f

[

fractal and fractional

Article

On One Point Singular Nonlinear Initial Boundary Value
Problem for a Fractional Integro-Differential Equation via Fixed

Point Theory

Said Mesloub *{*, Eman Alhazzani and Hassan Eltayeb Gadain

check for
updates

Citation: Mesloub, S.; Alhazzani, E.;
Gadain, H.E. On One Point Singular
Nonlinear Initial Boundary Value
Problem for a Fractional Integro-
Differential Equation via Fixed Point
Theory. Fractal Fract. 2024, 8, 526.
https://doi.org/10.3390/
fractalfract8090526

Academic Editor: Ivanka Stamova

Received: 4 August 2024
Revised: 29 August 2024
Accepted: 4 September 2024
Published: 10 September 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Mathematics Department, College of Science, King Saud University, P.O. Box 2455, Riyadh 11451, Saudi Arabia;
442204636@student.ksu.edu.sa (E.A.); hgadain@ksu.edu.sa (H.E.G.)
* Correspondence: mesloub@ksu.edu.sa

Abstract: In this article, we focus on examining the existence, uniqueness, and continuous depen-
dence of solutions on initial data for a specific initial boundary value problem which mainly arises
from one-dimensional quasi-static contact problems in nonlinear thermo-elasticity. This problem
concerns a fractional nonlinear singular integro-differential equation of order 6 € [0, 1]. The primary
methodology involves the application of a fixed point theorem coupled with certain a priori bounds.
The feasibility of solving this problem is established under the context of data related to a weighted
Sobolev space. Furthermore, an additional result related to the regularity of the solution for the
formulated problem is also presented.

Keywords: integro-differential equation; fixed point theorem; fractional singular nonlinear problem;
a priori bound; well-posedness; regularity of solution
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1. Introduction

In recent years, both linear and nonlinear fractional as well as integer order partial
differential equations have gained significant interest in theoretical and applied mathe-
matics. This surge in attention, spanning over the last three decades, is primarily due
to the instrumental role these equations play in modeling a great number of phenomena
across various scientific and engineering disciplines. The inclusion of an integral compo-
nent within these equations introduces a unique aspect, often interpreted as a memory
or damping term, enriching the complexity and applicability of the models. The problem
(1)-(3) models a general one-dimensional quasi-static contact problem in fractional thermo-
elasticity (thermo-elasticity that uses the fractional heat equation with a Bessel operator).
For ample information, the reader can refer to [1] and the references therein. We also men-
tion that one-dimensional quasi-static contact problems for an integro-differential equation
typically arise also in the context of solid mechanics, particularly when dealing with the
contact between elastic or viscoelastic materials. The term quasi-static implies that the time-
dependent effects are slow enough that inertial forces can be neglected, so the problem is
treated as a series of static problems over time. We physically interpret the one-dimensional
quasi-static contact problem by considering two bodies in contact along a single dimension
(e.g., along a line or axis). The contact may involve compression, adhesion, friction, or other
physical interactions between the two bodies. The integro-differential equation describes
how the displacement (or other relevant physical quantities, such as stress or strain) varies
with position along this dimension and over time, considering both local effects (differential
terms) and nonlocal effects (integral terms). The study of integro-differential equations has
thus become a focal point for researchers specializing in ordinary and partial differential
equations, driven by the equations’ extensive applications in diverse scientific domains.
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These applications range from heat transfer to viscoelasticity, diffusion processes, and
even epidemiology, as evidenced by numerous studies [2-14]. The profound impact of
fractional integro-differential equations in physical and engineering sciences underscore
their significance. The study of singular integro-differential equations has revealed a gap in
various research outcomes, primarily due to the complexity and diverse nature of these
equations. Singular integro-differential equations are characterized by their singularities,
either in the coefficients, the integral part, or in the solution itself, making them significantly
more challenging to analyze and solve compared to regular integro-differential equations.
One of the key gaps is the inconsistency in theoretical results related to the existence and
uniqueness of solutions. While some studies have successfully established these properties
under certain conditions, others have found that slight variations in the equation or bound-
ary conditions can lead to completely different outcomes. This variability is often attributed
to the nature and type of singularities involved. Another gap is observed in the numerical
methods used to solve these equations. Different approaches yield varying degrees of
accuracy and efficiency, and in some cases, certain methods fail to converge or produce
reliable results. Furthermore, the application of singular integro-differential equations
in modeling real-world phenomena also presents discrepancies. Models developed for
similar phenomena using these equations sometimes yield divergent results, reflecting the
sensitivity of the equations to initial conditions and parameter values. In summary, the
gaps in research on singular integro-differential equations are evident in the theoretical
understanding of their properties, the efficacy and reliability of numerical methods, and
the application of these equations in practical situations. For an in-depth understanding of
the qualitative properties of solutions of fractional integro-differential equations, especially
those with local and nonlocal boundary conditions encompassing aspects like existence,
uniqueness, continuous dependence, stability, and controllability, a comprehensive review
of the literature is available in references [15-28]. This body of work provides essential
insights into the complex nature of these equations and their practical implications in
various fields.

Recent studies have made significant progress in understanding the well-posedness
of nonlocal initial boundary value problems for singular integro-differential equations.
These studies contribute significantly to the understanding of nonlocal initial boundary
value problems for singular integro-differential equations, providing insights into their
well-posedness and solution methodologies [29-31].

In the rectangle Qr = (0,1) x [0, T|, where 0 < T < oo, we consider the fractional
nonlinear singular second-order integro-differential equation

20 190 T
90— 55— 5 +6=max /119(17,t)d17,0 4 B(x, 1), 1)
0

where 970 indicates the right Caputo fractional derivative of order ¢, 0 < ¢ < 1[32] given
by

1] 6(0)
ate_l"(l—a)o/(t—r)”dT' vt € [0, ).

The Equation (1) is supplemented by the initial condition

6(x,0) = Z(x), x € (0,1), 2)
and the one-point boundary condition

0.(1,t)=0, te]0,T], (3)

where Z(x) € W},((0,1)), and g € L*(0, T; L*(0, 1))
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In Section 2, we will introduce several function spaces and tools that will be frequently
utilized in the subsequent sections. Section 3 focuses on proving the uniqueness of the
solution for the given problem within a specific fractional Sobolev space. In Section 4, we
demonstrate the existence of a solution, with the proof primarily relying on the Schauder
fixed point theorem. Finally, in the last section, we derive an a priori bound, which can
assist in establishing certain regularity results for the solution to the problem described in
Equations (1)—(3).

2. Notations and Preliminaries

Lemma 1 ([33]). Let a nonnegative absolutely continuous function P (t) satisfy the inequality
COHP(t) <CP(t) +k(t), O<a<l,

for almost all t € [0, T], where C is positive and k(t) is an integrable nonnegative function on [0, T].
Then,

P(t) < P(0)Ex(Ct*) + I'(a)Eno(Ct*) Dy “k(t),
where

0 xn o)
E,(x) = —— , and Ez,(x) =
«(x) ngbl"(zxn+1) (%) ng;o

are the Mittag—Leffler functions.

x'rl

[(n+a)

Lemma 2 ([33]). For any absolutely continuous function v(t) on [0, T|, the following inequality
holds:

C
mﬁwmnz%w&@,o<a<x

Lemma 3 ([33]). For F € L? (O, T; LZP(O, 1)) , the following inequality holds:

t
B toc 1
I I 01 /HPHLZ o)

To study the problem (1)~(3), we use some important function spaces: Let L? (0, T; L% (0.1 )) ,
L? (O, T; L%(O.l)) be the weighted Hilbert spaces of square integrable functions on Qr with

v = x%,and p = x. The inner products in L? (O T;12 5(0. 1)) L? (O, T; L{%(O.l)) are, respec-
tively, denoted by (.,.) 12(0,T;12(0.1)) () 120,712 2(01) such that

T
(u, v)Lz(OTLz / [(01) dx, k(x) =,p.
0

We also introduce the fractional derivative spaces: the space 12 (O, T; Hg(O,l)) to be
the space of functions U € L2 (0, T; L%(O.l)) having o-order Caputo derivative of U €
L2 (O, T; L%(O.l)) , having the norm

2 2 2
| u ||L2(0,T;Hg(0,1)) =u ||L2(0,T;Lg(o.1)) +[loru HLZ(O,T;L%(O.l))’
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and the space L? (0, T; H%"T(O, 1)) to be the space of functions V € L? (0, T; L% (0.1)) such that

Vi, Vix € L2 (0, T; L% (0.1)) and having c-order Caputo derivative 9f V € 12 (O, T; L%(O.l)) ,
associated with the norm

2 2 2
IV 2o rmg201) = 107V 2z + 11V 2o rz o)

2 2
Fl Vi 20,1302 00)) + 11 Vax 20,7322 0.1

The function spaces 12 (0, T; Hg(O, 1)) ,and L2 (0, T; H%Y’”(O, 1)) can be defined as the clo-

sure of C* (0, T; L?(0.1)) with respect to the norms (2) and (4), respectively. We denote
by C(0, T; L?(0,1)) the Banach space of the set of functions U : [0, T] — L*(0.1) equipped
with the norm

U Nleqo,re201)) = OfgﬁgXTH U t) 2 00)-

Let W}r,Z(O, 1) be the set of functions ¢ such that ¢, ¢y € L%(O, 1) with the norm

2 2 2
(| u ||W%,2(0,1) =[lu HL%(OJ) + || ux HL%(O.l)‘

The following inequalities are needed:
(1) Cauchy e—inequality which holds for all ¢ > 0 and for arbitrary A and u

€2, 1 o
< Z =
Au 2/\ + 2 4)
(2) A Poincaré type inequality (see [34]).

{ I Av(w) 1200 < 31l # 1720y
I AZ(Gu) 20,y < 311 Ax (@) T2y,

where

Avlgu) = [ eu(g, naz.
0

(3) Gronwall’s Belman inequality (see [28] Lemma 4.1).

3. Uniqueness of Solution

Theorem 1. Let Z € Wplrz((O, 1)),and B € L? (0, T; L%(O, 1)) Then, the posed problem (1)—(3)
has at most one solution in L*(0, T; HJ((0,1)), if it exists.

Proof. Let V; and V; be two solutions of problem (1)—(3), and let 7 (x, t) = Vi (x,t) — Va(x, t).
Then, # satisfies the problem

02 19
£17:8‘[17—87:;—;%—FU:’Yl(X,f)—’Yz(xrt)r (6)

(L) =0, t€(0,T), @

n(x,0)=0, xe(0,1), 8)

where

7j(x,t) = max (/17\/]-(17, t)diy,O), i=12. )
0
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By direct calculation, we have
(OF 1, L1)12001) = (at 1,071 — %a@( )+77) 1201
2
= 97 30, — (a‘{n, ax( )) - + 71 2001) (10)
I 0f ||?ig(o,1 (97, ’7)L2 01) + (9 t’7xf’7x) 12(0,1)
= O/, 1 = 72)1z00)
and 5 5
Lz = OFn Mz — (77, ax( aZ))LZ(O,UﬁLII 7 17201)
@7z + 17 20 + 1 1x 1220 an

= (nm- ’)’2)%(0,1)-
Summing (10), and (11) yields

| o7n ”LZ 0,1) +1 7 ”LZ 0,1) + [ 7x ”LZ 0,1)
+2(977, U)Lg(o,l) (97 77x, Ux)Lg(o,l) (12)
= 071 = 72)1z00) + (111 = 72)12(0)-

Aplication of Lemma 2 to the last two terms on the left-hand side of Equation (12)
yields

1 1 1
2 / xn(x, t) ofn(x, t)dx > /xa‘{nz(x,t)dx =9y / xn?(x, t)dx.
0 0 0
That is,
2(3?’71’7)Lg(0,l) XAy ||%g(0,1)'
Similarly,
@ 1, 12) 301 = N 1 2 00
We now apply Cauchy e— inequality to the right-hand side of Equation (12), and using the

two precedent inequalities, we obtain

| 977 ”LZ o1t (K ”LZ 0,1) %H Mx ”%%(0,1)
+7[[ HL%(O,l +0f || 77x HLfZ,(o,U

< oy H%},(O,l) +ollm =72 ||i§(0,1) "
Bl Wiz + 21 1= 72 300
We can easily show that
2 1 2
lri—2 ”L%(O,l) < EH n ”L%(O,l)' (14)

By evoking (14) and choosing 47 = 1, and J; = 2, the inequality (13) can be reduced to

2 2 2 2
| o7 HL%(OJ) + | 17x HL%(O,l) +0f || nx HL%(O,l) + 07l 7 HL%(O,l)

2 (15)
%” i HL%(O,l)'

IN
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We infer from the inequality (15) that
2 2 - 2
| o777 ||L2(0,t;L5(0,1)) + | 17 HLZ(o,t;Lg(o,l)) + Dy 1|| Nx HL%(O,l)
o—1 2
Dtt |7 ”L,%(O,l) (16)
2
< %f | 17(x,7) ||L§(0,1)dr-
0
By ignoring the first three terms, applying Lemma 1, and taking
t
2 - 2
h(t) = / | 17(x,7) ||L§(0,1)d71 ofh = Dy 1” U ”L%(O,l)' h(0) =0, (17)
0
we have 3 3
h(t) < 8F(0)E‘W(8TU> D;7(0). (18)

We infer from (17) and (18) that 5(x,t) = Vi(x,t) — Va(x,t) = 0 for all t € [0, T]. This
implies that V;(x,t) = Vu(x,t). Hence, we conclude the uniqueness of the solution of
problem (1)-(3) in the fractional function space L?(0, T; H7((0,1)). 0

4. Existence of the Solution

Theorem 2. Let Z € W, ,((0,1)), and B € L? (O, T; L3(0, 1)) be given and satisfy

2 2
2 prlg((og)) +1 B HLZ(O,T;L%(OJ)) < G, (19)

for Co > 0 small enough and that
Zx(1) =0. (20)

Then, problem (1)—(3) admit a unique solution § € L(0, T; HJ((0,1)).
Proof. Consider the class of functions

6 e L2(0,T;L2(0,1)), | @ - < B,
. _{ ( o ( )) 16 1120, ;15((0,1)) 1)

|| a?e HLZ(O,T;L%(O,D) S 2B, .
where B is a positive constant. Then, for any V € %(B), we can solve the problem

3?9_?)272_%3—2+9:ZV+ﬁ(X,t),

8(x,0) = Z(x), x € (0,1), (22)
6:(1,1) =0, te(0,T),

where

ZV = max (/nV(n,t)diy,O) . (23)
0

Problem (22) has a unique solution 8 € L2(0, T; H7((0,1)) for any V € %(B); thus, we can
define a mapping P such that § = PV. If we prove that P has a fixed point 6 in the closed
bounded convex subset X(B), then 6 will be the solution of our problem (1)—(3). We first
prove that P maps X(B) to £(B). Let 6 = Y + ], such that Y solves

ox2 X ox

2
LY =97y -23 -1 4y -7V, (x,t)eQ (24)
Y(x,0) =0, Yy(Lt) =0.
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and | solves
2
L] =]~ 35 =35 +T=B(x 1), (x)€Q 25)
J(x,0) = Z(x), Jx(1,t) =0.
Consider the scalar products in Lg (0,1)
(‘C]/ MZ])L‘%(OJ) = (.Bl MZ])L%(OJ)/ (27)
where
MY = x37Y + xY + xYy, (28)
M) = x9{] + x] 4 xJx. (29)
Equation (26) reads,
oy _ 1(..9Y o oy _ 1(,9Y
(aty x(x 1) 47,3 Y)Lg(o,l) n (aty x(xax>x+Y,Y)L%(o,l)
oy — 1(,9Y 30
+(ay—1(x%) +v.x%: o (30)
The initial and boundary conditions transform (30) into the equation
2
|| ??Y HL%E(OJ)) + (a(tTYx/ Zx)L%((Oll)) +2(a‘t7Y, Y)L%((O,l))
+all Ye llzz oy + 1Y 300 + OFY Yo a0y + (VD ¥e)iz oy G
By evoking Lemma 2 and Young’s inequality, we infer from equality (31) that
2 2 2
| of Y ||Lg£(o,1)) + 507 || Ya; 22¢0,2) 97 I Y iz (0.0))
+31 Ye 300 + 1 Y I 200))
2 2
< (F+B)oY 122(0,2)) + (Z+3)Y 122(0,0)) (32)
2
+(21? +5+ ﬁ) 1Yz 1720
2
(o 2+ 23:) 17V o)
After choosing y1 = 1/2,72 = 1/4,73 = 1,74 = 1,5 = 1, inequality (32) reduces to
2 2 2 2
” B?Y HL%((O,l)) + ” Y HL%((O,l)) + a(tT” Y HL%((O,l)) + ath” Yy ”L%((O,l)) (33)
2 2
< 14(” Ve 201y + 12V ||Lg((o,1)))-
In the same fashion, we have
137 I + 17117 +o7 1l J 17 + 071l Jx II7
£ 11L3((01)) L5((01) ™% Lg((o,1)) ™ “e M Lg((0,0)) (34)
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Integration of both sides of (33), and (34), respectively, yields the inequalities

t
[ (198G Mg + 1 Y60l )T

+D7 Y ||%g((o,1)) +D7 M Ya H%g((og)) (35)
t t
2 2
< 14 (({H Y (., T) ||L5((0,1))d7+ of” v ||L§((o,1))d'f>r
t
T (192760 g0 + 176 Wizony )0
+Dail|| J ||%2 01) DU?lH Jx HiZ ((0,1)) (36)
t
< 14(6“ Jx(s )||L2 (0,1) d7+f||ﬁ ”LZ o1))d )
If we discard the first three terms on the LHS of (35) and apply Lemma 1 with
/|| Yol 1) 220187 38 = D7 Ya [ 01 §0) =0, (37)
we obtain the inequality
Yo ( dt
f” x( ||L2 ((0,1)) (38)
o 2
< 14r( )Eq, (147)D; l(|| v ||L%((0,1))).
By virtue of Lemma 3, inequality (38) and (35) reads
‘ 2 2
a
6f(|| 7Y () 01y + 1Y) Iz )
- 2 - 2
+Dt‘7 "y 122(0,2)) + D7 I Ve IZ2¢(0,1)) (39)
< CJIZV Iz 04T
0
where
. 14TT (0)Eg o (1417
C —14{1—1— T(o+1) . (40)
By symmetry, we also have
t
2 2
bf(l\ 371 (, ) a0y + 1110 30y )T
+D7 M| T Hig((og)) +D7 | Jx ||ig((o,1)) (41)
t
*k 2 2
< C ({” p ||Lf,((0,1))dT+ Iz szl,p((ofl))
where
C* = Max{C*,1}. (42)
We conclude from (39) and (41) that
(43)

2 « [ 2
1Y 2200705 ((0,0)) <€ /” ZV 30147
0



Fractal Fract. 2024, 8, 526 90f 13
and
T
2 . 2 2
] ||L2(0,T;Hg((0,1)) <C (/| B ||Lg((o,1))d7+ | Z ||w21”((0,1)))- (44)
0
Since 6 = Y + ] implies that
16117 (0,T:HE((0,1))
< Y ||L2 (0,1:Hg ((0,1)) T |7 ||L2 (0,T;HS ((0,1)) (45)
* *ok 2
< C be v ||L§((o,1))d7+ c (b[” p ||L§((0,1))d7+ Iz ||w21,7((0,1))>,
and since
IV € L2(0,T;L§((0,1)), B € L*(0,T;L5((0,1))
and Z € Wi,((0,1)),
then, according to (45), we have
2 * Hok
16 1220,m;15((01)) < € C1+C7C (46)
It also follows from (39) and (41) that
T
2 *
199Y I2maziom < € [ 11TV I ondt < C*C, (47)
0

and

T
|| E)i’] H%%O,T;L%,((O,l)) S C** (/| ,B ||%%((0,1))dr+ H Z ||%/\]21y((011))) S C**Cz (48)
0

If we choose B > /C*C; + C**C,, then we conclude from (46)—(48) that
2
16 12200705 ((0,0)) < B, and [} 970 [[12(0,712(0,1)) < 2B (49)
Hence, 6 € £(B), and consequently, the mapping P maps %(B) into itself. [J
We will now show that the mapping P : £(B) — XL(B) is continuous. Let 61,0, € X(B),

and let wy = P(61) and wy = P(67).
We observe that w = w; — w» satisfies

2w 1 Jdw
0- —_— — — p—
o w 2 1ox +w = U(t,x), (50)
where
X X
U(t,x) = max| [n61(y,t)dy,0 | —max| [562(y,t)dy,0
0 0 (51)
w(x,0) =0, wy(l,t)=0.
It is clear that R )
UG 8) [122007.2(00)) < 1101 =62 2200 702(01) (52)
and
2 2
Il w (@ 8) [z20,7:12(01)) < I 61 =02 120,712 ((0.1))- (53)
That is,

| P(61) —P(62) ||L2(0,T;L5((0,1)) <[l 6r—62 ”LZ(O,T;L%((OJ))' (54)
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Consequently, the mapping P : X(B) — £(B) is continuous. The set £(B) is compact, due
to the following;:

Theorem 3. Let Fy C F C F; with compact embedding (see [35]). Suppose that o, A € (0, 00) and
T > 0. Then,

W= {9 10 € L¥(0, T; F), 6 € L0, T;Pl)}
is compactly embedded in L*(0, T; F), that is the bounded sets are relatively compact in L*(0, T; F).

Remark that P(Z(F)) C £(F) C L*(0, T; Lg ((0,1)). Then apply Schauder fixed point
theorem to conclude that mapping P has a fixed point 6 € ¥(B).

5. A Priori Estimate for the Solution
We will establish a priori estimate for the solution of the posed problem (1)—(3) in the
function space L2 (0, T; H%"T(O, 1)) . That is, we may expect the solution of (1)—(3) to be in

L2 (0, T; H27 (0, 1)), with 4y = 22,

Theorem 4. Let L (0, T; H,ZY/U(O, 1)) , solve (1)—(3). Then, the following a priori estimate is true

2 2 2
” 0 ||L2(O,T;H§"’(O,1)) < D<|| Z ”wzlﬁ((o,l)) + ” ;B ||L2(0,T;L§(0,1))>' (55)
where
Tlfﬂ

Proof. Note that

1

2
5 2 1 X
/x2 <8‘{9 - % - %g—z + 9) dx = / {x max (/179(17, t)dry,O) + xﬁ] dx.  (57)
0 0

0
Then,
! 2 o (v 00)]? 20 -
32070 dx + [ % (x32)] dx + [x20%dx +2(376,0) 2o
0 0

-2 (xe), ez (x%> ) 12(01) 2 <xa?9’ 5 (x%) ) L2(0,1) ©8)
. 2

= b[lxmax(()jqﬂ(q,t)d}y,O) +xB| dx.

The last two terms on the LHS of (58) can be evaluated as

9 [/ a0 5
_Z(XQ’ax<xax>>Lz<m> =206+ 3 00) +2(x6.8x)201), 59

J a0
—2(xa56, % (x2¢)) o )
= 2(df0bx, GX)L%(O,l) +2(x970,0x) 12(91),

1

9 [/ 90\1? )
[ (x5 | 45 = 10 iy 6
0

and
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We now evaluate the expression
X
~2(xL6,6x) 20,1 = ~2 (max ( / 76(n, )dn, 0) 4B, x()x) 62)
0 12(0,1)
Computation of the terms on the LHS of (62) leads to
2
2| 0x HLZ(O,l) — 2(xa70, GX)LZ(O,l) —2(x6, 9x)L2(0,1)
T (63)
= —2| max| [50(y,t)dn,0 | + B, x6x
0 12(0,1)
Observe that the combination of (58)—(63) and the use of Lemma 2 yield
2 2 2 2
| 070 ||L$2(0,1) + e ||L%(0,1%+2|| Ox ||L2,(0,1)2+2|| Ox ||L2(0,1)
+H Oxx ”L%(O,l) +alt7H Bx ”L%(O,l) —I—B‘[H 0 ”L%(O,l)
2
1 x
< J lxmax (f;y@(;y, t)d77,0> +xB| dx (64)
0 0
X
-2 (max (f?]g(ﬂ, t)dﬂ, 0>,x9x) _2(x9x, IB)LZ(O,l)
0 12(0,1)
We now estimate the RHS of (64) in the following way:
1. x. 2 2
/ [xmax (/;79(;7, t)d;y,O) +3p| dx < 20 O a0 +21 B Iz 0ny (69
0 0
X
2 2 1 2
—2 | max /;79(;7, £)di,0 |, x6x <0300 0n + 51 0 I20r)  (66)
0 12(0,1)
2 1 2
_Z(xex/,B)LZ(o,l) < 52” Bx ||L2(0,1) + E” B ”L%(O,l)' (67)
The insertion of (65)—(67) into (64) gives
2 2 2 2
| o0 ||L%(o,1) + 10 ”L%(O'l) + 2| 0x HL%(O,l) +2|[ 0x [I72(0,1)
2 2 2
+|| Oxx HL%(O,l) +a‘tT” Ox ”L%(O,l) +altTH 0 ”L%(O,l)
< (30 300 +20 B 120y + 01218 120+ 216 1 )
= 3l Va2 (01) 12(0,1) 13 12(0,1) T 3 I Yx lL2(0,1)
2 2
%11 6x 200 + 311 B 1201 )-
Upon the choices §; = 1,6, = 1, the inequality (68) reduces to
16 172001y + 31| 05 17201 + 7116 1720y < 91l B 72 (69)
H27(01) T I Yx iz o1) T L2(0,1) = L2(0,1)"
The integration of (69) yields
2 - 2 - 2
H 6 ||L2(O,T,'H,2y’0(0,1)) + D7 1” Ox ”L%(O,l) + D7 1“ 0 ||L%(0,1)
2 11— 2 2
< OB lI2orz01) * m(“ Zx [z 0y 112 ”L%(O/l)) (70)
2 2
< D{|Z ||w21,7((0,1)) + 1 B lIt20,1:1200,1) )-
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where D > 0 is given by (56). Once we drop the last two terms on the LHS, we obtain the a
priori estimate (55) from which we deduce the uniqueness of the solution of problem (1)—(3)

in the fractional Sobolev space 12 (0, T; H%"T(O, 1)) .0

6. Conclusions

The well-posedness of a one-point IBVP for a one-dimensional fractional nonlinear
integro-differential equation of order between zero and one is investigated. The Schauder
fixed point theorem is applied to establish the existence of the solution. The feasibility of
solving this problem is established under the context of data related to a weighted Sobolev
space. Furthermore, an additional result related to the regularity of the solution for the
formulated problem is also presented.

Author Contributions: Conceptualization, H.E.G.; Methodology, S.M.; writing—original draft, S.M.;
writing—review and editing, E.A. All authors have read and agreed to the published version of the
manuscript.

Funding: This work was supported by the Researchers Supporting Project number RSPD2024R975
KSU, Riyadh, Saudi Arabia.

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Shi, P; Shillor, M. A quasistatic contact problemin thermoelasticity with radiation condition for the temperature. J. Math. Anal.
Appl. 1993, 172, 147-165. [CrossRef]

2. Gurtin, M.E,; Pipkin, A.C. A general theory of heat conduction with finite wave speed. Arch. Ration. Mech. Anal. 1968, 31, 113-126.
[CrossRef]

3. Miller, R.K. An integro-differential equation for grid heat conductors with memory. J. Math. Anal. Appl. 1978, 66, 313-332.
[CrossRef]

4. Rcenardy, M. Mathematical analysis of viscoelastic flows. Ann. Rev. Fluid Mech. 1989, 21, 21-36. [CrossRef]

5. Christensen, R.M. Theory of Viscoelasticity; Academic Press: New York, NY, USA, 1971.

6. Thieme, H.R. A model for the spatio spread of an epidemic. J. Math. Biol. 1977, 4, 337-351. [CrossRef] [PubMed]

7. Raynal, M. On some nonlinear problems of diffusion. Lect. Notes Math. 1979, 737, 251-266.

8.  Debnath, L. Recent applications of fractional calculus to science and engineering. Int. J. Math. Math. Sci. 2003, 54, 3413-3442.
[CrossRef]

9.  Hilfer, R. Applications of Fractional Calculus in Physics; World Scientific: Singapore, 2000.

10. Baleanu, D.; Jajarmi, A.; Mohammadi, H.; Rezapour, S. A new study on the mathematical modelling of human liver with
Caputo-Fabrizio fractional derivative. Chaos Solitons Fractals 2020, 134, 109705. [CrossRef]

11. Baleanu, D.; Mohammadi, H.; Rezapour, S. A mathematical theoretical study of a particular system of Caputo—Fabrizio fractional
differential equations for the Rubella disease model. Adv. Differ. Equ. 2020, 2020, 184. [CrossRef]

12.  Baleanu, D.; Khadijeh, G.; Shahram, R.; Mehdi, S. On the existence of solutions of a three steps crisis integro-differential, equation.
Adv. Differ. Equ. 2018, 2018, 135. [CrossRef]

13.  Renardy, M.; Hrusa, W.J.; Nohel, ].A. Mathematical Problems in Viscoelasticity, Pitman Monographs & Surveys in Pure & Applied
Mathematics; Longman Scientific & Technical: Harlow, UK, 1988; Volume 35.

14. Renardi, M.; Hrusa, W.]J.; Nohel, J.A. Mathematical Problems in Viscoelasticity, Pitman Monographs and Surveys in Pure & Applied
Mathematics; Wiley: Hoboken, NJ, USA, 1987.

15.  Ahmad, B.; Ntouyas, S.K.; Agarwal, R.; Alsaedi, A. Existence results for sequential fractional integro-differential equations with
nonlocal multi-point and strip conditions. Bound. Value Probl. 2016, 2016, 205. [CrossRef]

16. Ahmed, B.; Sivasundaram, S. Existence of solutions for nonlinear fractional integro-differential equations with three-point
nonlocal fractional boundary conditions. Adv. Differ. Equ. 2020, 2010, 691721.

17.  Ashyralyev, A.; Sharifov, Y.A. Existence and uniqueness of solutions for the system of nonlinear fractional differential equations
with nonlocal and integral boundary conditions. Adv. Differ. Equ. 2012, 2012, 594802. [CrossRef]

18. Baleanu, D.; Nazeni, S.Z.; Rezapour, S. Existence and uniqueness of solutions for multi-term nonlinear fractional integro-
differential equations. Adv. Differ. Equ. 2013, 2013, 368. [CrossRef]

19. Ibnelazyz, L.; Guida, K.; Hilal, K.; Melliani, S. Existence results for nonlinear fractional integro-differential equations with integral
and antiperiodic boundary conditions. Comput. Appl. Math. 2021, 40, 33. [CrossRef]

20. Ibnelazyz, L.; Guida, K; Hilal, K.; Melliani, S. New existence results for nonlinear fractional integrodifferential equations. Adv.

Math. Phys. 2021, 5525591. [CrossRef]


https://doi.org/10.1006/jmaa.1993.1013
https://doi.org/10.1007/BF00281373
https://doi.org/10.1016/0022-247X(78)90234-2
https://doi.org/10.1146/annurev.fl.21.010189.000321
https://doi.org/10.1007/BF00275082
https://www.ncbi.nlm.nih.gov/pubmed/925523
https://doi.org/10.1155/S0161171203301486
https://doi.org/10.1016/j.chaos.2020.109705
https://doi.org/10.1186/s13662-020-02614-z
https://doi.org/10.1186/s13662-018-1583-1
https://doi.org/10.1186/s13661-016-0713-5
https://doi.org/10.1155/2012/594802
https://doi.org/10.1186/1687-1847-2013-368
https://doi.org/10.1007/s40314-021-01419-4
https://doi.org/10.1155/2021/5525591

Fractal Fract. 2024, 8, 526 13 of 13

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Wang, Y,; Liu, L. Uniqueness and existence of positive solutions for the fractional integro-differential equation. Bound. Value Probl.
2017, 2017, 12. [CrossRef]

Kumar, J.A.; Malik, M. Existence and stability of fractional integro differential equation with non-instantaneous integrable
impulses and periodic boundary condition on time scales. J. King Saud Univ. Sci. 2019, 31, 1311-1317. [CrossRef]

Manimaran, S.; Gunasekar, T.; Subramaniyan, G.V.; Samuel, F.P. Existence of solutions for neutral functional integrodifferential
evolution equations with non local conditions. Indian J. Sci. Technol. 2015, 8, 358-363. [CrossRef]

Agarwal, R.P;; Ntouyas, S.K.; Ahmad, B.; Alhothuali, M.S. Existence of solutions for integro-differential equations of fractional
order with non-local three-point fractional boundary conditions. Adv. Differ. Equ. 2013, 2013, 128. [CrossRef]

Agarwal, R.; de Andrade, B.; Siracusa, G. On fractional integro-differential equations with state-dependent delay. Comp. Math.
Appl. 2011, 62, 1143-1149. [CrossRef]

Arjunan, M.M.; Kavitha, V. Controllability of impulsive fractional evolution integrodifferential equations in Banach spaces. J.
KSIAM 2011, 15, 177-190.

Balachandran, K.; Park, ].Y. Controllability of fractional integrodifferential systems in Banach spaces. Nonlin. Anal. Hybr. Syst.
2009, 3, 363-367. [CrossRef]

Alhazzani, E.; Mesloub, S.; Gadain, H.E. On the Solvability of a Singular Time Fractional Parabolic Equation with Non Classical
Boundary Conditions. Fractal Fract. 2024, 8, 189. [CrossRef]

Akhalaia, S.; Ashordia, M.; Talakhadze, M. On the well-posedness of nonlocal boundary value problems for a class of systems of
linear generalized differential equations with singularities. Georg. J. 2022, 30. [CrossRef]

Mesloub, S.; Aldosari, F. Well posedness for a singular two dimensional fractional initial boundary value problem with Bessel
operator involving boundary integral conditions. AIMS Math. 2021, 6, 9786-9812. [CrossRef]

Suat Erttirk, V.; Amjad, A.; Shah, K.; Kumar, P.; Abdeljawad, T. Existence and stability results for nonlocal boundary value
problems of fractional order. Bound. Value Probl. 2022, 2022, 25. [CrossRef]

Podlubny, 1. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential Equations, to Methods of
Their Solution and Some of Their Applications; Elsevier: Amsterdam, The Netherlands, 1998; Volume 198.

Alikhanov, A.A.A. Priori Estimates for Solutions of Boundary Value Problems for Fractional Order Equations. Differ. Equ. 2010,
46, 660-666. [CrossRef]

Mesloub, S. A nonlinear nonlocal mixed problem for a second order parabolic equation. J. Math. Anal. Appl. 2006, 316, 189-209.
[CrossRef]

Simon , J. Compact sets in the spaceL P(O,T; B). Ann. Mat. Pura Appl. 1986, 146, 65-96. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1186/s13661-016-0741-1
https://doi.org/10.1016/j.jksus.2018.10.011
https://doi.org/10.17485/ijst/2015/v8i4/60133
https://doi.org/10.1186/1687-1847-2013-128
https://doi.org/10.1016/j.camwa.2011.02.033
https://doi.org/10.1016/j.nahs.2009.01.014
https://doi.org/10.3390/fractalfract8040189
https://doi.org/10.1515/gmj-2022-2184
https://doi.org/10.3934/math.2021569
https://doi.org/10.1186/s13661-022-01606-0
https://doi.org/10.1134/S0012266110050058
https://doi.org/10.1016/j.jmaa.2005.04.072
https://doi.org/10.1007/BF01762360

	Introduction 
	Notations and Preliminaries 
	Uniqueness of Solution 
	Existence of the Solution 
	A Priori Estimate for the Solution 
	Conclusions 
	References

