,
7°(L — x)* sin (71x) By ( XL A (L—x)%))
1 lX] 1 3 061 1 2 2
—2)(L— B(z-2,2 2 % ~o2p
+ 7t )( x) cos (7tx) 2(2 X 471 (L—x)%)),
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hyp(x) = D32 sin (71x)
_ Txl—%
(052 — 7)(0&2 — 6)(0&2 — 5)(&2 — 4)(&% —5ap + 6)T(2 — le)

7 1
(2222 (203 — 3303 + 1755 — 294)F> (2;3 — % S - %; — ;)
35)
9 1 (
+ 472 x%F,(3;4 — %, 5~ %; —47r2x2))

+ (a8 — 2743 + 29543 — 166543)F>(1;2 — %; - %,- —inzxz)
1
+ (510462 — 8028, + 5040)Fy(1;2 — 2,2 — %2, L 2.2y
2°2 27 4
hyp(x) = xD;?sin (7tx)
(L—x)—*
(062 - 3)(0&2 - 2)F(2 — 062)
3 a 35 « 1
3 . _ .3 Ot 00 2 1 27 )2 (36)
(rr°(ap — 2)(L — x) cos(mc)l—"z(2 225 5 g (L—x)7)
2 2 . 0(2 1 062 l 2 2
+ (e — 3)(r°(L — x)“ sin (7rx) Fa (1 — 7;5,2 X (L—x)*)

where Fy(; -, ;) is the hypergeometric function.
The exact solution of the problem is

u(x,t) = te"!sin(mx), x€[0,L], t €[0,T].

Example 3. We consider the Riesz space-fractional convection—diffusion equation in (23).
The source function of the problem is chosen to be

fx,y) = folx,y) +te H(filx,y) + f2(x,y) + f5(x,y) + falx, ),

where
folx,y) = (1= He (1= 021~ y)?,
and the formulas of f1, fa, f3, and fy are listed as follows:

Filey) = ~Kaea P01 =y (g (87 + (1= 027)

— )
(37)
o F(41_2“1) (x3—o¢1 + (1 - x>3—“1) + r(52_4“1) (x4—1x1 + (1 - x)4—v¢1)),
2 —P1 —P1
falxy) = —Kaep * (1= 2 (g =gy " P + (L= P -
o F(41—2ﬁ1) (y3_ﬁl + (1 - y)3—/31) + r(52_4‘[31) (y4_ﬁ1 + (1 - y)4_ﬁl))r
fly) = ~Kaeuay* (1= 9 (g (87 + (1= 07
12 3—ay 1 3—ay 24 4—uy 1 4—ay (39)
71"(47—“2)(9( +(1—-x) )+m(x +(1=x)"7")),
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faly) = —Kacg, (1 — 22 (= (P P2 4 (1— y2F2)

I'(3—p2) 10)
TS S ST NS S
I'(4—p2) I(5—p2)
The exact solution of the problem is
u(xy,t) =te P (1-x)2P(1-y)?  (vy) €[0,L]x[0,L], te[0,T].  (41)

Example 4. We consider the Riesz space-fractional convection—diffusion equation (23).
The source function of the problem is

flxyt) = folx,y,t)
+ te~tsin (ﬂy) [_chl"l (hll(x) + hrl(x)) — Kgcaz (l’lIQ(X) + hrz(x))}
+ te~ " sin (1) [—Kacg, (b (v) + h (v)) — Kacg, (1 (v) + b2 (v))],

where
fo(x,y,t) = (1 —t)e ' sin (7x) sin (7ty).

The formulas for hyy, hy, hyp, and hyo are provided in Equations (33)—(36).
The exact solution of the problem is

u(x,y) = te 'sin (7x) sin (7ry), (x,y) € [0,L] x [0,L], t € [0, T).

The time step is chosen to be T = 10~* to reduce the impact of the error in the time
direction in the above numerical simulations. The numerical results for the fixed time
step are plotted in Figures 1-8. The £® and L£? errors between the exact solution and
the numerical solution at T = 1 are plotted in log-log scale for Examples 1-4 in Figure 1,
Figure 3, Figure 5, and Figure 7, respectively. We have sketched a reference line in the
figures to show the approximate convergence rate. According to these error plots, it is
easy to observe that as the number of nodes increases, the errors decrease rapidly, which is
consistent with the conclusion of our error analysis. We picture the absolute values of the
error point by point for both time and space intervals for Examples 1 and 2 at N = 16 in
Figure 2 and Figure 4, respectively. For the two-dimensional problems, we have drawn the
point-wise error plot at T = 1 by taking N = 16 and N = 128 for Example 3 in Figure 6
and taking N = 16 and N = 256 for Example 4 in Figure 8. It can be observed that the
point-wise error estimates at the boundary are slightly higher, which is attributed to the
singular kernel of the fractional-order differential operator.

In the following, we will provide the results of numerical comparison experiments for
Example 1 with the finite difference method proposed in [37]. For this analysis, the time step
in the simulations is chosen to be 1/ N. The experimental results are listed in Tables 1 and 2.
From the data in the tables, one can see that our proposed method has higher accuracy and
generally results in higher convergence orders. This is due to the spectral methods used in
the spatial domain, which has spectral accuracy for smooth functions. The reason that the
convergence order is much lower than that shown in Figure 1 is that our method results in a
convergence rate of O(72) in the time domain, which holds the total convergence rate back.
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107 T T T I S R
—— | 2 error
—O— L error
10'4 3 = = reference line: C x N"*3| 4
100 ¢ 1
S
(0
108 ¢ 1
10-10 L i
1012 : :
10° 10t 102 103

N

Figure 1. The £* and L2 errorsat T = 1 for Example IwhenK; =Ky, =1,L =1, (a1, a2) = (0.6,1.8),
u=1v=-1,7=0.0001,and N = [4,8,16,32,46,128].

Figure 2. The point-wise error for Example 1 when K1 =Ky =1, L =1, (a1, 22) = (0.6,1.8), p =1,
v=—1,7=0.0001,and N = 16.
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103 T T T T L S R
—— | 2 error
—O— L error
10'4 3 = = reference line:cx N22| 1
10° £ ;
S
|
100 ¢ ;
107 E J
\
\
108 : :
10° 10t 102 103

N

Figure 3. The £L* and L2 errorsat T = 1 for Example2when Ky =Ky, =1,L =1, (a1, a2) = (0.6,1.8),
T = 0.0001, and N = [8,16,32,46,128,256].

Figure 4. The point-wise error for Example 2 when K1 = K = 1, L = 1, (ay,a2) = (0.6,1.8),
7 =0.0001, and N = 16.
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10 SR R S S SR R
—— 2 error
—O— L error
= = reference line: C x N
108 ¢ ;
S
(0
10710k J
\
10712 : :
10° 10t 102 103

Figure 5. The £* and £? errors at T = 1 for Example 3 when K] = K = K3 = Ky = 1,L =1,
(a1,a) = (0.6,1.6), (B1, B2) = (0.6,1.8), T = 0.0001, and N = [8,16,32,46,128].

N=16 N=128

%107 x10M

Figure 6. The point-wise error at T = 1 for Example 3 when K; = K = Ks = K4, =1, L =1,
(ar,22) = (0.6,1.6), (B, B2) = (0.6,1.8), and T = 0.0001. (Left): N = 16; (Right): N = 128.
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1073 i T i i T
—— 2 error
—O— L error
10'4 F = = reference line: C x N22| 4
10° £ 1
S
|
100 ¢ 1
107 ¢ 3
10—8 I I \
10° 10t 102 103

Figure 7. The £* and £? errors at T = 1 for Example 4 when K] = K = K3 = Ky = 1, L =1,
(a1,a) = (0.2,1.8), (B1, B2) = (0.6,1.8), T = 0.0001, and N = [8,16,32, 46,128, 256].

N=16 N=256

%10

Figure 8. The point-wise error at T = 1 for Example 4 when K; = Ky = K3 = Ky, L =1, (a1, a0) =
(0.2,1.8), (B1, B2) = (0.6,1.8), and T = 0.0001. (Left): N = 16 ; (Right): N = 256.

Table 1. Convergence order and maximum error for Example 1, which is convection-dominant at
T =1whenv =uaq, y = ap, K; =2,and Kp = 0.25.

a1 = 0.1 a1 = 045 a1 = 0.85
N(1/T) err e =1 Order err e =1 Order err e |1=1 Order
10 1.7575 x 10~4 - 7.6952 x 10~4 - 2.3088 x 1073 —
20 3.3515 x 107> 2.3906 1.7774 x 10~4 2.1142 5.3559 x 10~* 2.1080
ap =125 40 5.1936 x 10~° 2.6900 4.2000 x 107> 2.0813 1.2951 x 104 2.0481
80 1.0632 x 106 2.2883 9.6456 x 10~° 2.1224 3.1667 x 107> 2.0320

160 6.5589 x 10~7 0.6969 2.0735 x 10~° 22178 7.7614 x 10~° 2.0286
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Table 1. Cont.

a1 = 0.1 a1 = 045 a1 = 0.85
N(1/T) eIt e =1 Order eIt e |1=1 Order eIt e |1=1 Order
10 6.6256 x 104 — 1.6599 x 103 — 4.0506 x 1073 —
20 1.6206 x 1074 2.0316 3.9472 x 10~* 2.0722 9.3815 x 10~* 2.1103
ny =1.85 40 4.0207 x 107> 2.0110 9.6426 x 107> 2.0333 2.2591 x 10~4 2.0541
80 9.9963 x 10~° 2.0080 2.3816 x 107> 2.0175 5.5400 x 107> 2.0278
160 24873 x 107° 2.0068 5.9151 x 10~° 2.0094 1.3715 x 10~° 2.0141
Table 2. Convergence order and maximum error for Example 1, which is diffusion-dominant at
T=1whenv =aq, y =ay, K; =0.25,and K, = 2.
a1 = 0.1 a1 = 045 a1 = 0.85
N(1/7) err o |1=1 Order err o |1=1 Order err o |4=1 Order
10 2.1908 x 10~* — 8.4270 x 10~4 — 24135 x 1073 -
20 49719 x 107> 2.1396 1.9674 x 10~4 2.0987 5.5850 x 10~* 2.1115
ay =1.25 40 1.2464 x 1075 1.9960 4.8421 x 107> 2.0226 1.3554 x 104 2.0428
80 3.0933 x 10~° 2.0106 1.1983 x 10~ 2.0146 3.3352 x 1072 2.0229
160 7.6035 x 10~7 2.0244 29711 x 10~° 2.0119 8.2632 x 10~ 2.0130
10 7.2807 x 10~4 — 1.8363 x 1073 — 4.4266 x 1073 —
20 1.6902 x 10~4 2.1069 42649 x 10~4 2.1063 1.0152 x 103 2.1244
ay =1.85 40 42081 x 107> 2.0059 1.0427 x 104 2.0322 24453 x 10~* 2.0537
80 1.0500 x 10~ 2.0028 25777 x 107> 2.0162 5.9981 x 107> 2.0274
160 2.6225 x 107° 2.0014 6.4080 x 1070 2.0081 1.4852 x 105 2.0139

6. Conclusions

In this paper, we studied spectral Galerkin methods for the one-dimensional and
two-dimensional Riesz space-fractional convection—-diffusion equations in (1).

Firstly, we developed the semi-discrete and fully discrete schemes of the one-dimensional
equation in (2) using the CNLF scheme for discretization in the temporal direction and
the spectral Galerkin-Legendre method for discretization in the spatial direction. We then
rewrote the fully discrete form into a matrix-vector form, as in (8), and provided detailed
calculation formulas for all matrices. Subsequently, we meticulously proved the theorems
of stability and convergence for the semi-discrete and fully discrete schemes and showed
that the schemes are stable with a convergence order of O(72 + N*1/2" 4 N%2/27") where
T is the time step, N + 1 is the number of spatial nodes, &1 and a; are the orders of fractional
derivatives, and r represents the smoothness of the function.

Secondly, we established the fully discrete format for two-dimensional problems, as
in (23), in a similar way. We added a supplementary term T2F,F,6;u" to the left side of
Equation (26), resulting in a symmetric fully discrete scheme. Next, we transformed the
fully discrete form into a matrix-vector form, as in (31). Stability and convergence analyses
of the semi-discrete and fully discrete schemes for two-dimensional problems were then
presented, and the conclusions obtained were consistent with the one-dimensional case.

Finally, several numerical examples were designed, and the simulation results verified
our theoretical study and analysis of our proposed numerical methods.

From the analysis and numerical results, we can see that the convergence rate in the
temporal direction hinders the fast convergence rate in the spatial direction. In the future,
we will study algorithms that apply spectral methods to both the time and space domains.
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