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Abstract: The spacetime is basically curved and dynamical. Thus our knowledge of universe must be
extended to a dynamical curved spacetime to understand the nature of the universe. The field theory
in the curved spacetime has shown that the evolution of spacetime involving the field in the curved
spacetime leads to particle creation. From another perspective, by employing thermodynamics to
cosmology, we can learn about the source of current entropy content associated with the universe.
From the quantum thermodynamics, it is clear that the inner friction stemming from the quantum
fluctuations of the field can produce the entropy. Using this approach, the particle creation due to the
expansion of spacetime beginning from the vacuum is shown as an entropic increase. Considering
an asymptotically flat Robertson-Walker spacetime, the particle creation entropy is evaluated.
Each special scale factor can be used to characterize the cosmic parameters. Thus, the dependence
of particle creation entropy on the field parameters and the cosmic parameters allows us to recover
information from the underlying structure of the spacetime. Also, by adding an entropy production,
indicating the mutual information between created particle and spacetime, to this particle creation
entropy, the well-known entanglement measure can obtained to investigate the entanglement of
created particles. In fact, the entanglement entropy, measuring the mixedness of the primary state,
is affected from the creation and the correlation of the particle.

Keywords: quantum thermodynamics entropy; quantum entanglement entropy; mutual information
entropy; expanding universe
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1. Introduction

The dynamical behavior of curved spacetime is considered to discover the phenomenon of
the universe. The dynamics of fields living in spacetime is affected by the structure of spacetime.
The quantum field theory in curved spacetime leads to particle creation, stemming from the interaction
between the quantum field and gravitational field [1].

The entanglement of created particles in curved spacetime and its applications such as quantum
information protocols in the relativistic limit is well-known for understanding of the nature of the
universe [2–17]. The von Neumann entropy of created particles as a measure of entanglement is
often applied to discover of the encoded information of spacetime [2,3]. From another direction,
the entanglement has been employed in identifying the thermodynamic properties of the spacetime
structure [18].

Thermodynamics is applied to describe small-scale and large-scale systems, such as black holes,
dark matter and cosmology [19–21]. The study of the thermodynamic properties of quantum fields in
the expanding universes has shown that an inner friction due to quantum fluctuations of fields can be
interpreted as an entropic increase, given by quantum fluctuations [22,23].
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We start with an asymptotically spatially flat Robertson-Walker spacetime using an special scale
factor [24], which is the generalization of various particular cases found in literature and evaluate
the particle creation entropy in the distant future from the distant past vacuum. We show that one
can explore particle creation entropy as a tool for characterising the cosmological parameters of each
Robertson Walker universe.

An exact expression has been obtained for deriving the entropy production of a system that is in
contact with a thermal reservoir with strong coupling between system and reservoirs [25]. The system
entropy production has been recognised as a direct measure of the system-reservoir correlations and/or
entanglements. The entropy production has been established as a measure for the information lost in
the correlations between the system and the reservoir via the mutual information [26]. Our framework
is described such that the field and the underlying spacetime are two interacting systems, if the
spacetime is initially in a thermal state and plays the role of the reservoir that drives the field towards
equilibrium. We will explore the relation between the particle creation entropy, the von Neumann
entropy and the entropy production. Therefore, the mutual information as entropy production will be
obtained as a measure for the correlation between created particle and spacetime.

2. Particle Creation in the Expanding Universe

A 1 + 3 dimensions expanding Robertson-Walker spacetime is provided with a metric of the form

ds2 = Ω2(η)

(
dη2 −

3

∑
i=1

(dxi)2

)
, (1)

where Ω is the conformal scale factor and η is the conformal time parameter, dη = a−1dt. We need that
the metric, Equation (1), is conformally flat, with a time-like conformal Killing vector. For such a metric
the conformal factor Ω(η) is constant as η → ±∞. Thus the observers flowing along the asymptotically
time-like Killing vector can describe particle states [1].

A massive scalar field, as inflationary scenario [27], leads to the positive and negative frequency
solutions for the Klein-Gordon equation in the spacetime of Equation (1). Therefore, the equation of
motion of the scalar field is described by [

+m2
]

φ = 0, (2)

where the d’Alambertian operator in a curved spacetime is φ := gµν∇µ∇νφ = 1√−g ∂µ(
√−ggµν∂νφ).

For the quantization of the field, we decompose it in terms of the positive and negative mode solutions
of the Klein-Gordon equation, uk(η, x), as follows

φ(η, x) =
∫

d3k[akuk(η, x) + a†
k u∗k (η, x)], (3)

where k = |k|, ak, a†
k are annihilation and creation operators, respectively, and (uk, uk′) = δkk′ ,

(u∗k , u∗k′) = −δkk′ , (uk, u∗k′) = 0. The invariance with respect to the spatial translation requires that the
solutions are separable into spatial and time components as follows

uk = (2π)−
3
2 eik.xχk(η). (4)

Thus we obtain the simplified equation of motion as follows

d2χk
dη2 + ω2(η)χk = 0, (5)

where
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ω2 = k2 + m2Ω2(η). (6)

In the following, two sets of the solutions χ±in and χ±out represent the behavior of positive and
negative frequency solutions at η → −∞ and η → +∞, respectively. By choosing the following form
for the scale factor

Ω2 = a + b tanh(λη) + c tanh2(λη), (7)

and changing η → τ such as follows

τ =
1 + tanh(λη)

2
. (8)

The solving of the resulting equation gives rise to two sets of solutions in terms of hypergeometric
functions as follows

χ±in(τ) =
1√

2ωin
τ∓i ωin

2λ (1− τ)±i ωout
2λ F

(
1
2
± i

ω−
λ

+ iδ,
1
2
± i

ω−
λ
− iδ; 1∓ i

ωin

λ
; τ

)
, (9)

and

χ±out(τ) =
1√

2ωout
τ∓i ωin

2λ (1− τ)±i ωout
2λ F

(
1
2
± i

ω−
λ

+ iδ,
1
2
± i

ω−
λ
− iδ; 1± i

ωout

λ
; 1− τ

)
, (10)

with
ωin =

√
k2 + m2(a + c− b), (11)

ωout =
√

k2 + m2(a + c + b), (12)

ω± =
ωout ±ωin

2
, (13)

and

δ =
1
2

√
4m2c

λ2 − 1. (14)

The vacuum state of the field in the past infinity is considered as a thermal state from the
perspective of an observer in the distant future. So by using the properties of hypergeometric functions,
we can benefit from the Bogoliubov transformation to connect the “in” and “out” solutions.

χ+
in = αχ+

out + βχ−out, (15)

χ+
in = β∗χ+

out + α∗χ−out.

Therefore, the Bogoliubov coefficients α and β are obtained by

α =

√
ωout

ωin

Γ
(
1− i ωin

λ

)
Γ
(
−i ωout

λ

)
Γ
(

1
2 − i ω+

λ − i 1
2

√
4m2c

λ − 1
)

Γ
(

1
2 − i ω+

λ + i 1
2

√
4m2c

λ − 1
) , (16)

and

β =

√
ωout

ωin

Γ
(
1− i ωin

λ

)
Γ
(
i ωout

λ

)
Γ
(

1
2 + i ω−

λ − i 1
2

√
4m2c

λ − 1
)

Γ
(

1
2 + i ω−

λ + i 1
2

√
4m2c

λ − 1
) . (17)

Therefore, the creation an annihilation operators in far future corresponds to a linear combination
of these operators in far past, relating to each other by Bogoliubov coefficients as follows

aout = αain + β∗b+in, (18)

b+out = βain + α∗b+in,
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where from canonical commutation relations for the above operators, we have

|α|2 + |β|2 = 1. (19)

We define |0in〉 as the initial vacuum state at η → +∞, in which there are no particles. Therefore,
for the exited state as η → +∞, the number of particles with respect to the kth mode is given by

〈Nk〉 = 〈0in|ã†
out ãout|0in〉. (20)

Therefore, we can find

ncr = |β|2, (21)

where we have denoted 〈Nk〉 ≡ ncr. As the conclusion, the “in” vacuum (far past) regime is in
corresponding to the excited states in “out” vacuum regime. Using Equation (17) the number of
particle creation gives

ncr =

cosh
(
2π ω−

λ

)
+ cosh

(
π
√

4m2c
λ2 − 1

)
cosh

(
2π ω+

λ

)
− cosh

(
2π ω−

λ

) . (22)

3. Particle Creation Entropy

In the beginning of the spacetime, the universe undergoes a rapid expansion. Therefore, in this
section we concentrate on two modes of opposite momentum k and −k. The interaction between this
field and any other external fields is ignorable and the mode pair of the field is correlated through
two-mode squeezing [28–30]. Thus our mode pair undergoes a unitary evolution. We choose the
thermodynamical framework such that the pair of field modes is regarded as a system and the
spacetime is regarded as an energy source which can change the inertial energy of the field. In this
way, the mode pairs and external spacetime constitute a closed system, as spacetime is expanding.
The expansion of the spacetime is doing work on the quantum field. The asymptotic past and future
Hamiltonians are found by

Hin = ωin(a†
inain + b†

inbin + 1), (23)

Hout = ωout(a†
outaout + b†

outbout + 1),

respectively. When the spacetime changes, work is being done on the quantum field, and an energy
variation induces in the modes of opposite momentum of the field. This unitary evolution takes the
field away from equilibrium. The average work is obtained by

W ≡ Tr[Houtρ]− Tr[Hinρ] = ωout ncr + (ωout −ωin), (24)

where ρ is the state of the mode pair. The Equation (24) is the sum of the energy of created particles and
the change in ground state energy, in which the latter is related to the quantum adiabatic expansion of
the universe. The difference between the average work and the quantum adiabatic work is known as
friction work [31–33].

Wfriction = W −Wadiabatic = ωout ncr. (25)

From the fluctuation theorem [23,34–36], it has been shown that the inner friction 〈W〉friction gives
rise to the entropy production during the particle creation, stemming from evolution of spacetime [22].
The entropy production, s, is found as

s =
Wfriction

T
=

ωout

T
ncr. (26)
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In order to find temperature T, we note that the pure vacuum separable state in the far past will
be an entangled state in the far future. Therefore, the vacuum state in “in” region as a two-mode
squeezed state can be written as a Schmidt decomposition of “out” state as follows

|0in〉 = |0k0−k〉 = ∑
n

An|nk〉|n−k〉. (27)

The definition of the vacuum state, ain|0in〉 = 0, and Equation (18) imply the relation An =
(

β∗

α∗

)n
A0.

Using the normalization condition 〈0in|0in〉 = 1, the vacuum state in the far past is as follows

|0in〉 =
1
|α|

∞

∑
n=0

(
β∗

α∗

)n
|nk〉|n−k〉. (28)

The reduced density matrix is achieved by tracing out one of the two modes.

ρ = Tr−k[ |0in〉〈0in| ]. (29)

Then we obtain

ρ =
1
|α|2 ∑

n

(
|β|
|α|

)2n
|nk〉〈nk|. (30)

A simple calculation shows that the Equation (30) is a thermalized state.

ρ = (1− e−
ωout

T )∑
nk

e−
ωout

T nk |nk〉〈nk|, (31)

where we define the Bogoliubov coefficients from Equation (19) as |α| ≡ cosh z and |β| ≡ sinh z, z is
the squeezing parameter [37], tanh z ≡ e−

ωout
T and ωout

2 is related to the ground state energy of the
positive modes in Equation (28). Therefore, the density number of the particle creation is a thermal
Bose-Einstein distribution,

ncr =
1

e
ωout

T − 1
= |β|2. (32)

Now, we can extract the temperature from Equation (32) as follows

T =
ωout

log( 1
γ )

, (33)

where

γ ≡ | α
β
|2. (34)

The Equation (33) is known as Unruh temperature [38]. Hence, the entropy of particle creation is
found by using Equations (21), (26) and (33),

Scr = s = log
(

1 + ncr

ncr

)ncr

. (35)

4. Interpretation of Results

let us in this section discuss the obtained results. We notice that the form of scale factor Equation (7)
is a generalisation of some particular cosmological models, found in literature [39–41]. With particular
choices of parameters a, b and c we get some well-known models such as radiation dominated universe,

which is a case with a = b = 0, c =
a4

0
4λ2 and taking the limit λ → 0 or with c = 0, we have the



Proceedings 2018, 2, 170 6 of 12

cosmological model Ω2(η) = a + b tanh(λη), widely studied in [39,40] and also a particular choice of

parameters a =
(

1+ε
2

)2
, b = 1−ε2

2 and c =
(

1−ε
2

)2
gives rise to the model discussed in [41].

Figures 1 and 2 represent particle creation entropy in terms of the field parameters, i.e., the mass
and momentum of any modes, in based on the two latter models. The entropy of massive scalar
modes turns out to be a monotonic decreasing function of the momentum modes such that the zero
momentum modes have the maximum value of entropy. Also, this entropy becomes maximum with
respect to the mass of the modes at a same certain mass, mmax, for each k mode. In conclusion, we have
obtained the same results as those found in [2–4,9]. Thus with following the approach in [3,9] to
evaluate of the cosmological parameters, i.e., a, b and c, we can get some information from the structure
of the spacetime in which the field lives. The radiation dominated universe has been plotted in Figure 3.
As is observed, for the radiation dominated universe the behavior of Scr is different with respect to the
other models. For the radiation dominated universe spectral behavior of the particle creation entropy
shows that the entropy with respect to momentum modes has a maximum. That means there is a
specific momentum for each mode, kmax, at which the entropy is maximum. In fact, entropy peaks
at a certain momentum. This means that modes of this characteristic frequency are far more prone
to creation and correlation than any others. For the larger momentum modes, the entropy reaches
to a constant value. In fact, for a large enough entropy all momentum modes are present. Since the
creation of superheavy particles in the early universe has important cosmological consequences [42–45],
we can conclude also that creation of superheavy particles may be important in this case. On the
other hand, in general when m � 1, then Scr → 0. However, when a− b + c = 0 or c > a + b then
Scr → const > 0 even if m � 1. This implies that it is possible to create superheavy particles in this
model. In Figures 4 and 5a similar pattern of behavior to that of radiation dominated case, is observed
for the particle creation entropy.

Figure 1. Particle creation entropy, Scr, as a function of momentum k and mass m for fixed values
a = 1.5, b = 1, c = 0 and λ = 2.
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Figure 2. Particle creation entropy, Scr, as a function of momentum k and mass m for fixed values

a =
(

1+ε
2

)2
, b = 1−ε2

2 , c =
(

1−ε
2

)2
and λ = 1.

Figure 3. Particle creation entropy, Scr, as a function of momentum k and mass m for radiation
dominated universe.
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Figure 4. Particle creation entropy, Scr, as a function of momentum k for fixed values a = 1, b = 2, c = 1,
λ = 1.5 and the different values of mass m = 0.1 (solid), m = 0.2 (dotdashed), m = 0.5 (dashed),
and m = 1 (dotted) curves.
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Figure 5. Particle creation entropy, Scr, as a function of mass m for fixed values a = 1, b = 2, c = 1,
λ = 1.5 and the different values of momentum k = 0.5 (solid), k = 1 (dotdashed), k = 2 (dashed),
and k = 4 (dotted) curves.

5. Entanglement Entropy

For a pure separable state, which is initially the vacuum state in distant past, the new vacuum state
is viewed as an entangled state from the perspective of a distant future observer. The entanglement
measure of two systems, forming a pure state, has been defined by the von Neumann entropy of either
of the reduced density matrices as follows [46].

S(ρ) = −Tr[ρ log(ρ)]. (36)

The eigenvalues of the reduced density matrix Equation (30) are (1− γ)γn. Using Equation (36)
the von Neumann entropy, entanglement entropy, is calculated as follows

Sen = S(ρ) = log

(
γ

γ
γ−1

1− γ

)
. (37)

The entanglement entropy can be rewritten by using Equation (21) as follows

Sen = log

(
(1 + ncr)

ncr+1

ncrncr

)
. (38)

The von Neumann entropy for a pure separable state is zero and the state function of such a state
can completely describe it. In fact, repeating copies of a prepared pure separable state does not provide
any new information about it. From the view point of a distant future observer, the primary system will
become necessarily an entangled state because of the quantum fluctuations of the vacuum. In regard
to entanglement, analysis of the system is performed through the von-Neumann entropy. Therefore,
the initially separable state can be interpreted as a completely certain state, corresponding to zero
entropy, while the dynamical spacetime, depending to the selected metric, will produce an entangled
state with nonzero entropy. Indeed, if a state is seen as part of a pure entangled state, then the von
Neumann entropy measures the entanglement in the total state.

6. Entropy Production

In this section, we extend the traditional framework of thermodynamics from an alternative
viewpoint. We consider two interacting systems, one of the systems is initially in a thermal state and
plays the role of the reservoir while the other is the driven system of interest. The initial state of the
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compound system does not display any entanglement or correlation. For such a framework, it has
been shown that the system entropy production is always positive and is a direct measure of the
system-reservoir correlations. In this set-up, it has been assumed that the total von Neumann entropy
induces a natural separation of the entropy change of the system into separate contributions from
an entropy flow and an entropy production and further erroneously suppose that the total entropy
production is simply the sum of the system and reservoir entropy. Therefore, the change in the entropy
of the system, which is a positive quantity, can be written in the standard thermodynamic form [25,47]

Sen = Spr + Scr, (39)

where we can rewrite the entropy production as

Spr = Sen − Scr, (40)

where Sen is the exact entropy change of the system, characterised by von Neumann entropy. The last
term in (40) identifies the entropy flow, which can seen as the irreversible contribution to the system
entropy change due to flow of energy from the reservoir to the system. The positive entropy production
introduced above represents the irreversible contribution to the entropy change of the system,
which indeed vanishes only when the system and the reservoir are totally decorrelated. In other
words, the entropy production explicitly expresses how far the actual state of the total system is from
the decorrelated product state [25].

In sec. III, the spacetime was supposed to play the role of a thermal reservoir such that together
the mode pairs constitute a closed system as spacetime is expanding. This situation is similar to
the second law of phenomenological non-equilibrium thermodynamics [47] and therefore can be
modeled with Equation (40). We note that this model provides interesting insight into the notion of the
entropy production. In based on, the initial total system state is decorrelated. The non-negative entropy
production, characterising the irreversibility of a process, is given by the sum of the entropy change
in the mode pairs and in the (macroscopic ideal and always equilibrated) spacetime. While there is
no access to the state of the spacetime as the reservoir, which can be know solely from the energy
that can exchange during its interaction with the mode pairs, the information lost in not knowing
the state of the spacetime after the interaction can be negligible [26]. It relies on the assumption
that we defined the spacetime as an ideal heat reservoir that remains close to thermal equilibrium
during its interaction with the system. Indeed, this means that the entropy production due to an ideal
heat reservoir coincides with the lost mutual information between the system and the reservoir [26].
Then the entropy production measures the information lost in the correlations between the system
and the reservoir via the mutual information. In the other words, the entropy production explicitly
expresses how far the actual state of the total system is from the decorrelated product state.

Correspondingly, if we consider the entropy balance by defining the von Neumann entropy of the
system, interpreted as a measure for our lack of knowledge about the state of the system, also introduce
particle creation entropy as the entropy flow, i.e., the system entropy change due to flow of energy
from the spacetime to the field as particle creation, the non-negative (quantum) mutual information
can be defined as [4]

I = Spr = log(1 + ncr), (41)

which measures the amount of correlations shared between the created particle and the spacetime [48],
vanishing only when the created particle and the spacetime are totally decorrelated. Consequently,
the mutual information is a measure of the information lost when disregarding the correlation
established between the created particle and the spacetime while keeping full knowledge of them
separate in the description.
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7. Conclusions

We reviewed particle creation from vacuum in an asymptotically flat Robertson-Walker spacetime.
Applying a scalar field in the spacetime leads to two sets of exact solutions for Klein-Gordon equation,
based on a Bogoliubov transformation. We benefited from a special scale factor, which has been
introduced in [24], and expressed the density of created particles.

The mode pairs k and −k, which have unitary interaction during expansion, was modeled by
two-mode squeezing. The two-mode squeezing system describes a thermal state, so that the mode
pairs are in thermal equilibrium with respect to each other in the classical spacetime background.
Therefore, one can find the equilibrium temperature, depending on the scale factor. Considering the
mode pairs and underlying spacetime as a reservoir, forming a closed quantum state driven out of
equilibrium by unitary evolution, the particles will be created and there will be an increase of entropy.
We followed the formalism of evaluating particle creation entropy presented in [22]. The particle
creation entropy, as understood in [36], is considered as the difference between the probability
distributions obtained in the forward and the reverse process of expanding of the spacetime. In this way,
the entropy production is proportional to inner friction work, which by creating the thermodynamic
fluctuations, increases the entropy. The particle creation entropy was evaluated in terms of the specific
scale factors considered for the spacetime [4]. It is worth mentioning that a scalar field in a dark
energy dominated universe would also be interesting [49]. Then we have discussed some particular
cosmological models, which is deduced via some choices for the cosmological parameter of particular
scale factor. Correspondingly, investigation of the created entanglement was performed by applying
the von Neumann entropy. Afterward, we derived the mutual information due to the correlation of
the mode pairs and the spacetime. Our results show that the von Neumann entropy, evaluating the
entanglement of the system, is the total of the created particles correlations and/or entanglement as the
particle creation entropy and the mutual information due to the particle-spacetime correlations and/or
entanglement as the production entropy. The comparison was shown that all entropy quantities can
be treated in the same way, on equal footing, and all of them can be linked with each other and
expressed as the increasing entropy of the universe due to particle creation [4]. Thus, using these
quantities and dependence of them on the field parameters and cosmic parameters, it is possible to
recover information from the underlying structure of the spacetime as one has been discussed in [5].
Therefore, the formulation of thermodynamics is generalized to quantum formalism. Entanglement
can be considered as a source of thermodynamic properties related to the universe and employed in
the general thermodynamic picture of the universe. In fact, entanglement presents an important tool
to study observable consequences in cosmology.

Conflicts of Interest: The authors declare no conflict of interest.
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