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Abstract: Alzheimer’s disease (AD) is a progressive degenerative disorder that causes behavioral
changes, cognitive decline, and memory loss. Currently, AD is incurable, and the few available
medicines may, at best, improve symptoms or slow down AD progression. One main challenge in
drug delivery to the brain is the presence of the blood–brain barrier (BBB), a semi-permeable layer
around cerebral capillaries controlling the influx of blood-borne particles into the brain. In this paper,
a mathematical model of drug transport to the brain is proposed that incorporates two mechanisms of
BBB crossing: transcytosis and diffusion. To account for the structural damage and accumulation of
harmful waste in the brain caused by AD, the diffusion is assumed to be anomalous and is modeled
using spatial Riemann–Liouville fractional-order derivatives. The model’s parameters are taken from
published experimental observations of the delivery to mice brains of the orally administered AD
drug donepezil hydrochloride. Numerical simulations suggest that drug delivery modalities should
depend on the BBB fitness and anomalous diffusion and be tailored to AD severity. These results
may inspire novel brain-targeted drug carriers for improved AD therapies.
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1. Introduction

Alzheimer’s disease (AD) is a multifactorial degenerative disorder of the cerebral
neuro-glial-vascular units characterized by various progressive pathological factors such
as the aggregation of amyloid-β (Aβ) plaques, the accumulation of tau-containing neurofib-
rillary tangles, and increases in neuroinflammation [1]. It is estimated that tens of millions
of adults worldwide have AD and millions of new cases are added annually [2]. Currently,
AD has no cure, and the few available medicines may, at best, improve symptoms or slow
down AD progression.

Mechanisms of AD onset and progression continue to elude us more than a century
after the first description of the disease was published [3]. One possible cause of AD is
a substantial loss of cells in the neocortex, amygdala, and hippocampus that leads to a
cholinergic deficit manifested as an inability to send neuronal messages across cholinergic
synapses that eventually results in cognitive and functional dysfunctions. Another cause of
AD may be the accumulation of neurofibrillary tangles. The excessive phosphorylation–
dephosphorylation of tau, a protein that stabilizes microtubules (these structures maintain
the complex neuronal morphologies), causes the removal of tau from the microtubules
followed by the collapse of microtubules, the loss of neuronal functionality, the aggre-
gation of the hyperphosphorylated tau (ptau) in neurofibrillary tangles, and, ultimately,
neuronal apoptosis [1]. An abnormal division of the amyloid precursor protein (APP),
a protein involved in cell health and growth, produces Aβ monomers prone to aggregation
into toxic Aβ plaques that can also cause AD. The toxicity of the plaques damages the
glymphatic pathway and the blood–brain barrier (BBB), which are involved in brain waste
clearance [4,5]. This results in increased neuroinflammation, neurodegeneration, and, ulti-
mately, death. Chronic inflammation in the brain is yet another possible cause of AD [6].
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Sustained activation of microglia cells and astrocytes can cause neurodegeneration and
facilitate the aggregation of Aβ plaques and neurofibrillary tangles. The complex interlinks
among these plausible AD causes explain the difficulty in finding effective AD therapies.

One treatment challenge is the BBB, a semi-permeable membrane shared by the sealed
capillary endothelium surrounded by pericytes, perivascular astrocyte endfeet (from a
structural point of view, it is unclear whether the astrocyte endfeet are part of the basement
membrane [4] or linked to the membrane via protein binding [7]), and various junctional
complexes (Figure 1) [4,7]. A functional BBB protects the brain parenchyma from harmful
agents by tightly controlling the influx of most particles, including drugs, from blood to
the brain. However, AD causes the disintegration of the BBB, which leads, among other
effects, to the accumulation of neurotoxins in the brain, loss of diffusion and interstitial
fluid (ISF) flow within the brain extracellular space (ECS), increased inflammatory and
immune responses in the brain, and, ultimately, neurodegeneration and escalated AD
progression [4,8,9]. These observations suggest that multi (BBB and brain)-targeted drug
delivery and releasing modalities [1,4] that are tailored to AD severity may provide more
effective AD therapies.

Figure 1. Schematic of the BBB structure: a basement membrane shared by endothelial cells, pericytes
(immersed or chemically linked), astrocyte endfeet, and junctional complexes located at the interfaces
of these cells (inspired by [4,7]).

Successful therapies for AD could use the BBB functions to safely deliver drugs to
the brain and, at the same time, preserve/recover the structural integrity and functional-
ity of the BBB. Possible mechanisms of BBB crossing that have been studied intensively
for drug delivery to the brain are [4,7,10,11] transcytosis, efflux, paracellular transport,
carrier-mediated transport, and diffusion. These mechanisms depend on the structures and
chemical compositions of the BBB elements that control the transport of molecules and ions
through various highly specialized biochemical interactions. Small lipophilic molecules,
O2, and CO2 cross the BBB by simple diffusion [4,11]. Small hydrophilic molecules and
ions can passively travel across the BBB via the paracellular pathway. Ions can also use
specialized ion channels and pumps to traverse the BBB. Solutes use carrier-mediated
transport for BBB crossing based on substrate specificity and concentration gradient. Efflux
transporters strictly control the entry of most drugs and their conjugates into the brain.
Transcytosis transports molecules across the BBB from the blood to the brain using vesi-
cles [10]. The molecules are first internalized by vesicles by the endothelial cells at the
lumen–endothelium interface, circulate inside the vesicles along different pathways inside
the cells, and then are released on the other side of the cells to continue their transport to
the brain parenchyma. The internalization may be adsorptive for electrostatically charged
molecules or mediated by certain receptors for specific molecules. Toxic Aβ species and
some neurotoxins can be cleared by receptor-mediated transcytosis. Lastly, aquaporin
(AQP) receptors (AQP1 on the endothelial cells and AQP4 on the perivascular astrocyte’s
endfeet) facilitate water transport through the BBB [4]. Also, AQP4 contributes to the
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clearance of Aβ and tau species from the brain via the glymphatic pathway [5,12]. Recent
advancements in nanotechnology and the manufacturing of multifunctional biomaterials
have facilitated the use of BBB transcytosis, among others, for pharmacological purposes.

Donepezil hydrochloride, a reversible acetylcholinesterase inhibitor, is one of the few
FDA-approved drugs for treating mild, moderate, and severe AD [13]. The enzyme acetyl-
cholinesterase disintegrates acetylcholine, a neurotransmitter released by neurons that
facilitates communications among neurons [14]. Acetylcholine binds the neuronal nicotinic
(cholinergic) receptors, which are the ligand-gated ion channels of neurons. By binding
to acetylcholinesterase, donepezil increases the amount of acetylcholine available at the
synapses for proper message transmissions. Additionally, a recent study [15] showed
that donepezil was able to reduce the Aβ-induced microglial and astrocytic activation
and thus decrease neuroinflammation in an AD mouse model. The drug may alleviate
some symptoms of AD and, as the disease progresses, its dosage must be gradually in-
creased. The combination between the AD progression and dosage increase worsens the
gastrointestinal and heart-related adverse effects of the drug. Various delivery and releasing
systems for donepezil that aim to reduce the side effects while preserving the drug’s efficacy
exist in the literature. For instance, mango gum polymeric donepezil-loaded nanoparticles
were found to be nontoxic, and the intravenous injections of these nanoparticles in rats
showed that the drug was successfully delivered to the brain [16]. In [17], extracellular vesi-
cles isolated from human plasma were loaded with donepezil and injected intravenously
into zebrafish. The study showed that the proposed drug formulation was nontoxic and
had a better pharmacological response and reduced side effects. Donepezil-loaded systems
like solid lipid nanoparticles with or without ApoE [18,19], cholesterol-modified pullulan
nanoparticles with polysorbate 80 surface coverage [20], ternary sodium alginate-based
hydrogels [21], lyotropic liquid crystalline mesophases composed of monoolein/oleic
acid/water [22], and sodium alginate microspheres [23] exhibit desirable pharmacological
features such as the ability to cross the BBB and nontoxic prolonged drug release. Lastly,
nasal [24–26], subcutaneous [27], and transdermal [28] administrations of donepezil show
comparable or better pharmacological responses than oral administration of the drug.

Mathematical modeling can help not only with advancing the knowledge of mech-
anisms of health and disease specific to the human body but also with designing drug
delivery and release systems for successful therapies. Mathematical models with appli-
cations in pharmacology and medicine that exist in the literature belong to three distinct
groups: (1) models of multiphysics processes taking place in the human body and hap-
pening at various spatio-temporal scales, (2) pharmacokinetic models of drug transport
in the human body, and (3) models of drug release processes that depend on the drug
formulations and delivery systems. Models of drug release are the most used in phar-
macology since they can be easily fitted to experimental data [29–31]. Some of the most
popular models of drug release (like Fick’s, Higuchi’s, Peppas’, Hopfenberg’s, and Weibull’s
models) predict cumulative drug release over time. Specifically, the Ritger–Peppas model
describes both Fickian and non-Fickian temporal release behaviors of a drug from swelling
or non-swelling materials and it was used in experimental studies of donepezil release
(see, for instance, [23]). Pharmacokinetic models are compartmental (population) models
describing mostly temporal variations and dynamic interactions among the drug concen-
trations corresponding to the bodily structures (compartments) the drug passes through.
These models are represented mathematically as systems of ordinary differential equations
with short (first-order temporal derivative) or long (fractional-order temporal derivative)
memory [32–34]. Specifically, compartmental models were fitted to experimental observa-
tions of orally and nasally administrated donepezil in [24]. Mathematical models that link
models of AD from all three modeling groups mentioned above do not exist yet.

Published models of drug delivery, release, and transport to a brain with AD focus only
on the temporal dynamics of the drug’s concentration and ignore specific structural and
biophysical aspects of the brain and the spatial variations in the drug’s concentration. These
models have limited practical utility since the success of AD therapies depends on the ability
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of brain-targeted drug delivery systems to accurately deliver drugs to specific brain regions
of interest. Models that can predict spatio-temporal variations in a drug concentration
during transport to the brain are more helpful in developing brain-targeted drug delivery
systems. In this paper, a mathematical model of AD drug donepezil hydrochloride transport
to the brain after oral administration is proposed that incorporates specific structural and
biophysical aspects of the BBB and brain parenchyma in the presence of AD. The model
generalizes the pharmacokinetic model described in [24] by including spatial variations of
donepezil in a blood–brain region and in the presence of (1) the BBB transcytosis and (2)
anomalous diffusion due to the structural damage and accumulation of harmful waste in
the brain caused by AD. The anomalous diffusion is modeled as Lévy flights with index
ε + 1, 0 < ε < 1 and is represented mathematically by spatial Riemann–Liouville fractional
derivatives of order ε. It is assumed that functional BBB transcytosis corresponds to an
earlier stage of AD, while the absence of BBB transcytosis (due to the BBB disintegration)
represents a later stage of AD, and both of these scenarios are investigated. Numerical
simulations show that both functional BBB transcytosis and anomalous diffusion are
essential for increasing the concentration of donepezil in the brain parenchyma. The results
suggest that it is not an increase in the donepezil dosage and/or frequency but rather
different drug delivery and release modalities dependent on the AD severity that may help
with treatment effectiveness during AD progression. An original schematic for a multi
(BBB and brain)-targeted drug delivery system is also presented that suggests using ligands
of various lengths and binding affinities attached to the donepezil molecules to practically
realize Lévy jumps. This study may inspire new brain-targeted drug nanocarriers for
improved AD therapies.

This paper is organized as follows. The mathematical model and corresponding
numerical discretization are presented in Section 2. The results and numerical simulations
are shown in Section 3. In Section 4, a discussion of the presented work and its potential
usages is given. The paper ends with a brief conclusion in Section 5.

2. Mathematical Modeling
2.1. Model Formulation

A compartmental model that accounts for temporal and spatial variations in donepezil’s
concentration is proposed. The two compartments are a depot and a combined blood–brain
region. The depot is a region in the body where the drug is stored and from which it is
slowly distributed; for orally administered drugs, the depot is the stomach. The combined
blood–brain region is a micron-sized region within the cerebral capillary bed. The geo-
metric domain of the model is shown in Figure 2. It is made of concentric horizontal axial
symmetric circular cylinders of length L representing a capillary lumen of radius a0, a BBB
of thickness dBBB, and a layer of thickness d− dBBB filled with brain parenchyma made of
ECS, neurons, and glial cells. Due to the chosen geometry and axial symmetry, cylindrical
coordinates are used: (r, z) ∈ [0, a0 + d]× [0, L].

Let Cd : S× [0, T] → R+ and C : [0, a0 + d]× [0, L]× [0, T] → R+ be the concen-
trations of the drug in the depot and in the coupled blood–brain region, respectively,
depicted in Figure 2. The concentrations are assumed to be absolutely continuous functions,
which implies the temporal differentiability almost everywhere on [0, T] of Cd and C [35]
and the existence of spatial left- and right-sided Riemann–Liouville fractional derivatives
of order 0 < ε < 1 almost everywhere on [0, a0 + d] and [0, L] of C [36]. Since in this
model the only role of the concentration Cd is to contribute to the production of the con-
centration C in the capillary lumen, a mathematical descripton of the physical depot is
irrelevant and, thus, without loss of generality, the spatial domain of Cd can be taken to be
S = [0, a0 + d]× [0, L].
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Figure 2. The geometric domain is made of concentric horizontal axial symmetric circular cylinders
of length L representing a capillary lumen of radius a0, a BBB of thickness dBBB, and a region of
thickness d− dBBB filled with brain parenchyma.

The balance law of mass gives

∂Cd(r, z, t)
∂t

= −k12 tα Cd(r, z, t), (1)

∂C(r, z, t)
∂t

= −1
r

∂

∂r
(r F1(r, z, t))− ∂

∂z
F2(r, z, t)

+ (k12 tα Cd(r, z, t)− k20 C(r, z, t))[1− H(r− a0)]

− k23 C(a0, z, t)[H(r− (a0 − β))− H(r− a0)]

+ Vblood/Vbrain k23 C(a0, z, t)[H(r− (a0 + dBBB − β))− H(r− (a0 + dBBB))]

− k30 C(r, z, t)[H(r− (a0 + dBBB))− H(r− (a0 + d))]. (2)

Above, H denotes the Heaviside step function approximated by the following smooth
function [37]: H(r) = 1

π

( 3π
4 + arctan(r− 1) + arctan

( 2−r
r
))

, r > 0. Also, the capillary
lumen–BBB and BBB–brain interfaces are modeled as thin layers (while, from a strictly
structural point of view, the capillary lumen–BBB and BBB–brain interfaces could be seen
as crisp boundaries, the BBB-specific biochemical processes may happen in a region wider
than the BBB and, thus, these interfaces may look more like fuzzy boundaries) of thickness
β where the preparations for the starting and ending of BBB-specific biochemical processes
occur. Drug’s advection is neglected since AD causes both a dramatic reduction in cerebral
blood flow and capillary stalling [38,39] and the loss of ISF flow through the extracellular
space [4].

The two-dimensional diffusion flux (F1, F2) is given by the generalized Fick’s law
describing anomalous diffusion (see, for instance, [40]):

F1(r, z, t) = −D
[

pr ∂εr
Lr+

C(r, z, t) − qr ∂εr
Rr−

C(r, z, t)
]
,

F2(r, z, t) = −D
[

pz ∂εz
Lz+

C(r, z, t) − qz ∂εz
Rz−

C(r, z, t)
]
, (3)

where D is a generalized diffusion coefficient, 0 < εr, εz ≤ 1 are parameters related to radial
and longitudinal long-range interactions of drug particles, and pr, qr, pz, qz ≥ 0 are proba-
bilities of moving in the outward/forward and, respectively, inward/backward diffusional
radial/longitudinal directions. These probabilities satisfy the constraints pr + qr = 1,
pz + qz = 1. For now, it is assumed that εr = εz = ε. The left- and right-sided Riemann–
Liouville fractional derivatives of order ε with 0 < ε ≤ 1 are, by definition [36],
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∂ε
Lr+

C(r, z, t) =
1

Γ(1− ε)

∂

∂r

∫ r

Lr

C(r̃, z, t)
(r− r̃)ε

d r̃, ∂ε
Lz+

C(r, z, t) =
1

Γ(1− ε)

∂

∂z

∫ z

Lz

C(r, z̃, t)
(z− z̃)ε

d z̃,

∂ε
Rr−C(r, z, t) =

1
Γ(1− ε)

∂

∂r

∫ Rr

r

C(r̃, z, t)
(r̃− r)ε

d r̃, ∂ε
Rz−C(r, z, t) =

1
Γ(1− ε)

∂

∂z

∫ Rz

z

C(r, z̃, t)
(z̃− z)ε

d z̃, (4)

where Γ(s) =
∫ ∞

0 τs−1eτdτ is the gamma function, Lr = Lz = 0, Rr = a0 + d, and Rz = L.
If ε = 1 and pr = pz = 0.5, then Formula (3) becomes the classic Fick’s law.

Since the model applies to the AD drug donepezil hydrochloride, the sinks and sources
in Equations (1) and (2) are adapted from [24] and [23]. For simplicity, the notations of the
parameters taken from [24] are kept the same here. In Equation (2), the term containing
parameter k12 represents the drug’s absorption through the depot to the blood, while
parameter k20 is an elimination rate due to biochemical processes taking place within the
capillary lumen. The unidirectional BBB transcytosis is modeled as sinks along the capillary
lumen–BBB interface and sources along the BBB–brain interface that are proportional to
C(a0, z, t). The drug’s transfer rate at the sinks is k23, while at the sources it has to be
rescaled since the volume of drug distribution (the volume of distribution in a body’s
region is the amount of the drug in that region divided by the plasma concentration)
in the brain, Vbrain, is different from the volume of distribution in the blood, Vblood [24].
Lastly, parameter k30 represents the elimination rate of the drug from the brain (occupying
the region (r, z) ∈ (a0 + dBBB, a0 + d)× (0, L)) due to various brain-specific biochemical
processes. Lastly, the term tα is added to both Equations (1) and (2) to model the oral
administration of either a drug solution [24] for α = 0 or donepezil-encapsulated sodium
alginate microspheres with controlled drug release according to a power law function [23]
for α ∈ [0.5, 1).

A model of more severe BBB damage could be obtained by removing the terms repre-
senting the BBB transcytosis from Equation (2) and thus expanding the region occupied by
the brain parenchyma to (r, z) ∈ (a0, a0 + d)× (0, L):

∂C(r, z, t)
∂t

= −1
r

∂

∂r
(r F1(r, z, t))− ∂

∂z
F2(r, z, t)

+ (k12 tα Cd(r, z, t)− k20 C(r, z, t))[1− H(r− a0)]

− k30 C(r, z, t)[H(r− a0)− H(r− (a0 + d))]. (5)

The systems of Equations (1) and (2), and, respectively, (1) and (5) are solved numeri-
cally using the following boundary and initial conditions:

Cd(0, z, t) = Cd(a0 + d, z, t) = 0, Cd(r, 0, t) = Cd(r, L, t) = 0,

C(0, z, t) = C(a0 + d, z, t) = 0, C(r, 0, t) = C(r, L, t) = 0,

Cd(r, z, 0) = 0.8961× [1− H(r− a0)]
[
1− z

L

]
, C(r, z, 0) = 0. (6)

The initial condition for Cd in (6) is estimated from [24].
Noting that Equation (1) is a first-order separable and linear ordinary differential

equation with respect to the variable t, its closed-form solution ca be easily found to be

Cd(r, z, t) = Cd(r, z, 0) e
− k12

α + 1
tα+1

, (r, z) ∈ (0, a0 + d)× (0, L). (7)

Figure 3 shows plots of the initial condition Cd(r, z, 0) and solution (7) at fixed location
(r, z). As the value of α increases, the concentration Cd decreases faster to zero with time
(Figure 3b).
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Figure 3. (a) Plot of the initial condition Cd(r, z, 0) given by Formula (6). (b) Temporal variation in Cd
at location r = 0.96µm, z = 0.5µm calculated using Formula (7) for various values of α.

Semi-analytic solutions of Equations (2) and (5) may be found by using the Laplace
and Fourier transforms and series representations likely combined with some numerical al-
gorithms. However, this is not the solution approach used here. In this paper, Equations (2)
and (5) are solved numerically using MATLAB R2024a [41].

2.2. Numerical Discretization

Inserting Formula (3) into the first two terms of the right hand side of Equation (2) (or
(5)) and using the fact that

∂

∂r

(
∂ε

Lr+
C
)
= ∂ε+1

Lr+
C,

∂

∂z

(
∂ε

Lz+
C
)
= ∂ε+1

Lz+
C,

∂

∂r

(
∂ε

Rr−C
)
= −∂ε+1

Rr−
C,

∂

∂z

(
∂ε

Rz−C
)
= −∂ε+1

Rz−
C

gives

−1
r

∂

∂r
(r F1)−

∂

∂z
F2 =

D
r

(
pr∂ε

Lr+
C − qr∂ε

Rr−C
)

+ D
(

pr∂ε+1
Lr+

C + qr∂ε+1
Rr−

C + pz∂ε+1
Lz+

C + qz∂ε+1
Rz−

C
)

. (8)

Grünwald–Letnikov formulas [42] are used to numerically discretize the left- and
right-sided Riemann–Liouville fractional-order derivatives. Let Lr = 0 = r0 < r1 < ... <
rN−1 < rN = a0 + d = Rr and Lz = 0 = z0 < z1 < ... < zM−1 < zM = L = Rz be
equally spaced discretizations of the intervals [0, a0 + d] and, respectively, [0, L] of constant
step sizes ∆ r = (a0 + d)/N, ∆ z = L/M. At every point (rk, zl), k ∈ {1, 2, ..., N − 1},
z ∈ {1, 2, ..., M− 1}, the following approximations are replaced in Formula (8):
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∂ε
Lr+

C(rk, zl , t) =
1

∆ rε

N−1

∑
j=1

ajkC(rj, zl , t), ∂ε
Rr−C(rk, zl , t) =

1
∆ rε

N−1

∑
j=1

akjC(rj, zl , t),

∂ε+1
Lr+

C(rk, zl , t) =
1

∆ rε+1

N−1

∑
j=1

bjkC(rj, zl , t), ∂ε+1
Rr−

C(rk, zl , t) =
1

∆ rε+1

N−1

∑
j=1

bkjC(rj, zl , t),

∂ε+1
Lz+

C(rk, zl , t) =
1

∆ zε+1

M−1

∑
j=1

b̃jlC(rk, zj, t), ∂ε+1
Rz−

C(rk, zl , t) =
1

∆ zε+1

M−1

∑
j=1

b̃l jC(rk, zj, t), (9)

where

ajk =

{
gε

k−j, j ≤ k

0, otherwise
, bjk =

{
gε+1

k−j+1, j ≤ k + 1

0, otherwise
, b̃jl =

{
g̃ε+1

l−j+1, j ≤ l + 1

0, otherwise

with

gε
k =

(−1)kΓ(ε + 1)
Γ(k + 1)Γ(ε− k + 1)

, gε+1
k =

(−1)kΓ(ε + 2)
Γ(k + 1)Γ(ε− k + 2)

, k ∈ {0, 1, ..., N}

and g̃ε+1
l =

(−1)lΓ(ε + 2)
Γ(l + 1)Γ(ε− l + 2)

, l ∈ {0, 1, ..., M}.

Note that numerical scheme (9) at a point (rk, zl) does not involve only the adjacent
points of (rk, zl) but also farther away points, which highlights the non-locality of the
Riemann–Liouville fractional-order derivatives.

Inserting Formula (9) into expression (8) and then inserting this discrete form of
expression (8) into Equation (2) yields a system of ordinary differential equations that is
solved numerically using MATLAB’s built-in function ode15s with the non-negative option
selected since negative values of the concentration C are unphysical. A similar approach is
also used to numerically solve Equation (5).

3. Results

The values of the model’s geometry and parameters used in numerical simulations
are given in Table 1. The typical wall thickness of a brain capillary for mice was measured
post mortem using synchrotron radiation-based micro computed tomography and is about
0.3µm [43]. Since the capillary’s endothelium is part of the BBB (see Figure 1), the thickness
of the BBB is then taken to be dBBB = 0.5µm. The time period is T = 300 min and the step
sizes of the numerical discretization are ∆ r = 0.08, ∆ z = 0.025, and ∆ t = 0.6 (a justification
for the chosen step sizes is given at the end of this section). The thickess of the lumen–BBB
and BBB–brain interfaces is β = ∆ r. Based on the differences among the temporal profiles
of Cd seen in Figure 3b, results are presented for α = 0 and α = 0.868. The anomalous
diffusion is investigated using either pr = pz = 0.5 (the probability for particles to move
outward/forward is the same as that for particles to move inward/backward in the ra-
dial/longitudinal directions) or pr = 1, pz = 0.5 (the particles have a stronger movement in
the outward radial direction). The radially outward skewness may enhance the amount of
donepezil diffused into the brain parenchyma. The values of maxt∈[0,T]C(r, z, t) at various
fixed points (r, z) and several values of ε, pr, and pz, either in the absence or in the presence
of the BBB transcytosis and for the two chosen values of α, are presented in Tables 2–5. Due
to space limitations, only some relevant cases from these tables are shown in Figures 4–11.
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Table 1. The values and physical units of the model’s geometry and parameters.

Considerations Parameters Values and Units [Reference]

Geometry

a0 2µm [43]
d 2µm

dBBB 0.5µm
L 1µm

Physics

k12 0.059 min−α−1 [24]
k20 0.012 min−1 [24]
k23 0.014 min−1 [24]
k30 0.325 min−1 [24]

Vblood 279 mL [24]
Vbrain 18 mL [24]

D 0.006µmε+1 ·min−1 [23]
α {0, 0.868} [23,24]
ε {0.25, 0.5, 0.658, 0.868, 1}

pr, pz {0.5, 1}

Table 2. The values of maxt∈[0,T]C(r, z, t) at various locations (r, z) in the brain parenchyma for
α = 0 and several values of ε, pr, and pz, in the absence of the BBB transcytosis (C is solution to
Equation (5)).

Case r z = 0.25µm z = 0.5µm z = 0.75µm

ε = 1, pr = pz = 0.5
2.56µm 3.70× 10−4 µg/mL 4.59× 10−4 µg/mL 2.90× 10−4 µg/mL
2.8µm 5.07× 10−5 µg/mL 6.58× 10−5 µg/mL 4.30× 10−5 µg/mL

3.04µm 7.07× 10−6 µg/mL 9.45× 10−6 µg/mL 6.34× 10−6 µg/mL

ε = 0.868, pr = pz = 0.5
2.56µm 5.63× 10−4 µg/mL 6.21× 10−4 µg/mL 3.76× 10−4 µg/mL
2.8µm 1.90× 10−4 µg/mL 2.08× 10−4 µg/mL 1.26× 10−4 µg/mL

3.04µm 9.42× 10−5 µg/mL 1.01× 10−4 µg/mL 6.12× 10−5 µg/mL

ε = 0.658, pr = pz = 0.5
2.56µm 7.93× 10−4 µg/mL 7.47× 10−4 µg/mL 4.29× 10−4 µg/mL
2.8µm 3.76× 10−4 µg/mL 3.53× 10−4 µg/mL 2.03× 10−4 µg/mL

3.04µm 2.18× 10−4 µg/mL 2.05× 10−4 µg/mL 1.18× 10−4 µg/mL

ε = 0.5, pr = pz = 0.5
2.56µm 8.38× 10−4 µg/mL 7.06× 10−4 µg/mL 3.91× 10−4 µg/mL
2.8µm 4.38× 10−4 µg/mL 3.70× 10−4 µg/mL 2.06× 10−4 µg/mL

3.04µm 2.67× 10−4 µg/mL 2.27× 10−4 µg/mL 1.26× 10−4 µg/mL

ε = 0.25, pr = pz = 0.5
2.56µm 5.72× 10−4 µg/mL 4.16× 10−4 µg/mL 2.19× 10−4 µg/mL
2.8µm 3.24× 10−4 µg/mL 2.36× 10−4 µg/mL 1.24× 10−4 µg/mL

3.04µm 2.07× 10−4 µg/mL 1.51× 10−4 µg/mL 7.97× 10−5 µg/mL

ε = 0.868, pr = 1, pz = 0.5
2.56µm 8.35× 10−4 µg/mL 8.96× 10−4 µg/mL 5.36× 10−4 µg/mL
2.8µm 3.44× 10−4 µg/mL 3.69× 10−4 µg/mL 2.21× 10−4 µg/mL

3.04µm 1.83× 10−4 µg/mL 1.96× 10−4 µg/mL 1.17× 10−4 µg/mL

ε = 0.658, pr = 1, pz = 0.5
2.56µm 1.35× 10−3 µg/mL 1.24× 10−3 µg/mL 7.06× 10−4 µg/mL
2.8µm 6.97× 10−4 µg/mL 6.48× 10−4 µg/mL 3.71× 10−4 µg/mL

3.04µm 4.19× 10−4 µg/mL 3.92× 10−4 µg/mL 2.25× 10−4 µg/mL

ε = 0.5, pr = 1, pz = 0.5
2.56µm 1.45× 10−3 µg/mL 1.20× 10−3 µg/mL 6.59× 10−4 µg/mL
2.8µm 8.06× 10−4 µg/mL 6.75× 10−4 µg/mL 3.73× 10−4 µg/mL

3.04µm 5.08× 10−4 µg/mL 4.28× 10−4 µg/mL 2.37× 10−4 µg/mL

ε = 0.25, pr = 1, pz = 0.5
2.56µm 9.88× 10−4 µg/mL 7.11× 10−4 µg/mL 3.72× 10−4 µg/mL
2.8µm 5.88× 10−4 µg/mL 4.26× 10−4 µg/mL 2.23× 10−4 µg/mL

3.04µm 3.88× 10−4 µg/mL 2.81× 10−4 µg/mL 1.48× 10−4 µg/mL

Assuming that the AD treatment has a better outcome when donepezil is able to reach
neurons located in close proximity to the BBB [44,45], the maximum drug’s concentrations
at neuronal locations near the BBB are more relevant to the design of neuronal drug delivery
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systems than the average or maximum concentration in the brain region. At this initial
stage, the maximum concentrations of donepezil at arbitrarily chosen locations in the brain
parenchyma near the BBB are calculated. By analyzing the data in Tables 2–5, the following
observations can be made.

Table 3. The values of maxt∈[0,T]C(r, z, t) at various locations (r, z) in the brain parenchyma for
α = 0 and several values of ε, pr, and pz in the presence of BBB transcytosis (C is the solution to
Equation (2)).

Case r z = 0.25µm z = 0.5µm z = 0.75µm

ε = 1, pr = pz = 0.5
2.56µm 1.31× 10−2 µg/mL 1.68× 10−2 µg/mL 1.10× 10−2 µg/mL
2.8µm 1.82× 10−3 µg/mL 2.42× 10−3 µg/mL 1.62× 10−3 µg/mL

3.04µm 2.57× 10−4 µg/mL 3.50× 10−4 µg/mL 2.38× 10−4 µg/mL

ε = 0.868, pr = pz = 0.5
2.56µm 1.56× 10−2 µg/mL 1.92× 10−2 µg/mL 1.26× 10−2 µg/mL
2.8µm 1.95× 10−3 µg/mL 2.47× 10−3 µg/mL 1.65× 10−3 µg/mL

3.04µm 3.61× 10−4 µg/mL 4.57× 10−4 µg/mL 3.05× 10−4 µg/mL

ε = 0.658, pr = pz = 0.5
2.56µm 2.09× 10−2 µg/mL 2.35× 10−2 µg/mL 1.51× 10−2 µg/mL
2.8µm 2.00× 10−3 µg/mL 2.31× 10−3 µg/mL 1.50× 10−3 µg/mL

3.04µm 5.04× 10−4 µg/mL 5.65× 10−4 µg/mL 3.61× 10−4 µg/mL

ε = 0.5, pr = pz = 0.5
2.56µm 2.60× 10−2 µg/mL 2.71× 10−2 µg/mL 1.69× 10−2 µg/mL
2.8µm 1.87× 10−3 µg/mL 1.96× 10−3 µg/mL 1.23× 10−3 µg/mL

3.04µm 5.56× 10−4 µg/mL 5.60× 10−4 µg/mL 3.45× 10−4 µg/mL

ε = 0.25, pr = pz = 0.5
2.56µm 3.74× 10−2 µg/mL 3.28× 10−2 µg/mL 1.90× 10−2 µg/mL
2.8µm 1.27× 10−3 µg/mL 1.12× 10−3 µg/mL 6.50× 10−4 µg/mL

3.04µm 4.37× 10−4 µg/mL 3.70× 10−4 µg/mL 2.11× 10−4 µg/mL

ε = 0.868, pr = 1, pz = 0.5
2.56µm 1.38× 10−2 µg/mL 1.69× 10−2 µg/mL 1.10× 10−2 µg/mL
2.8µm 1.93× 10−3 µg/mL 2.41× 10−3 µg/mL 1.60× 10−3 µg/mL

3.04µm 4.81× 10−4 µg/mL 5.96× 10−4 µg/mL 3.92× 10−4 µg/mL

ε = 0.658, pr = 1, pz = 0.5
2.56µm 1.38× 10−2 µg/mL 1.54× 10−2 µg/mL 9.87× 10−3 µg/mL
2.8µm 2.03× 10−3 µg/mL 2.27× 10−3 µg/mL 1.45× 10−3 µg/mL

3.04µm 7.66× 10−4 µg/mL 8.26× 10−4 µg/mL 5.19× 10−4 µg/mL

ε = 0.5, pr = 1, pz = 0.5
2.56µm 1.21× 10−2 µg/mL 1.25× 10−2 µg/mL 7.82× 10−3 µg/mL
2.8µm 1.90× 10−3 µg/mL 1.91× 10−3 µg/mL 1.18× 10−3 µg/mL

3.04µm 8.33× 10−4 µg/mL 8.04× 10−4 µg/mL 4.85× 10−4 µg/mL

ε = 0.25, pr = 1, pz = 0.5
2.56µm 5.94× 10−3 µg/mL 5.79× 10−3 µg/mL 3.83× 10−3 µg/mL
2.8µm 1.09× 10−3 µg/mL 9.10× 10−4 µg/mL 5.48× 10−4 µg/mL

3.04µm 5.51× 10−4 µg/mL 4.36× 10−4 µg/mL 2.43× 10−4 µg/mL

We observe the following for α = 0:

• The largest amounts of donepezil at all the locations considered in the brain parenchyma
are achieved for ε = 0.5, pr = 1, and pz = 0.5 in the absence of the BBB transcytosis
and for ε = 0.868, and pr = pz = 0.5 when the BBB transcytosis is present;

• The concentrations C at all locations in the brain parenchyma are higher when the
BBB transcytosis happens than when the BBB transcytosis is absent for each of the
considered combinations of values of ε, pr, and pz;

• In the absence of the BBB transcytosis, the concentrations of the drug are higher at all
locations in the brain parenchyma when the radial skewness pr = 1 is considered than
when it is not (pr = 0.5) for each value of ε < 1 and fixed pz = 0.5;

• When the BBB transcytosis is present, the radial skewness pr = 1 does not provide
any advantage over the case pr = 0.5.

We observe the following for α = 0.868:

• The largest amounts of donepezil at all the locations considered in the brain parenchyma
are achieved for ε = 0.5, pr = 1, and pz = 0.5 (comparable values to those for
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ε = 0.658, pr = 1, and pz = 0.5) in the absence of the BBB transcytosis and for ε = 1
and pr = pz = 0.5 when the BBB transcytosis is present;

• The concentrations C at all locations in the brain parenchyma are higher when the
BBB transcytosis happens than when the BBB transcytosis is absent for each of the
considered combinations of values of ε, pr, and pz;

• In the absence of the BBB transcytosis, the concentrations of the drug are higher at all
locations in the brain parenchyma when the radial skewness pr = 1 is considered than
when it is not (pr = 0.5) for each value of ε < 1 and fixed pz = 0.5;

• When the BBB transcytosis is present, the radial skewness pr = 1 does not provide
any advantage over the case pr = 0.5.

The maximum concentrations for the case where α = 0.868 are bigger than the corre-
sponding values for the case where α = 0.

Based on these findings, only the following cases are chosen to show their corresponding
spatio-temporal variations in the drug’s concentrations: ε = 1, pr = pz = 0.5, α ∈ {0, 0868}
(Figures 4 and 5), ε = 0.868, pr = pz = 0.5, α ∈ {0, 0868} (Figures 6 and 7), ε = 0.5,
pr = pz = 0.5, α ∈ {0, 0868} (Figures 8 and 9), and ε = 0.5, pr = 1, pz = 0.5, α ∈ {0, 0868}
(Figures 10 and 11).

Table 4. The values of maxt∈[0,T]C(r, z, t) at various locations (r, z) in the brain parenchyma for
α = 0.868 and several values of ε, pr, and pz, in the absence of the BBB transcytosis (C is the solution
to Equation (5)).

Case r z = 0.25µm z = 0.5µm z = 0.75µm

ε = 1, pr = pz = 0.5
2.56µm 7.34× 10−4 µg/mL 8.94× 10−4 µg/mL 5.54× 10−4 µg/mL
2.8µm 9.68× 10−5 µg/mL 1.24× 10−4 µg/mL 8.05× 10−5 µg/mL

3.04µm 1.31× 10−5 µg/mL 1.74× 10−5 µg/mL 1.16× 10−5 µg/mL

ε = 0.868, pr = pz = 0.5
2.56µm 1.06× 10−3 µg/mL 1.13× 10−3 µg/mL 6.63× 10−4 µg/mL
2.8µm 3.53× 10−4 µg/mL 3.67× 10−4 µg/mL 2.14× 10−4 µg/mL

3.04µm 1.78× 10−4 µg/mL 1.81× 10−4 µg/mL 1.04× 10−4 µg/mL

ε = 0.658, pr = pz = 0.5
2.56µm 1.45× 10−3 µg/mL 1.27× 10−3 µg/mL 6.97× 10−4 µg/mL
2.8µm 6.90× 10−4 µg/mL 5.97× 10−4 µg/mL 3.27× 10−4 µg/mL

3.04µm 4.00× 10−4 µg/mL 3.46× 10−4 µg/mL 1.89× 10−4 µg/mL

ε = 0.5, pr = pz = 0.5
2.56µm 1.46× 10−3 µg/mL 1.14× 10−3 µg/mL 6.06× 10−4 µg/mL
2.8µm 7.63× 10−4 µg/mL 5.92× 10−4 µg/mL 3.16× 10−4 µg/mL

3.04µm 4.64× 10−4 µg/mL 3.60× 10−4 µg/mL 1.92× 10−4 µg/mL

ε = 0.25, pr = pz = 0.5
2.56µm 8.84× 10−4 µg/mL 6.15× 10−4 µg/mL 3.17× 10−4 µg/mL
2.8µm 4.98× 10−4 µg/mL 3.47× 10−4 µg/mL 1.79× 10−4 µg/mL

3.04µm 3.17× 10−4 µg/mL 2.21× 10−4 µg/mL 1.14× 10−4 µg/mL

ε = 0.868, pr = 1, pz = 0.5
2.56µm 1.61× 10−3 µg/mL 1.65× 10−3 µg/mL 9.49× 10−4 µg/mL
2.8µm 6.57× 10−4 µg/mL 6.66× 10−4 µg/mL 3.83× 10−4 µg/mL

3.04µm 3.51× 10−4 µg/mL 3.53× 10−4 µg/mL 2.02× 10−4 µg/mL

ε = 0.658, pr = 1, pz = 0.5
2.56µm 2.54× 10−3 µg/mL 2.16× 10−3 µg/mL 1.17× 10−3 µg/mL
2.8µm 1.30× 10−3 µg/mL 1.11× 10−3 µg/mL 6.05× 10−4 µg/mL

3.04µm 7.74× 10−4 µg/mL 6.65× 10−4 µg/mL 3.63× 10−4 µg/mL

ε = 0.5, pr = 1, pz = 0.5
2.56µm 2.59× 10−3 µg/mL 1.98× 10−3 µg/mL 1.05× 10−3 µg/mL
2.8µm 1.43× 10−3 µg/mL 1.10× 10−3 µg/mL 5.83× 10−4 µg/mL

3.04µm 8.89× 10−4 µg/mL 6.87× 10−4 µg/mL 3.65× 10−4 µg/mL

ε = 0.25, pr = 1, pz = 0.5
2.56µm 1.58× 10−3 µg/mL 1.09× 10−3 µg/mL 5.62× 10−4 µg/mL
2.8µm 9.24× 10−4 µg/mL 6.41× 10−4 µg/mL 3.30× 10−4 µg/mL

3.04µm 6.01× 10−4 µg/mL 4.18× 10−4 µg/mL 2.15× 10−4 µg/mL
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Table 5. The values of maxt∈[0,T]C(r, z, t) at various locations (r, z) in the brain parenchyma for
α = 0.868 and several values of ε, pr, and pz, in the presence of the BBB transcytosis (C is the solution
to Equation (2)).

Case r z = 0.25µm z = 0.5µm z = 0.75µm

ε = 1, pr = pz = 0.5
2.56µm 2.11× 10−2 µg/mL 2.65× 10−2 µg/mL 1.71× 10−2 µg/mL
2.8µm 2.86× 10−3 µg/mL 3.77× 10−3 µg/mL 2.51× 10−3 µg/mL

3.04µm 3.98× 10−4 µg/mL 5.39× 10−4 µg/mL 3.66× 10−4 µg/mL

ε = 0.868, pr = pz = 0.5
2.56µm 2.43× 10−2 µg/mL 2.87× 10−2 µg/mL 1.83× 10−2 µg/mL
2.8µm 2.94× 10−3 µg/mL 3.65× 10−3 µg/mL 2.40× 10−3 µg/mL

3.04µm 5.28× 10−4 µg/mL 6.63× 10−4 µg/mL 4.38× 10−4 µg/mL

ε = 0.658, pr = pz = 0.5
2.56µm 3.03× 10−2 µg/mL 3.19× 10−2 µg/mL 1.97× 10−2 µg/mL
2.8µm 2.81× 10−3 µg/mL 3.10× 10−3 µg/mL 1.95× 10−3 µg/mL

3.04µm 7.17× 10−4 µg/mL 7.59× 10−4 µg/mL 4.69× 10−4 µg/mL

ε = 0.5, pr = pz = 0.5
2.56µm 3.53× 10−2 µg/mL 3.39× 10−2 µg/mL 2.02× 10−2 µg/mL
2.8µm 2.46× 10−3 µg/mL 2.44× 10−3 µg/mL 1.48× 10−3 µg/mL

3.04µm 7.56× 10−4 µg/mL 7.00× 10−4 µg/mL 4.13× 10−4 µg/mL

ε = 0.25, pr = pz = 0.5
2.56µm 4.43× 10−2 µg/mL 3.64× 10−2 µg/mL 2.05× 10−2 µg/mL
2.8µm 1.47× 10−3 µg/mL 1.23× 10−3 µg/mL 6.96× 10−4 µg/mL

3.04µm 5.13× 10−4 µg/mL 4.07× 10−4 µg/mL 2.26× 10−4 µg/mL

ε = 0.868, pr = 1, pz = 0.5
2.56µm 2.17× 10−2 µg/mL 2.54× 10−2 µg/mL 1.61× 10−2 µg/mL
2.8µm 2.94× 10−3 µg/mL 3.59× 10−3 µg/mL 2.33× 10−3 µg/mL

3.04µm 7.27× 10−4 µg/mL 8.78× 10−4 µg/mL 5.67× 10−4 µg/mL

ε = 0.658, pr = 1, pz = 0.5
2.56µm 2.03× 10−2 µg/mL 2.11× 10−2 µg/mL 1.29× 10−2 µg/mL
2.8µm 2.96× 10−3 µg/mL 3.09× 10−3 µg/mL 1.89× 10−3 µg/mL

3.04µm 1.16× 10−3 µg/mL 1.15× 10−3 µg/mL 6.85× 10−4 µg/mL

ε = 0.5, pr = 1, pz = 0.5
2.56µm 1.65× 10−2 µg/mL 1.56× 10−2 µg/mL 9.24× 10−3 µg/mL
2.8µm 2.62× 10−3 µg/mL 2.40× 10−3 µg/mL 1.40× 10−3 µg/mL

3.04µm 1.21× 10−3 µg/mL 1.04× 10−3 µg/mL 5.92× 10−4 µg/mL

ε = 0.25, pr = 1, pz = 0.5
2.56µm 6.83× 10−3 µg/mL 5.86× 10−3 µg/mL 3.85× 10−3 µg/mL
2.8µm 1.31× 10−3 µg/mL 9.93× 10−4 µg/mL 5.51× 10−4 µg/mL

3.04µm 7.13× 10−4 µg/mL 5.11× 10−4 µg/mL 2.70× 10−4 µg/mL

The spatial variations in the concentrations C at 30 min, 60 min, and 120 min after
oral administration of donepezil in the absence of the BBB transcytosis have similar pat-
terns for α = 0 and ε = 1, pr = pz = 0.5 (Figure 4A(a–c)), ε = 0.868, pr = pz = 0.5
(Figure 6A(a–c)), ε = 0.5, pr = pz = 0.5 (Figure 8A(a–c)), and, respectively, for α = 0.868
and ε = 1, pr = pz = 0.5 (Figure 4C(a–c)), ε = 0.868, pr = pz = 0.5 (Figure 6C(a–c)),
ε = 0.5, pr = pz = 0.5 (Figure 8C(a–c)). As the time increases, the transport along the
longitudinal direction is faster for α = 0.868 (Figures 4C(a–c), 6C(a–c), and 8C(a–c)) than
for α = 0 (Figures 4A(a–c), 6A(a–c), and 8A(a–c)) for each of the combinations of the values
of ε, pr, and pz mentioned above. Although the spatial variations in the concentrations
C at 30 min, 60 min, and 120 min after oral administration of donepezil in the absence of
the BBB transcytosis for ε = 0.5, pr = 1, pz = 0.5, shown in Figure 10A(a–c),C(a–c), look
different from those discussed above, similar behavior is observed. The faster decline of C
in the radial direction inside the capillary lumen is due to the radially outward skewness
(pr = 1, qr = 0). On the other hand, the sharp decreases in time of the tempo-radial
variations in the concentrations C at z = 0.25µm, z = 0.5µm, and z = 0.75µm in the
absence of the BBB transcytosis are similar for both cases α = 0 and α = 0.868 when
pr = pz = 0.5 (Figures 4A(d–f),C(d–f), 6A(d–f),C(d–f), and 8A(d–f),C(d–f)). However,
for ε = 0.5, pr = 1, pz = 0.5 the tempo-radial surfaces have sharp decreases in time and
fast radial declines near the lumen center, followed by almost constant regions and then
faster radial decreases near the lumen–brain interface, highlighting again the effect of the
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radially outward skewness (Figure 10A(d–f),C(d–f)). Lastly, Figures 4B,D, 6B,D, 8B,D, and
10B,D show that in the presence of the BBB transcytosis, second hills appear inside the
brain parenchyma near the BBB–brain interface that become higher at later times and with
increasing values of z. Again, a faster decrease in drug concentration is observed for the
case where α = 0.868 than the case where α = 0.

Figure 4. Results for ε = 1, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the absence
(A,C) or in the presence (B,D) of the BBB transcytosis. Spatial variations in concentration C at three
fixed times are shown in plots (a–c), and variations in C in time and along the radial direction at fixed
locations along the capillary lumen are shown in plots (d–f).

Figures 5, 7, 9, and 11 show temporal variations in the concentration C at selected
locations (r, z) in the lumen and, respectively, the brain parenchyma. The plots show
that after it reaches a maximum the concentration C in the brain parenchyma decreases
slower with time in the presence of the BBB transcytosis than when the BBB transcytosis
is absent, and the decrease becomes slower as ε decreases. As expected (see Figure 3b),
the shapes of the concentrations C in the brain parenchyma are narrower for the case where
α = 0.868 (Figures 5C,D, 7C,D, 9C,D, and 11C,D) than the case where α = 0 (Figures 5A,B,
7A,B, 9A,B, and 11A,B) for each of the chosen combinations of the values of ε, pr, and pz
regardless of whether the BBB transcytosis is present or not.

Lastly, for ε = 1, pr = pz = 0.5 the drug’s concentration decreases fast inside the
brain parenchyma away from the BBB–brain interface in both scenarios—the absence and
the presence of BBB transcytosis (Figure 5A(d–f)–D(d–f)). However, for ε < 1 a more
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gradual decrease in concentration is observed inside the brain parenchyma in the absence
or the presence of the BBB transcytosis (Figures 7A(d–f)–D(d–f), 9A(d–f)–D(d–f), and
11A(d–f)–D(d–f)).

Figure 5. Results for ε = 1, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the absence
(A,C) or in the presence (B,D) of the BBB transcytosis. Temporal variations in concentration C at
various fixed locations in the capillary lumen (a–c) and brain parenchyma (d–f).

The convergence of the numerical scheme was also studied for the case where α = 0,
ε = 0.868, and pr = pz = 0.5 in the presence of the BBB transcytosis. The combined
space–time convergence was investigated for the following step sizes: S1 = {∆ r = 0.16,
∆ z = 0.05, ∆ t = 1.2}, S1/2 = {∆ r = 0.08, ∆ z = 0.025, ∆ t = 0.6} and S1/4 = {∆ r = 0.04,
∆ z = 0.0125, ∆ t = 0.3}, and the time step size convergence was studied for the fixed
spatial step sizes ∆ r = 0.08, ∆ z = 0.025 and the time step sizes ∆ t1 = 1.2, ∆ t1/2 = 0.6,
and ∆ t1/4 = 0.3. Let C(Si) and C(∆ ti) denote the numerical solutions for the step sizes
Si and, respectively, ∆ ti for i ∈ {1, 1/2, 1/4}. Then, the following relative errors were
calculated [46]:

E1 =
‖C(S1)− C(S1/4)‖
‖C(S1/4)‖

, E1/2 =
‖C(S1/2)− C(S1/4)‖

‖C(S1/4)‖
,
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and, respectively,

e1 =
‖C(∆ t1)− C(∆ t1/4)‖

‖C(∆ t1/4)‖
, e1/2 =

‖C(∆ t1/2)− C(∆ t1/4)‖
‖C(∆ t1/4)‖

,

where ‖‖̇ denotes the Frobenius norm. Lastly, the orders of convergence were also calcu-
lated as

pS = log2

(
‖C(S1)− C(S1/2)‖
‖C(S1/2)− C(S1/4)‖

)
, p∆ t = log2

(
‖C(∆ t1)− C(∆ t1/2)‖
‖C(∆ t1/2)− C(∆ t1/4)‖

)
.

The results of these calculations are shown in Table 6. The combined space–time conver-
gence and the time step size convergence are linear since pS ≈ 1, p∆ t ≈ 1.

Table 6. Relative errors and orders of convergence for combined space–time convergence and time
step size convergence, respectively.

Combined Space–Time Time Step Size

E1 = 0.0719 e1 = 0.003
E1/2 = 0.0266 e1/2 = 0.001

pS = 1.1387 ≈ 1 p∆ t = 1.001 ≈ 1

Figure 6. Results for ε = 0.868, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the
absence (A,C) or in the presence (B,D) of the BBB transcytosis. Spatial variations in concentration C
at three fixed times are shown in plots (a–c), and variations in C in time and along the radial direction
at fixed locations along the capillary lumen are shown in plots (d–f).
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Figure 7. Results for ε = 0.868, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the
absence (A,C) or in the presence (B,D) of the BBB transcytosis. Temporal variations in concentration
C at various fixed locations in the capillary lumen (a–c) and brain parenchyma (d–f).

Using step sizes S1/4 was computationally expensive even for one case, and therefore
the step sizes S1/2 were used instead.

Figure 8. Cont.
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Figure 8. Results for ε = 0.5, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the absence
(A,C) or in the presence (B,D) of the BBB transcytosis. Spatial variations in concentration C at three
fixed times are shown in plots (a–c), and variations in C in time and along the radial direction at fixed
locations along the capillary lumen are shown in plots (d–f).

Figure 9. Results for ε = 0.5, pr = pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the absence
(A,C) or in the presence (B,D) of the BBB transcytosis. Temporal variations in concentration C at
various fixed locations in the capillary lumen (a–c) and brain parenchyma (d–f).
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Figure 10. Results for ε = 0.5, pr = 1, pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the
absence (A,C) or in the presence (B,D) of the BBB transcytosis. Spatial variations in concentration C
at three fixed times are shown in plots (a–c), and variations in C in time and along the radial direction
at fixed locations along the capillary lumen are shown in plots (d–f).

Figure 11. Cont.
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Figure 11. Results for ε = 0.5, pr = 1, pz = 0.5, and α = 0 (A,B) and α = 0.868 (C,D) either in the
absence (A,C) or in the presence (B,D) of the BBB transcytosis. Temporal variations in concentration
C at various fixed locations in the capillary lumen (a–c) and brain parenchyma (d–f).

4. Discussion

In this paper, a mathematical model of donepezil hydrochloride transport to a brain
with AD after oral administration is proposed. The model assumes anomalous diffusion of
the drug through a blood–brain region within the cerebral capillary bed and two scenarios:
(1) the BBB transcytosis is present, and (2) the absence of the BBB transcytosis, describing the
BBB disintegration seen in later stages of AD. The anomalous diffusion is due to the presence
of structural damage and accumulation of harmful waste in the brain caused by AD and is
modeled as Lévy flights characterized by self-similar clusters of local sojourns connected
through long jumps [47]. Numerical simulations show that a functional BBB transcytosis
can increase the drug’s concentration deeper in the brain parenchyma, which supports
ongoing pharmacological efforts [4,7,10]. Using the maximum drug concentrations at
various locations in the brain parenchyma predicted by the model, the following drug
delivery schemes tailored to AD severity emerge: 1) α = 0, ε = 0.868, pr = pz = 0.5 or
α = 0.868, ε = 1, pr = pz = 0.5 for early stages of AD when the BBB transcytosis is still
functional, and 2) α = 0, ε = 0.5, pr = 1, pz = 0.5 or α = 0.868, ε = 0.5, pr = 1, pz = 0.5
for late stages of AD when the BBB transcytosis is likely damaged. However, since the
drug’s clearance durations are shorter in the case where α = 0.868 than in the case where
α = 0, the drug administration frequency will have to be higher for α = 0.868 to obtain an
effective treatment which, combined with the fact that the maximum drug concentrations
are greater for α = 0.868 than for α = 0, may lead to increased adverse effects. Therefore,
using α = 0, ε = 0.868, pr = pz = 0.5 for early AD and α = 0, ε = 0.5, pr = 1, pz = 0.5
for severe AD may be preferable. Since for a Lévy flight with index ε + 1, 0 < ε < 1 its
jump length probability density function decays asymptotically like a long-tailed inverse
power-law function σ1+ε/|x|2+ε (x stands for a generic spatial length), the jump length
develops a longer tail as ε decreases. This means that treatment efficacy is achieved for
either Lévy flights with index 1.868 combined with the BBB transcytosis (early stages of
AD) or for Lévy flights with index 1.5 and radially outward skewness pr = 1 when the BBB
transcytosis is absent (late stages of AD).

These findings may inspire the development of novel brain-targeted drug delivery
methods that may be useful for treating not only AD but also other brain diseases. In recent
years, various strategies for using the BBB transcytosis and other mechanisms of BBB
regulation and crossings have been developed for drug delivery to the brain [7,9–11,48–50].
For instance, some methods focus on the temporary and reversible opening of the BBB using
optical, electrical, or mechanical stimulation [48]. While these are promising approaches for
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treating certain brain diseases, they may be problematic for AD treatment for the following
reasons: (1) the structural integrity and functionality of the BBB in a brain with AD are
compromised and potentially more prone to damage from physical stimulation, (2) the
opening of the BBB will allow for more Aβ fibrils and other neurotoxins to enter the brain,
thus intensifying AD progression, and (3) physical stimulation may damage astrocytes’
endfeet, hindering their contributions to clearing waste and regulating neuroimmune
responses [4,9]. Other drug delivery methods for brain targeting use nanocarriers with
customized architectures and compositions that are engineered to control drug release by
following a set of programmed protocols and/or by dynamically receiving and processing
specific biochemical signals of the bodily structures (including the BBB) the carriers travel
through [50]. These systems may be more suitable for AD treatment. For example, it was
shown in [51] that a dual-functional nanoparticle drug delivery system for BBB transport
and Aβ targeting was able to successfully deliver a β-sheet breaker peptide to the brain in
an AD mouse model. Also, ApoE-targeted and donepezil-loaded nanoparticles can use the
binding of ApoE with BBB receptors to cross the BBB in a co-culture model of the BBB [18].
A comprehensive review of BBB-targeted drug delivery systems that could help with the
AD treatment by increasing the Aβ clearance across the BBB, recovering the structural
intergrity and functionality of the BBB, or decreasing neuroinflammation is given in [9].
It is also worth mentioning the therapies used for BBB tissue repair after stroke reviewed
in [52], since they may be relevant to the AD treatment of some patients. Neuroimaging
and cerebrospinal fluid biomarkers could be used to assess not only the BBB disintegration
with AD but also the BBB restoration after treatment [4].

Figure 12 shows a naive schematic for a multi (BBB and brain)-targeted drug delivery
system that combines ligand functionalization, specialized coating, and information about
the spatial distribution of relevant structures extracted from images of cerebral vasculature
and the BBB [53,54] and brain ECS [55,56]. Lévy jumps could be practically achievable via
a mixture of ligands attached to the drugs’ molecules. The ligands have various lengths
estimated from the above-mentioned images and different binding affinities. The lengths
and binding strengths of the ligands relate to parameters ε and pr, pz, respectively, of the
proposed model. This complex nanocarrier may be manufactured using 3D printing [57].

Figure 12. Naive schematic of a nanocarrier for combined BBB and neuronal targeting made of a
layer protecting the digestive system (blue circle) and a layer able to cross the BBB via transcytosis
(black rectangle) filled with donepezil molecules (black circles) with ligands (black lines) that bind to
receptors of neurons near capillaries; donepezil molecules with mixed ligands that allow for BBB
crossing (red lines) and binding to receptors of neurons near the BBB (black lines); and molecules of
drugs preserving the BBB integrity (red circles with red ligands that bind to BBB-specific receptors).

One major challenge with the proposed model is finding the values of the physical
parameters in vivo. The values of k12, k20, k23, k30, Vblood, and Vbrain in Table 1 are taken
from [24], where mice received donepezil solutions orally by gastrogavage and then the
donepezil amounts were extracted from serum and brain tissue samples collected from the
mice at specific time points. The process of collecting the samples involved the following
steps: sacrificing the mice, collecting the blood by submandibular bleeding of mice followed
by separating the serum by centrifugation, total body perfusion followed by brain dissection
and homogenization, and extracting the donepezil amounts by vortexing the serum and
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homogenized brain tissue samples. The data were analyzed and fitted to compartmental
pharmacokinetic models using the software NONMEM 7.4 (NONlinear Mixed Effects
Modeling). A three-compartment model that contains the above-mentioned parameters
was found to best describe the data (for the sake of completeness, the equations of the
model are given in Appendix A). In [23], a water-in-oil emulsion technique was used to
prepare donepezil hydrochloride-encapsulated sodium alginate microspheres that can be
administered orally. Studies of in vitro drug release from the microspheres were performed
and the cumulative (temporal) release data were fitted to the power law (Ritger–Peppas)
model. The drug release follows a Fickian diffusion pattern if the exponent of release is less
than or equal to 0.5, and an anomalous (non-Fickian) diffusion pattern if the exponent of
release is strictly greater than 0.5 and less than 1. The values of the exponents of release
reported in [23] were assigned to the parameters α and ε (although the model proposed in
this paper does not describe the experiments in [23], the only commonality between them is
the anomalous diffusion aspect). Lastly, diffusion coefficients in the microspheres were also
calculated in [23] using swelling experiments. Since diffusion coefficients of donepezil in
the blood, BBB, and brain ECS are not reported in the literature even for Fickian transport,
it is assumed that the generalized diffusion coefficient D takes one of the values of the
diffusion coefficient for drug release reported in [23]. A parameter sensitivity analysis is
beyond the scope of this paper because, at this stage of research, the focus is on the effects
of the anomalous diffusion and BBB transcytosis on the spatio-temporal variations in the
donepezil’s concentration that are essential for the accurate delivery of drugs targeting
neurons. The parameters taken from [24] were validated experimentally, so they will not
be discussed further. Some comments on the diffusion coefficient will be given in the
next paragraph.

Although the diffusion coefficient of a drug is a critical parameter that controls the
availability and distribution of the drug in the body, there are relatively few published
studies reporting diffusion coefficients of drugs because they are rather difficult to find
experimentally. Various experimental modalities for measuring and formulas for calcu-
lating diffusion coefficients of nanoparticles in brain ECS were reviewed in [58] (see also
a more recent review in [55]) and could potentially be used to find diffusion coefficients
of nanoparticles in the blood and BBB in a brain with AD. According to [58], the effective
diffusion coefficient D̃∗ of the brain ECS is

D̃∗ =
D̃w

λ2 , (10)

where D̃w is the classic free diffusion coefficient of nanoparticles diffusing through pure
water and λ is the tortuosity of the ECS which, for a mouse model of AD, was found to be
λ = 1.52 (Table 7 in [58]). The Stokes–Einstein equation may be used to calculate the classic
diffusion coefficient D̃, but, according to [59], the equation may not be applicable to the
orally administered solution used in [24] since the donepezil diameter in the solution is
at most 100 nm while the equation is valid for diameters above 150 nm. However, for the
nanoparticles containing donepezil used in [20], the Stokes–Einstein equation is valid since
the average diameter of these nanoparticles is 270 nm. The Stokes–Einstein equation is as
follows [60] (see also [58,59]):

D̃ =
kBT

3π η dn
, (11)

where kB = 1.38× 10−23 J K−1 is the Boltzmann’s constant; T is the temperature, which
for the brain is T = 37 ◦C; η is the dynamic viscosity of the medium, which for pure
water at 37 ◦C is η = 0.69 mPa · s; and dn is the diameter of the nanoparticle, which here
is taken to be dn = 270 nm. Performing the calculations in Formulas (11) and (10) gives
D̃w = 146µm2/min and D̃∗ = 63.2µm2/min. Also, the dynamic viscosity of blood at
37 ◦C is η = 2.78 mPa · s [61], which is within the range for viscosities for which the Stokes–
Einstein equation is valid [59]. Thus, the diffusion coefficient of the nanoparticles in [20]
diffusing through blood can be calculated using the Stokes–Einstein Equation (11) and



Fractal Fract. 2024, 8, 496 22 of 25

has the value D̃blood = 36.2µm2/min. These calculations show not only that the classic
diffusion coefficients of nanoparticles with donepezil in the blood and brain ECS could be
orders of magnitude higher than the diffusion coefficients of donepezil in carriers reported
in [23] but also that these diffusion coefficients may not have the same value. It is very
likely that these observations on the classic diffusion coefficients will remain valid for
the generalized diffusion coefficients of donepezil. If the diffusion coefficient in Table 1
is increased by a factor 104 (so its value is approximately equal to D̃∗), then the drug’s
concentrations predicted by the proposed model decrease by a factor of about 103. The
model does not work for a non-constant generalized diffusion coefficient. Lastly, it is
worth mentioning the work in [62], where the diffusion coefficients of some drugs in an
unstirred aqueous environment were found using data obtained by UV visible spectroscopy
which were fitted to the classic diffusion equation. By tailoring the cuvette geometry so
that it looks like the capillary lumen, the BB,B and the brain ECS [53–56] and using the
approach in [62], the data could be fitted to the one-dimensional form of the non-local
diffusion Equation (2) (without the sink and source terms) to find the generalized diffusion
coefficients D of donepezil in the regions of interest (capillary lumen, the BBB, and the
brain ECS) and corresponding parameters ε. The model will have to be adjusted to properly
account for non-constant values of D and ε not only in different regions but also along
different directions. Ultimately, variable-order fractional operators may have to replace the
constant-order fractional derivatives used in Formula (3) since some studies showed that
anomalous diffusion through an inhomogeneous porous medium or a medium with prede-
fined diffusion patterns is not well described by constant-order fractional operators [63].
To account for other AD-specific processes, such as neuroinflammation dynamics and the
growth of the Aβ plaques, the model’s parameters, which are currently constants, could
become functions of physical quantities predicted by other models and new coupling terms
could be added to the equations of the considered models.

Presently, there are no published studies that could be used to validate the proposed
model. Spatial averages over the blood and brain regions of the donepezil concentrations
predicted by the model cannot be compared to the experimental data in [24] since the
model considers a small brain region near one cerebral capillary, while the donepezil
amounts in [24] were estimated from whole blood and (homogenized and fixed) brain
tissue volumes. Hopefully, this work will inspire new studies of transport to the brain of
donepezil or other brain-targeted drugs that will measure drug concentrations not only at
various time points but also at different locations in a brain.

5. Conclusions

In this paper, a mathematical model of the AD drug donepezil hydrochloride’s trans-
port to the brain after oral administration is proposed. The model describes the anomalous
diffusion of the drug through a blood–brain region within the cerebral capillary bed,
and either a functional BBB transcytosis for earlier stages of AD or the absence of the BBB
transcytosis for later stages of AD. The anomalous diffusion is modeled as Lévy flights
with index ε + 1, 0 < ε < 1 and represented mathematically by spatial Riemann–Liouville
fractional derivatives of order ε. Numerical simulations suggest that, to obtain a better
treatment, the drug delivery and release modalities should depend on the BBB transcytosis
functionality and anomalous diffusion and be tailored to the AD severity. These results
may inspire new drug nanocarriers for improved AD treatments.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.



Fractal Fract. 2024, 8, 496 23 of 25

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript, or
in the decision to publish the results.

Abbreviations
The following abbreviations are used in this manuscript:

AD Alzheimer’s Disease
BBB Blood–Brain Barrier
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Appendix A

In [24], the compartmental pharmacokinetic modeling and fitting to experimental
data were performed using the software NONMEM 7.4 and, therefore, the equations of the
population models that describe best the data were not given. To make the presentation
comprehensive and highlight the original contributions of this paper, the equations of the
three-compartment model described in [24] are presented further.

ċd(t) = −k12 cd(t)

ċblood(t) = k12 cd(t)− (k20 + k23 + k24) cblood(t) + k42 cp(t)

ċbrain(t) =
Vblood
Vbrain

k23 cblood(t)− k30 cbrain(t)

ċp(t) = k24 cblood(t)− k42 cp(t),

where the symbol ˙ denotes the first-order temporal derivative, and cd, cblood, cbrain, and
cp are the drug’s concentrations in the depot, blood, brain, and peripheral compartments,
respectively. Since the system is linear, an exact solution can be found:

cd
cblood
cbrain

cp

 =
4

∑
i=1

ci vi exp(λi t),

where λi, i ∈ {1, 2, 3, 4} are the eigenvalues of the system’s matrix, vi, i ∈ {1, 2, 3, 4} are
the corresponding eigenvectors, and ci, i ∈ {1, 2, 3, 4} are constants of integration.
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62. Pio di Cagno, M.; Clarelli, F.; Våbenø, J.; Lesley, C.; Rahman, S.D.; Cauzzo, J.; Franceschinis, E.; Realdon, N.; Stein, P.C. Experi-

mental determination of drug diffusion coefficients in unstirred aqueous environments by temporally resolved concentration
measurements. Mol. Pharm. 2018, 15, 1488–1494. [CrossRef] [PubMed]

63. Atangana, A.; Secer, A. A note on fractional order derivatives and table of fractional derivatives of some special functions. Abstr.
Appl. Anal. 2013, 2013, 279681. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1177/0271678X19873658
http://www.ncbi.nlm.nih.gov/pubmed/31495298
http://dx.doi.org/10.3389/fncel.2020.618986
http://dx.doi.org/10.1061/(ASCE)1084-0699(2006)11:1(80)
http://dx.doi.org/10.1016/j.jcp.2009.02.011
http://dx.doi.org/10.1523/JNEUROSCI.3287-09.2009
http://dx.doi.org/10.1080/21688370.2020.1840913
http://www.ncbi.nlm.nih.gov/pubmed/33190576
http://dx.doi.org/10.1088/0305-4470/37/31/R01
http://dx.doi.org/10.1186/s12987-023-00489-2
http://dx.doi.org/10.2217/nnm-2020-0088
http://dx.doi.org/10.1186/s12951-024-02511-7
http://www.ncbi.nlm.nih.gov/pubmed/38760847
http://dx.doi.org/10.1016/j.jconrel.2014.07.050
http://dx.doi.org/10.1177/20417314241226551
http://dx.doi.org/10.1007/s00401-009-0498-z
http://www.ncbi.nlm.nih.gov/pubmed/19234858
http://dx.doi.org/10.1038/s41598-018-35976-2
http://dx.doi.org/10.3389/fnins.2020.570750
http://dx.doi.org/10.1038/s41592-023-01866-3
http://dx.doi.org/10.3390/nano11020420
http://dx.doi.org/10.1152/physrev.00027.2007
http://dx.doi.org/10.1098/rsos.170507
http://dx.doi.org/10.1080/14786440509463331
https://wiki.anton-paar.com/us-en/whole-blood/
http://dx.doi.org/10.1021/acs.molpharmaceut.7b01053
http://www.ncbi.nlm.nih.gov/pubmed/29462563
http://dx.doi.org/10.1155/2013/279681

	Introduction
	Mathematical Modeling
	Model Formulation
	Numerical Discretization

	Results
	Discussion
	Conclusions
	Appendix A
	References

