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Abstract: UAV rotors are at a high risk of ice accumulation during their operations in icing conditions.
Thermal ice protection systems (IPSs) are being employed as a means of protecting rotor blades
from ice, yet designing the appropriate IPS with the required heating density remains a challenge.
In this work, a reduced-order modeling technique based on the Unsteady Vortex Lattice Method
(UVLM) is proposed as a way to predicting rotor icing and to calculate the required anti-icing heat
loads. The UVLM is gaining recent popularity for aircraft and rotor modeling. This method is flexible
enough to model difficult aerodynamic problems, computationally efficient compared to higher-
order CFD methods and accurate enough for conceptual design problems. A previously developed
implementation of the UVLM for 3D rotor aerodynamic modeling is extended to incorporate a
simplified steady-state icing thermodynamic model on the stagnation line of the blade. A viscous
coupling algorithm based on a modified α-method incorporates viscous data into the originally
inviscid calculations of the UVLM. The algorithm also predicts the effective angle of attack at each
blade radial station (r/R), which is, in turn, used to calculate the convective heat transfer for each
r/R using a CFD-based correlation for airfoils. The droplet collection efficiency at the stagnation line
is calculated using a popular correlation from the literature. The icing mass and heat transfer balance
includes terms for evaporation, sublimation, radiation, convection, water impingement, kinetic
heating, and aerodynamic heating, as well as an anti-icing heat flux. The proposed UVLM-icing
coupling technique is tested by replicating the experimental results for ice accretion and anti-icing
of the 4-blade rotor of the APT70 drone. Aerodynamic predictions of the UVLM for the Figure of
Merit, thrust, and torque coefficients agree within 10% of the experimental measurements. For icing
conditions at −5 ◦C, the proposed approach overestimates the required anti-icing flux by around
50%, although it sufficiently predicts the effect of aerodynamic heating on the lack of ice formation
near the blade tips. At −12 ◦C, visualizations of ice formation at different anti-icing heating powers
agree well with UVLM predictions. However, a large discrepancy was found when predicting the
required anti-icing heat load. Discrepancies between the numerical and experimental data are largely
owed to the unaccounted transient and 3D effects related to the icing process on the rotating blades,
which have been planned for in future work.

Keywords: UAVs; rotor icing; aircraft icing; cold chamber; icing wind tunnel; unsteady vortex lattice
method; reduced-order modeling; numerical coupling techniques

1. Introduction

In-flight icing is a major hazard for all types of aircraft, rotorcraft, and UAV manu-
facturers and is a cause of major concern for the certification authorities [1,2]. The last
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decade saw a huge influx towards the use of unmanned aerial vehicles (UAVs) and drones
for a wide variety of military, commercial, and recreational applications [3]. Most of the
small- or medium-sized UAVs use some form of propellers for propulsion and are driven
by an electrically powered motor with an onboard battery [4]. Rotary wing UAVs are more
sensitive to icing conditions compared to fixed wings, mainly due to the high speeds of
rotation, their small size, and the limited electrical power capacity their battery can store [2].
Recent experimental studies have shown that a 2 min exposure to severe icing conditions
is enough to cause a 50% reduction in thrust and motor power losses of up to 100% [5].
Icephobic coatings are being tested as a possible means of preventing ice accretion [6,7],
yet thermal IPSs have been long considered, and continue to be, the most reliable IPS for
rotors [8]. They work by converting electrically supplied energy into heat, which keeps the
rotor surfaces warm enough to prevent ice formation [9].

The advances in computational capabilities and technologies led to the development of
numerous international icing codes, such as LEWICE [10], ONERA [11], FENSAP-ICE [12],
and CANICE [13]. Until around 2005, the focus of developed icing codes was mainly
around fixed wing aircraft, mainly driven by NASA, re-prioritizing its plans and halting
rotorcraft icing research in 1994 due to a need to focus on fixed wing analyses following a
number of high-profile passenger aircraft crashes due to icing [14]. LEWICE later became
an industry standard for fixed wing analyses with a large database of validated test cases,
ice shapes, and anti-icing scenarios [15]. Today, high-fidelity icing codes using CFD and
fully resolved RANS equations for rotorcraft have been studied and developed [16–18]
but remain limited by one or more of the following main disadvantages: (1) lack of exten-
sive validation data and sometimes inaccurate results, especially for rotorcraft; (2) setup
complexity (requirement of specific software, meshing, boundary condition application,
post-processing etc.); (3) the need for high-performance computing to run the simulations;
and (4) grid-induced dissipation errors due to the numerical discretization over the flow
field that may result in a rapid decay of the intensity of the rotor tip vortex downstream
and a breakdown of the helical rotor wake structure [19].

On the other hand, manufacturers need to design UAVs that satisfy the specific needs
of various areas of markets and applications [3]. The latter requires the design of all
types of weights, rotor speeds, sizes, geometries, and operating conditions. Predictions
of thrust and torque generation, motor power requirements, and anti-icing power needs
are all parameters that are looked at, among many others [4]. Moreover, during the
conceptual phase of each of these designs, manufacturers go through many different
versions where one or more design variables are iterated on until the final agreed upon
design gets promoted to undergo further evaluation and analysis. It will therefore be
practically impossible to run high-fidelity analyses for each iteration of each design since
computational requirements and simulation times will grow exponentially.

For these reasons, manufacturers are interested in developing reliable software that can
provide reasonable predictions in a computationally inexpensive way and quick simulation
time. These kinds of numerical tools would not match the accuracy of full-fledged CFD
simulations but could provide a faster prediction of the required parameters without the
need for high-performance computing and within a reasonable accuracy that is suitable for
a conceptual design.

An excellent example of these numerical tools is based on the Unsteady Vortex Lattice
Method (UVLM), which has been more and more regarded as a reduced-order modeling
method that can provide acceptable and accurate results for complex configuration designs
in less time than the CFD-based methods [20]. According to a recent review [21], the
UVLM has had a renewed interest in the past decade and is preferred over other potential
flow-solvers due to its low-order, quick, and highly efficient computational analysis. This
review covered around 150 state-of-the-art recently published studies where the UVLM has
been used to model the steady, unsteady, linear, and non-linear aerodynamics of subsonic
and supersonic aircraft on all sorts of wing and rotor blade planforms. For rotor-specific
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considerations, another recent review sheds light on the potential of the UVLM in studying
rotor aerodynamics, aeroacoustics, and aeroelastics [19].

In a previous publication, a UVLM-based numerical tool to model the aerodynamics
and compute the convective heat transfer on rotor blades was presented [22]. It can simulate
multi-blade rotors, variable blade geometries (airfoil shape, chord, twist etc.), rotors in
ground effect, and operations in hover, axial, or forward flight. This tool includes viscous
and heat transfer effects via multi-layered non-linear coupling to a 2D CFD viscous database
and a 2D CFD heat transfer correlation obtained using high-fidelity CFD simulations for
airfoils [23].

In this work, this tool is extended to predict the required anti-icing heat requirement
for rotors in the case when a thermal ice protection system is used. The numerical approach
towards 3D aerodynamic modeling is first presented. Next, the algorithm used to incorpo-
rate sectional viscous data is laid out, along with the methodology used for the convective
heat transfer calculation. The collection efficiency estimation, together with the simplified
icing model, is then discussed. The results are focused on simulating the experimental
setup of a rotor with heated blades from a previous experimental campaign and comparing
the numerical and experimental data.

2. Materials and Methods
2.1. Background and Inspiration

The numerical tool developed in this paper was inspired by the structure of the state-
of-the-art icing codes. The geometry, operating parameters (rotor speed, pitch, and twist),
and icing conditions, such as the liquid water content (LWC), median volume droplet
(MVD), and air temperature (T∞), must be known prior to meshing and for the model
boundary condition setup. The general architecture of icing codes is typically composed
of four different solvers that are described in the sequence shown in Figure 1 [24]. In
the airflow solver, the external aerodynamics of the blade are modeled, and the surface
convective heat transfer (

.
Qconv) is calculated. Usually, a potential flow-based method or a

higher-order RANS model are used for this approach. For the droplet solver, the collection
efficiency (β0) of the impinging water droplets that have a possibility of freezing on the
blade is determined, as well as its freezing position. The droplet trajectory analysis is either
calculated using the Eulerian or Lagrangian approaches. In the ice accretion solver, the
water mass and energy balance equations are applied within the viscous layer at the solid
surface. Many methods have been developed for this approach, most notably the Messinger
Model, Extended Messinger Model, Iterative Messinger Model, or Shallow Water Icing
Model (SWIM). A comparative assessment of these models can be found in [25]. Finally, for
the conjugate heat transfer solver, the effect of the internal heat generated by a thermal IPS
is transferred to the mass and energy balance equations by a conductive heat transfer term.
The heat generated could originate from an electric resistance buried inside a multi-layered
airfoil surface [26] or through a hot air anti-icing system [13]. The four solvers operate
sequentially and iteratively at all discretized control volumes (CVs) of the analyzed 2D
airfoil or 3D wing or blade. The main result of this scheme is to predict a freezing fraction
term, ff, that represents the amount of frozen water compared to the total water mass,
which is, in turn, used to predict the ice thickness normal to each CV’s surface [27]. For
unsteady analyses, a time-stepping approach is used to model the ice growth throughout
the simulated icing time [28].

In this paper, a new and simplified methodology based on the UVLM is proposed to
model ice accretion anti-icing for rotors, as presented in Figure 2. A multi-layered coupling
scheme was applied to the Unsteady Vortex Lattice Method (UVLM) for rotors. Four
coupling layers were proposed as a simplification of the higher-order solvers presented
earlier and are as follows: airflow solver simplification: the 3D UVLM for rotors was
solved with the incorporation of 2D viscous data for two reasons: (1) to enhance its
aerodynamic prediction capabilities by involving the viscous lift and drag coefficients; and
(2) to implement a viscous coupling algorithm that predicts the effective angle of attack
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(αeff) at each azimuthal (Ψ) and r/R of the blades. The UVLM-predicted Reynold’s number,
Re, and αeff were then used with a Nusselt number (Nu) correlation for 2D airfoils to obtain
.

Qconv at each α and r/R. Droplet solver simplification: the steady-state β0 at the stagnation
point (S0) of each r/R was calculated using a renowned correlation from the literature.
Ice accretion solver simplification: a steady-state icing thermodynamic model based on
a modified version of the Messinger Model [29] was solved at S0 to obtain the freezing
fraction. Conjugate heat transfer solver simplification: the steady-state mass and energy
conservation equations at S0 were solved to obtain the required anti-icing heat flux for the
zero freezing fraction.
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The choice of only applying the droplet and thermodynamic analyses at S0 is justified
by two reasons: (1) the availability of previously validated correlations for β0 calculations;
(2) the simplifications brought to the icing thermodynamic model at S0 since the only
incoming water term is the one from the impinging water droplets (no water runback from
other CVs); and (3) most importantly, the stagnation point is typically the location where
the highest β0 [30] and highest

.
Qconv are observed [31], making it the location of thickest

ice accretions and highest requirements of anti-icing heat fluxes. The main drawback of
this approach, however, is possibly the over-estimation of the actual ice shapes or

.
Qconv

since both β0 and
.

Qconv are known to dimmish very rapidly within ±5% of S0 [31].

2.2. Unsteady Vortex Lattice Method for Rotor Heat Transfer (UVLM-RHT)

The UVLM-RHT is a medium-fidelity numerical tool that was developed at the École
de Téchnologie Supérieure to specifically model the flow around rotor blades and estimate
the convective heat transfer on them [22]. Based on the UVLM presented by Katz and
Plotkin [32], it is capable of simulating multi-blade rotors, variable blade geometries (airfoil
shape, chord, twist etc.), rotors in ground effect, and rotors in hover, axial, or forward
flight. It was later developed to include viscous effects by means of coupling the UVLM
to a 2D CFD viscous database using a viscous coupling algorithm. The UVLM-RHT also
benefits from coupling to a large database of 2D airfoil heat transfer data obtained using
high-fidelity CFD simulations on airfoils.

2.2.1. UVLM Basics

The lattices are placed on the blade’s camberline (forming the corner points QF), as
shown in Figure 3. The leading segment was placed on the panel’s 1/4 chord line and the
collocation point, QC, at the center of the 3/4 chord line, where the normal vector (nk) was
defined. For each timestep ∆t, the blade rotates by an azimuth angle (Ψ), and a new row
of wake panels is shed from the trailing edge (TE) and freely convected. The center of the
shed wake panels was placed at a distance equal to 30% of the length of the shed wake [32].
To enforce the Kutta condition, each shed wake panel carries the same circulation (Γ) as the
blade’s TE lattice and remains constant throughout the analysis.
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Figure 3. Vortex lattice distribution on a blade with shed wake lattices.

The Lamb–Oseen viscous core model [33], given by Equation (1), is used to correct
the singularities of the Biot–Savart law equation that is typically used in standard UVLM
applications. This correction is necessary to avoid numerical instabilities when the distance
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between a straight-line vortex element and an evaluation point becomes small, which may
cause artificially large wake displacements, especially in the region near the hub [22,34]. The
core size (rc) is given in Equation (2) and accounts for the weakening of a vortex circulation
with time due to viscous diffusion based on the model by [35]. ξ is the Oseen parameter
(ξ = 1.25643); ν is the static viscosity; t is the time; and a = 10−4 is determined empirically.

→
u 1,2 =

Γ
4π

→
r 1 ×

→
r 2∣∣∣→r 1 ×
→
r 2

∣∣∣→r 0

 →
r 1∣∣∣→r 1

∣∣∣ −
→
r 2∣∣∣→r 2

∣∣∣
1 − e

−ξ(
|→r 1×

→
r 2 |

|→r 0 |rc
)

2 (1)

rc =

√
r2

0 + 4ξ

(
1 + a

Γ
ν

)
ν × t (2)

The influence coefficients of the blade vortex rings are stored in the aK,L matrix
(Equation (3)), where the counters K and L are defined by K = 1→I × J and L = 1→I × J,
respectively. The influence coefficients are calculated for each QC and represent the veloci-
ties induced due to the influence of all other blade bound vortex lattices (u, v, and w). The
RHS matrix was formed by enforcing the zero normal velocity boundary condition on the
surface of the blade, and the resulting form is shown in Equation (4). U(t), V(t), and W(t)
are the time-dependent kinematic velocity components, whereas uw, vw, and ww terms are
the induced velocity components due to the wake lattices. The solution matrix was then set
up and solved (Equation (5)).

aK,L = (u, v, w)K,L ·
→
n K (3)

RHSK = −[U(t) + uW , V(t) + vW , W(t) + wW ]K · nK (4)

ΓK =
m

∑
L=1

a−1
K,L × RHSK (5)

The pressure difference across the blade was calculated for the fluid dynamic loads
by using the Bernoulli equation (Equation (6)). ∆b and ∆c are the spanwise and chordwise
lengths of the lattices, respectively. τi and τj are each panel’s tangential vectors. The force
contribution of each lattice in the body’s three axes was then described by Equation (7),
where ∆S is the area of each lattice. The thrust and torque coefficients as well as the Figure
of Merit (FoM) were then calculated using Equations (8)–(10), respectively.

∆pi,j = ρ

{
[U(t) + uW , V(t) + vW , W(t) + wW ]i,j ·

[
τi

Γi,j − Γi−1,j

∆ci,j
+ τj

Γi,j − Γi,j−1

∆bi,j

]
+

∂

∂t
Γ

}
(6)

∆F = −(∆p∆S)i,j · ni,j (7)

CT =
T

ρ × πR2 × ΩR2 (8)

CQ =
Q

ρ × πR3 × ΩR2 (9)

FoM =
3/2
√

CT√
2 × CQ

(10)

A slow-starting method proposed by [36] was implemented to avoid numerical insta-
bilities that arise when free-wake models are used for rotor simulations, starting from rest.
A Prandtl–Glauert compressibility correction factor [37] was used to correct the circulation
terms and include compressibility effects [38]. More details on the developed UVLM for
rotor modeling and its modifications can be found in [22].
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2.2.2. The Viscous Coupling Algorithm

The viscous coupling algorithm used in this work was the Van Dam α model [22]
that was modified by Gallay [21] to remove the dependency of the viscous slope in the
coupling algorithm. This was achieved by adapting the collocation points to reflect a
slope of CLα = 2π. αeff was first obtained using the inviscid sectional lift coefficient (CL-inv)
computed with the Kutta–Joukowski theorem. CL-inv was then interpolated for each αeff in
the viscous database until the criteria |CL-inv − CL-visc| > ε was met, where ε = 10−4. The
sectional lift was then used to update the UVLM sections’ angle of attack Algorithm 1.

Algorithm 1 Modified α-based Viscous Coupling Algorithm [39].

Viscous Coupling Algorithm
Solve the inviscid UVLM and obtain CL,inv at all radial positions for each radial position

While |CL−inv − CL−visc| ≥ ε

1
Calculate the effective angle of attack αEff

αe f f =
CL−inv

2π − ∆αvisc + αGeo

2
Interpolate the viscous lift CL,visc at αEff from the viscous database

CL−visc = CL−visc

(
αe f f

)
3

Update with relaxation factor ε the viscous correction angle
∆αvisc = ∆αvisc +

CL−inv−CL−visc
2π

end
end

2.2.3. Convective Heat Transfer Calculation

The heat transfer data used with the UVLM in this work were derived from the 2D
CFD Reynolds-averaged Navier–Stokes (RANS) simulations ran using SU2 [40], which
have been reported and validated in an earlier publication [23]. The compressible RANS
flow equations were solved with the fully turbulent Spalart–Allmaras turbulence model [41]
to compute the heat transfer and temperature at the airfoil wall, with the fluid model set to
air. The grid used was obtained from NASA [42]; multiple grids that varied from coarse to
fine were assessed, and the results of the finest one were used in this paper. The grid has
897 × 257 nodes (counting 257 points on the airfoil surface), while the space at the wall
was y/c = 2 × 10−6, which resulted in y+ ≈ 0.1~0.2. The airfoil wall was discretized into 513
points, with the locations of each point in the domain in the x and y directions known. The
location on the airfoil wall was defined by the non-dimensional curvilinear distance S/c,
which was calculated using Equation (12). A positive sign was adopted for the S on the
upper surface, and a negative sign indicated that the S is considered on the bottom surface.

Si =


0 i = 1

N
∑
2

√
(xi − xi−1)

2 + (yi − yi−1)
2 i > 1

(11)

The location of the stagnation point S0 on the airfoil wall was tracked, as shown in
Figure 4, as it moved away from the leading edge (LE) and towards the TE as a result
of an increasing α for each Re. S0 was identified from the CFD results whenever the
pressure coefficient Cp in the LE region was equal to one. Figure 4a depicts the NACA 0012
simulations, and Figure 4b illustrates the NACA 4412 simulations. Depending on the Re
used, S0 consistently moved away from the LE up until a range of 0◦ < α < 17◦. For higher α
values, the trend is abrupted, and S0 moves back towards the LE. This phenomenon occurs
due to flow separation occurring further downstream of the airfoil, as was previously
explained in [43]. While this trend agrees with previous experimental and numerical
studies, a complete validation of S0 values for the corresponding Re and α of this work was
not conducted since the main interest of this work is the convective heat transfer values.
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Figure 5 shows the variation in the stagnation point Nusselt number Nu0 that was
calculated at each S0 using Equation (12). The convective heat transfer coefficient hc

was calculated using Equation (13), where
.

Qconv is the convective heat flux; Tsurf is the
surface temperature of the airfoil wall; and Trec is the recovery air temperature given by
Equation (14). Correlations for the Nu0 for each of the two airfoils were then formed using
a curve fitting method and are given by Equation (15) for NACA 0012 and Equation (16)
for NACA 4412.

Nu =
hc × c

k
(12)

.
Qconv = hc ×

(
Tsur f − Trec

)
(13)

Trec = T∞ + Pr
1
3 × V2

∞
2cp,a

(14)

Nu0 = 4.722 ×
(

1 − 5.137 × αe f f + 14.419 × α2
e f f − 13.427 × α3

e f f

)
× Re0.509 (15)

Nu0 = 6.020 ×
(

1 − 4.276 × αe f f + 9.209 × α2
e f f − 6.526 × α3

e f f

)
× Re0.4909 (16)
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2.3. Droplet Collection Efficiency

The stagnation line collection efficiency β0 is given by Equation (17) [44]. K0 denotes
Langmuir and Blodgett’s expression for the modified inertia parameter, as presented in
Equation (18). This formulation for K0 was experimentally determined based on the
measurements for cylinders but is widely popular and extensively validated for use on
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airfoils and rotors [30,45]. Equation (18) is valid for K > 1/8, where K is the inertia parameter
given by Equation (19). For K < 1/8, no impingement will occur on the surface. For
simplicity, β0 was assumed to remain constant in this work, although it changes with icing
shape developments, which is valid if the icing time is kept deliberately small (<2 min) to
avoid significant changes to β0 as the ice shape develops [45].

β0 =
1.4 × (K0 − 1/8)0.84

1 + 1.4 × (K0 − 1/8)0.84 (17)

K0 =
1
8
+

λ

λStokes

(
K − 1

8

)
(18)

K =
ρw MVD2V∞

18rLEµa
(19)

λ
λStokes

is defined as the dimensionless droplet range parameter and is calculated using
Equation (20); rLE is the leading edge radius of the airfoil; and Reδ is the droplet-specific
Reynold’s number and is calculated based on the MVD.

λ

λStokes
=

1
0.8388 + 0.001483Reδ + 0.1847

√
Reδ

(20)

Reδ =
ρa MVDV∞

µa
(21)

2.4. The Icing Thermodynamic Model

In the following sections, the heat and mass transfer balance used in this work are
presented. The analysis based on the 2D Messinger thermodynamic model is presented [29];
however, simplifications were introduced to account for the preliminary approach this
paper uses towards icing and the calculation of the required anti-icing heat load. Mainly,
the droplets’ temperature and velocity are assumed to be equal to that of the freestream
(Td = T∞), and the temperature within the water and ice layer is constant and set to the
freezing temperature of water (Tsurf = Tfr = 0 ◦C). Together with the steady-state icing
approach, these assumptions neglect the effects of surface roughness as well as the water
and ice thickness on the airfoil surface. While these assumptions have been used in past
works and provided acceptable results [25,30], they are known to produce inaccuracies
and errors in the predicted ice shape. For the simplified nature of this work, and since the
icing analysis is only focused on the stagnation point, the results may be acceptable. Future
work is, however, planned to include a 2D analysis over the whole surface with water film
development and varying temperatures.

2.4.1. Mass Balance

Figure 6 shows the 2D control volume, CV, of a single cell of the icing thermodynamic
model on the airfoil surface [29]. The mass transfer model includes terms for the impinging
water droplets

.
mimp, runback into the CV

.
min, evaporation

.
me or sublimation

.
ms, runback

out of the CV
.

mout, and the mass of frozen water
.

mice. A complete derivation for each of
these terms can be found in Appendix A, with physical properties for air, water and ice
defined in Appendix B. The mass balance is given by Equation (22).

.
min +

.
mimp =

.
mice +

.
mout +

.
me,s (22)
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2.4.2. Energy Balance

Figure 7 shows the 2D CV of a single cell of the icing thermodynamic model on the
airfoil surface with the associated heat transfer terms acting on it. The cooling terms of the
heat transfer energy balance include the impinging water droplets

.
Qimp, radiation

.
Qrad,

evaporation
.

Qe or sublimation
.

Qs, runback out of the CV
.

Qout, icing
.

Qice, and convective
heat transfer

.
Qconv. The heating terms include kinetic heating

.
Qke, aerodynamic heating

.
Qaero, runback into the CV

.
Qin, and the anti-icing heat flux at the wall of the airfoil

.
Qwall . A

complete derivation for each of these terms can be found in Appendix A. The steady-state
energy balance is given by Equation (23):

.
Qout +

.
Qimp +

.
Qconv +

.
Qrad +

.
Qice +

.
Qe −

.
Qke −

.
Qaero −

.
Qin −

.
Qwall = 0 (23)
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2.4.3. Stagnation Line Freezing Fraction

By re-arranging the energy balance of Equation (23), an expression for the freezing
fraction ff can be found, as shown in Equation (24). The expression of the stagnation line
freezing fraction ff 0 reduces to Equation (25):

f f =

.
Qout +

.
Qimp +

.
Qconv +

.
Qrad +

.
Qe,s −

.
Qke −

.
Qaero −

.
Qin −

.
Qwall

.
mimpL f

(24)

f f0 =

.
Qimp +

.
Qconv +

.
Qrad +

.
Qe,s −

.
Qke −

.
Qaero −

.
Qwall

.
mimpL f

(25)

2.4.4. Possible Icing/Anti-Icing Scenarios

Four test cases could occur with the proposed arrangement of the heat and mass
balances: (1) all of the water remains liquid (ff 0 = 0 and Tsurf ≥ 0 ◦C); (2) only some of
the water freezes (0 < ff 0 < 1 and Tsurf = 0 ◦C); (3) all of the water freezes (ff 0 = 1 and
Tsurf < 0 ◦C); and (4) no water droplets are impinged, and the surface is dry.

When all the water remains liquid, the surface temperature is the one at the air–water
interface. Also, no ice formation occurs; therefore, ff 0 = 0 and Tsurf ≥ 0 ◦C. Both terms of
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the incoming mass flow and frozen ice mass are also zero (
.

min =
.

mice = 0). Moreover, only
water evaporation is accounted for since no ice is present in the system (

.
me,s =

.
me). At the

stagnation point, the energy balance reduces to Equation (26):

.
Qwall =

.
Qimp +

.
Qconv +

.
Qrad +

.
Qe −

.
Qke −

.
Qaero (26)

When a mixed water–ice layer is modeled, partial freezing of the incoming water
occurs (0 < ff 0 < 1). The surface temperature is the one at the air–water interface, and
only the evaporation term is accounted for (no ice sublimation). The energy balance at the
stagnation point is then given by Equation (27):

.
Qwall =

.
Qimp +

.
Qconv +

.
Qrad +

.
Qe −

.
Qke −

.
Qaero −

.
mimpL f (27)

If the entirety of the water freezes, the surface temperature is the one at the air–ice
interface. Total freezing indicates that ff 0 = 1 and Tsurf < 0 ◦C. Both terms of the incoming
and outgoing mass flows are also zero (

.
min =

.
mout = 0). Moreover, only ice sublimation is

accounted for since only ice is present in the system (
.

me,s =
.

ms). At the stagnation point,
the energy balance reduces to Equation (28). Previous numerical and experimental works
have shown that this case only occurs for small MVD values, low LWC values, and very
low freestream temperatures (T∞< −20 ◦C) [25,30].

.
Qwall =

.
Qimp +

.
Qconv +

.
Qrad +

.
Qs −

.
Qke −

.
Qaero −

.
mimpL f (28)

Finally, for the case of when no water impinges on the airfoil surface, the surface
temperature is equal to that of the airfoil wall (Tsurf = Twall). Also, all mass and energy
terms related to water or ice are zero. Therefore, Equation (23) reduces to Equation (29):

.
Qwall =

.
Qconv +

.
Qrad −

.
Qaero (29)

In this work, the assumption of a constant temperature in the water and ice layers
dictate that cases 1 and 2 may only be modeled for a situation where the water or ice layers
are at 0 ◦C (for liquid water right before freezing or for solid ice exactly at the freezing
point). Case 3 may not be modeled with the proposed approach since the total freezing
of the impacted droplets will likely occur at temperatures well below 0 ◦C. Case 4 can be
modeled since no water or ice exist to begin with.

3. Results
3.1. Experimental and Numerical Model Setup
3.1.1. Experimental Rotor Tests

The test case consisted of a 0.66 m diameter 4-blade rotor with a NACA 4412 airfoil
shape that operated under a range of rotor speeds of 3880 ≤ Ω ≤ 4950 RPM. The blades
were twisted, and the chord varied from root to tip. The rotor was placed in AMIL’s 9 m
ceiling cold chamber, replicating a hovering rotor operation. The icing spray was delivered
through two nozzles positioned at the ceiling of the chamber, providing LWC = 6.3 g/m3

and MVD = 120 µm. Two air temperatures were used, T∞ = −5 ◦C and T∞ = −12 ◦C, to
account for both the glaze and rime ice accretions. Photographs and measurements of the
resulting ice shape for a wide range of rotor operational parameters have been reported in
earlier publications [46]. Anti-icing tests for the same drone rotor were also conducted in
the same cold chamber with a set of blades equipped with 0.1 mm thick heating elements
having a length of 12 inches (0.3048 m) that were used to cover the LE of the blade from
root to tip. The elements were 2′′ wide (0.0508 m) and they covered an area of 1 inch
downstream of the nose of the LE on both the upper and lower surfaces of the blades. More
details on these tests can be found in [47].
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3.1.2. UVLM Runs

The test case was run using the UVLM for 18 revolutions for ∆Ψ = 10◦ using 10 × 25
vortex panels on each blade, and the first two rotor revolutions were used to slow-start
the rotor. The presented UVLM data are the ones averaged over the last two simulated
revolutions, where the calculations stabilize and do not change between timesteps.

3.2. Rotor Aerodynamic Modeling: From Comparison to Experiments

Figure 8 shows the variation in the hovering rotor aerodynamic parameters obtained
from the experiments versus the numerical results for the (a) thrust coefficient CT; (b) torque
coefficient CQ; and (c) Figure of Merit FoM. The agreement between the sets of data is
within 10% for all simulated rotor speeds (Ω = 3880, 4440, 4950, and 5540 RPM).
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The hovering wake shape after 14 revolutions is also presented in Figure 9 for three
view points: (a) parametric; (b) top; and (c) side. The wake shape and trajectory agree with
the experimental observations and numerical predictions of previous studies [48]. The
wake contracts below the rotor plane and is pushed underneath it as a result of the induced
velocities and downwash of the rotating blades. The symmetric wake shape is obtained
due to the absence of any axial or forward motion of the rotor, which makes the hovering
rotation effect of the blade the sole driver of this symmetry. Finally, an inverted mushroom
shape can be seen forming at 1 to 1.6 m below the rotor plane due to the weakening of
the induced velocities and downwash, making the furthest away wake elements expand,
create edge vortices, and rotate around themselves.

Finally, when experimental thrust and torque measurements were compared between
a ground clearance of 2 and 4 m (h/R = 6 and 12, respectively) in a previous publication [46],
an average variation of around 3% between the two ground clearances was found for either
aerodynamic parameter. As predicted in Figure 9, the expanding wake shape dissipates at
around 1.8 m, making its influence on rotor performance weaker. Therefore, the UVLM
predicts that no important effects should impact performance when ground clearances of
2 or 4 m are used, a phenomenon that was experimentally proven earlier [46]. Keeping
in mind that higher rotation speeds produce a stronger downwash and are associated
with axially farther, more expanding wake shapes, lower rotation speeds will therefore
produce shorter wake shapes, and the effect of ground clearance on the tested rotor remains
unchanged than that seen at 4950 RPM in Figure 8.
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3.3. Rotor Icing Analysis: From Comparison to Experiments
3.3.1. Tests at T∞ = −5 ◦C

The experimental ice shape photographs of the tested drone with the heated rotor are
shown in Figure 10 for the tests conducted at Ω = 3880 RPM and T∞ = −5 ◦C. As indicated
in subfigures (a) to (e), each subfigure represents a photograph of a blade after a test is
performed at a different heating power. The purpose of these tests was to determine the
power required to eliminate ice formation on the rotor blades. Upon further examination,
it was noticed that ice accretion on the LE only occurred for the two lowest tested heating
powers

.
Qwall = 0.069 and 0.176 W/cm2, with ice accretion happening between 0 and 75%

of the blade radius for the former and up to only 10% of the radius for the latter. The LE
was ice free for all higher

.
Qwall values. Moreover, for the cases where ice was still found

on the LE for lower heating powers, the ice was thicker near the root and became thinner
towards the blade tip, where no ice was found even for the lowest tested

.
Qwall .

The test cases in Figure 10 were replicated using the proposed approach of the UVLM-
RTH. Six test cases were ran using different

.
Qwall values, corresponding to the ones con-

ducted experimentally, plus one more case with
.

Qwall = 0. The predicted ff 0 using the
numerical approach for each run is presented in Figure 11.

When no wall heating is modeled, the results show freezing fraction values that vary
from 15% at the root of the blade down to less than 5% at the tip. When heating values are
used, ff 0 trends stay consistent, indicating that the thickest ice accretion will occur near the
hub and becomes thinner going towards the tip, in agreement with the experimental ice
shape seen earlier. Near the hub, low local blade velocities produce low convective heat
transfer values that are easily overcome by the incoming heat from the wall. Near the tips,
aerodynamic heating is significantly increased, and when combined with the incoming
heat from the wall, the total heating energy terms become larger than all other cooling
terms that the blade LE experiences.
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As
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Qwall was increased, ff 0 values decreased consistently throughout the blade span
until zero values were predicted near the hub and root only when the modeled heating
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power was 1.026 W/cm2, which was higher than the experimentally required value of
0.35 W/cm2. However, at that

.
Qwall value, the UVLM-RHT predictions show that only

about 9% to 4% of the incoming water droplets will freeze, which could indicate that the
discrepancy is either due to numerical errors or to a physical phenomenon not modeled
numerically, such as ice shedding due to centrifugal forces.

When the approach towards numerical modeling using the UVLM-RHT was changed,
the

.
Qwall required to prevent any water from freezing (maintain ff 0 = 0) throughout the

blade was calculated. The results are shown in Figure 12 for four test cases ran at −5 ◦C as
well as 3880, 4440, 4950, and 5540 RPM. A point of reference was seen to occur at around
the mid-span of the blade, where the predicted

.
Qwall was the same for all rotor speeds. For

smaller r/R values, the UVLM predicted a higher
.

Qwall value for a higher Ω, whereas the
inverse was true for r/R > 0.5. Cooling energy terms mostly dominated the first half of the
blade and were enhanced by the increase in convective heat transfer due to the increase
in rotation speed. However, aerodynamic heating overcame the cooling effects for the
other blade-half, and the heating requirement significantly dropped as Ω was increased.
Aerodynamic heating increased with a quadratic relationship with the local blade velocity,
while all other cooling heat fluxes only increased linearly with the local air speed.
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Figure 12. UVLM predictions of the required anti-icing heat flux for a case when LWC = 6.3 g/m3;
MVD = 120 µm; and T∞ = −5 ◦C for the test cases at 3880; 4440; 4950; and 5540 RPM.

To quantify the discrepancy between the UVLM-RHT predictions and experimental
results, the numerical results were also compared with the maximum heating power
that was experimentally determined to be sufficient to prevent any ice accumulation
on the blades. In these experiments, a constant heat flux of

.
Qwall = 0.35 W/cm2 was

applied throughout the blade, while the UVLM predictions assumed a constant blade wall
temperature and a radially variable

.
Qwall . Nevertheless, the numerical results overestimate

the required
.

Qwall by as much as 50% in the central region of the blade (0.3 < r/R < 0.9,
depending on Ω).

The experimental ice shapes for the test cases of Figure 12 with the same icing condi-
tions are shown in Figure 13 for Ω = 3880, 4440, and 4950 RPM. The bulk of the ice thickness
was found near the mid-span of the blade and seemed to shift closer to the hub as the rotor
speed was increased, an effect directly reflected in the numerical results of Figure 12. More
importantly, there was an absence of ice accretion near the tips for the test case at 4950 RPM,
while both tests at the lower speeds showed a pertinent level of ice accumulation in the
same region. This confirms the calculations of the UVLM-RHT, where aerodynamic heating
was determined to be high enough to reduce the freezing fraction of water near the tips.
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T∞ = −5 ◦C and at (a) 3880 RPM; (b) 4440 RPM; and (c) 4950 RPM.

3.3.2. Tests at T∞ = −12 ◦C

Another set of tests on the same heated rotor was carried out at Ω = 3880 RPM and
T∞ = −12 ◦C. Similar heating powers were applied as the ones used earlier for the tests
at a higher air temperature. The results of the experimental ice shapes for the tests at the
colder temperature are presented in Figure 14a–e. For these tests, ice accretion was found
even when a lot of heating power was used. Examining the photographs shows that in
fact, ice formed on the LE across the whole span of the blade, even near the tips, and even
when a heating power of

.
Qwall = 0.514 W/cm2 was applied. What is also common with

the ice shapes seen at T∞ = −5 ◦C (Figure 10) is that the ice tended to be thicker near the
hub and thinner going towards the tip. Compared to the tests conducted at −5 ◦C, the
higher temperature difference significantly increases the cooling brought by convective
heat transfer, and the latent heat of fusion of the colder droplets also becomes significantly
more important. Since the positive energy terms brought by aerodynamic heating and
the heating elements did not change, the energy balance turns towards freezing of the
incoming droplets and thus showing thicker ice accretions. It is also worthy to note that
the ice seen in Figure 14 is more opaque compared to that of Figure 10, indicating a mixed
glaze–rime ice type due to more droplets freezing faster upon impact.

However, when the maximum heating power of the system (
.

Qwall = 1.026 W/cm2) was
used, Figure 14e shows no ice formation on the LE, except for a region above an installed
RTD that prevented heating from the heating elements. Nonetheless, it was determined
that a minimum of 1.026 W/cm2 was required to fully protect the blades, had the RTD not
been installed.

Replicated test cases of Figure 14 were carried out for the different
.

Qwall values using
the UVLM-RHT, and the results of the predicted ff 0 values are presented in Figure 15. One
thing to note is that the freezing fractions predicted are almost double those for the test cases
at the higher air temperature presented earlier, which means thicker ice accretions across
the blade span. The ff 0 curves were decreasing from the hub to around 85% of the radius. A
notable difference compared to the tests at T∞ = −5 ◦C, however, is the trend’s reversal at
this region, where the ff 0 values start increasing when heading towards the tips. Upon the
examination of calculations, it was found that the three-dimensional rotor tip effects were
responsible for this increase. The convective heat transfer remarkably increased in that
region and was amplified by the larger temperature gradient for the tests at T∞ = −12 ◦C
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compared to those at T∞ = −5 ◦C. The numerical analyses show that none of the simulated
heating powers prevent ice accretion, with the highest

.
Qwall predicting ff 0 ≈ 0.2 values

from hub to tip, showing an obvious disagreement between the UVLM-RHT predictions
and the experimental data.
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The heating power required to prevent ice accretion (ff 0 = 0) throughout the blade,
predicted by the UVLM-RHT, is presented in Figure 16 for the four test cases that were ran
at −12 ◦C as well as 3880, 4440, 4950, and 5540 RPM. The predicted

.
Qwall values almost

continuously increase from hub to tip, with a slight disruption to its value near 80% of the
span. For the tests at this lower temperature, the cooling effects from the energy balance
therefore overcame all the heating terms, and unlike the test conducted at −5 ◦C, it is
predicted that important heat inputs from the IPS are required to protect the tips from
ice accumulation.
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Figure 16. UVLM predictions of the required anti-icing heat flux for a case when LWC = 6.3 g/m3;
MVD = 120 µm; and T∞ = −12 ◦C for the test cases at 3880; 4440; 4950; and 5540 RPM.

The experimental ice shapes that were obtained at different rotor speeds and at −12 ◦C
confirm this finding (Figure 17), where ice accretion is found throughout the blade span,
even near the tips, and the highest rotor speed. Finally, the discrepancy between the
numerically and experimentally required anti-icing heat flux for ice prevention was higher
at −12 ◦C. Compared to the maximum determined value

.
Qwall = 1.026 W/cm2, the UVLM-

RHT shows a discrepancy of around 50% at the hub and predicts a
.

Qwall value almost triple
of what was observed experimentally near the tips.
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4. Discussion

The preliminary approach for rotor icing modeling developed in this paper shows that
the predicted ice shape locations and variation agree qualitatively with the experimental
data. Moreover, the effects brought by the air temperature and rotor speed on the overall
cooling and heating terms of the energy balance are well reflected and capture some aspects
of the icing process on the rotors. However, the presented results show that the model still
suffers from relatively high prediction inaccuracies and could not yet be considered reliable
for full-on rotor icing modeling.

One thing to note about the experimental setup presented earlier is the use of relatively
high values of LWC (6.31 g/m3) and MVD (120 µm) that are thought to be a major source
for the discrepancies seen earlier, especially since the simplified icing model neglects
temperature changes in the water and ice layers [27]. High LWC values correspond to
thicker water layers with a variable temperature on top of the airfoil surface, which would
directly affect the freezing process as well as the convective heat transfer. Moreover,
droplets larger than 50 µm may experience splashing upon impact and end up not flowing
over the rotor [45].

The UVLM-RHT method was used to analyze another rotor test case with a heat-leading
edge from the literature [49]. The test case consisted of a 0.33 m diameter 2-blade rotor with
an operation at either 4000 or 7800 RPM. The icing conditions were LWC = 0.78 g/m3 and
MVD = 20 µm, and two air temperatures were used, T∞ = −5 ◦C and T∞ = −10 ◦C. The
authors of that work developed and validated with experimental data their own simplified
numerical methodology to calculate the required anti-icing heat flux for three test cases, as
presented in Figure 18. The results obtained from the UVLM-RHT method for similar icing
and operation conditions are also plotted and compared.
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tor fitted with heated blades via electro-thermal heating elements. The aerodynamic per-
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Figure 18. Comparison between the predicted
.

Qwall by the UVLM-RHT method and numerical data
from the literature [49].

The results of Figure 18 show that the UVLM-RHT predictions agree well with those
of the literature for all three presented test cases. For the glaze and rime ice test cases
at the lower speed, the predictions of both numerical approaches are almost the same,
except near the tip regions where the UVLM-RHT predicts 15% higher

.
Qwall values. For

the glaze ice test case at 7800 RPM, the predictions match from hub to tip, and the effects
of aerodynamic heating are captured by both numerical tools. Keeping in mind that the
results of [49] were also validated using their experimental data, it can be concluded that
the UVLM-RHT method predicts acceptable estimates of the

.
Qwall for lower LWC and MVD

icing conditions.



Drones 2024, 8, 65 20 of 26

5. Conclusions

This paper presented a preliminary and novel approach towards modeling rotor
icing using the Unsteady Vortex Lattice Method. This study expands upon a previously
developed UVLM implementation for 3D rotor aerodynamic modeling by integrating a
simplified steady-state icing thermodynamic model along the stagnation line of the blade.
A viscous coupling algorithm, employing a modified α method, integrates viscous data
into the original inviscid calculations of the UVLM. This algorithm is subsequently utilized
to compute convective heat transfer levels for each r/R through a CFD-based correlation
for airfoils. The collection efficiency at the stagnation line is determined using Langmuir
and Blodgett’s correlation, and a simplified steady-state icing model is used by solving the
mass and energy balance equations. Given the preliminary nature of the icing approach,
the analysis is focused on the stagnation line freezing fraction as well as the wall anti-icing
heat flux.

The results are focused on simulating a previous experimental setup of a 4-blade
rotor fitted with heated blades via electro-thermal heating elements. The aerodynamic
performance of the rotor is captured well by the UVLM, within 10% of the measured thrust
and torque coefficients, and the predicted wake shape agrees well with our experiments.
For the icing analysis at −5◦C, the suggested method tends to overestimate the necessary
anti-icing flux by approximately 50%, despite accurately forecasting the impact of aero-
dynamic heating on the prevention of ice formation near the blade tips. At −12 ◦C, the
visualizations of ice formation at various anti-icing heating powers align closely with the
UVLM’s predictions. However, a notable disparity arises when attempting to predict the
essential heat load for eliminating any ice formation.

The large discrepancy obtained was thought to be due to the use of large LWC and
MVD values in the experiment, which may have exaggerated the discrepancy produced
by the simplified icing model of this work. By simulating another rotor test case from the
literature with much lower LWC and MVD values, the results showed excellent predictions
of required anti-icing heat flux that agree within 10% of the numerical and experimental
predictions of the literature.

Further work is required to develop the proposed method into a more accurate tool for
rotor icing analyses. Mainly, a model for water and ice film thicknesses and temperatures
will be implemented. Furthermore, a model for ice-induced roughness will be incorporated
to better adapt the tool for ice shape predictions. Roughness effects arising from ice
accretion are known to enhance convective heat transfer and correlate directly with the ice
shape produced. For now, this tool is treated as a first step towards a low-cost simplified
tool to predict icing and the required running wet anti-icing heat flux with significant ice
accumulation allowed.

Author Contributions: Conceptualization, A.S.; methodology, A.S.; software, A.S. and F.M.; vali-
dation, A.S., F.M. and E.V.; formal analysis, A.S. and E.V.; investigation, A.S.; resources, A.S., F.M.
and E.V.; data curation, A.S. and E.V.; writing—original draft preparation, A.S.; writing—review and
editing, A.S.; visualization, A.S., F.M. and E.V.; supervision, A.S. and F.M.; project administration,
A.S.; funding acquisition, M.B. and M.L. All authors have read and agreed to the published version
of the manuscript.

Funding: This research was funded by Bell Textron Canada Ltd.

Data Availability Statement: The data used in this work are confidential.

Acknowledgments: The authors acknowledge the support provided by Bell Textron Canada Ltd.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A

Mass Transfer Equations

The mass flow components of Equation (22) are defined as follows:
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(1)
.

mimp is the mass flow rate from the incoming droplets of water (carried by the freestream):

.
mimp = β × V∞ × LWC (30)

(2)
.

min is the mass flow rate moving from a neighboring cell into the CV. In this analysis,
only the stagnation point is considered, so the only term for the incoming mass flow
rate into the CV is the one from the impinging droplets and

.
min = 0.

(3)
.

me,s is one of the two quantities describing the evaporating mass flow rate (
.

me) or the
sublimating mass flow rate (

.
ms). In this work, only

.
me is accounted for in the case of

a glaze ice accretion (Equation (31)), whereas only
.

ms is accounted for in the case of
a rime ice accretion (Equation (32)). PS,w is the saturation vapor pressure of air over
water given by Equation (33) (T > 0 ◦C), and PS,i is the saturation vapor pressure of
air over ice given by Equation (34) (T ≤ 0 ◦C). Both equations are obtained from [50].

.
me = hG

PS,w

(
Tsur f

)
− PS,w(T∞)

P∞

 (31)

.
ms = hG

PS,i

(
Tsur f

)
− PS,w(T∞)

P∞

 (32)

PS,w = e(34.494− 4924.99
T+237.1 )

/
(T + 105)1.57 (33)

PS,i = e(43.494− 6545.8
T+238 )

/
(T + 868)2 (34)

hG is the gas-phase convective mass transfer coefficient (Equation (35)); hc is the
convective heat transfer coefficient; and Pra and Sca are the air Prandtl number and Schmidt
numbers, respectively. Both are evaluated at the film temperature Tfilm, where µa, ρa, cp,a,
and DV are the air-specific kinematic viscosity, density, specific heat constant, and the
diffusivity of water vapor in air, respectively, expressed by Equation (36) in m2/s [51].

hG =
hc

cp,a

(
Pra

Sca

)0.67
(35)

Dv = 21.1
( Tf ilm

273.15

)1.94

×
(

1.0132 × 105

P∞

)
× 10−6 (36)

(4)
.

mice is the amount of ice that is frozen on the surface. This term can be calculated by
knowing the value of the freezing fraction ff. The latter is defined as the ratio of the
amount of frozen water onto the surface to the total amount of water flow into the
CV, as described by Equation (37). By rearranging the terms, and remembering that
this analysis only deals with the stagnation point (

.
min = 0), the frozen amount of ice

can be calculated by Equation (38):

f f =

.
mice

.
mimp +

.
min

(37)

.
mice = f f ×

( .
mimp +

.
min

)
= f f × .

mimp (38)

(5)
.

mout is the mass flow rate going out of the CV into the neighboring cell, which is also
equal to the amount of unfrozen water in the cell. Since all other mass flow terms are
accounted for by their own correlations, it is the only remaining unknown term in the
mass balance (Equation (22)) and can be calculated by Equation (39):

.
mout =

.
mw = (1 − f f )

( .
min +

.
mimp

)
− .

me,s (39)
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Energy Transfer Equations

(1)
.

Qconv is the heat lost from the CV by convective heat transfer (Equation (40)). In this
work, this energy term is accounted for by first calculating the Nu through the coupled
UVLM-RHT approach proposed in this paper. Correlations (15) or (16) are proposed
as a means to calculating the Nu at the stagnation point of the airfoil (NACA 0012 or
NACA 4412, respectively), which is, in turn, used in Equation (12) to calculate the
heat transfer coefficient hc.

.
Qconv = hc

(
T∞ − Tsur f

)
(40)

(2)
.

Qimp is the heat lost from the CV to raise the temperature of the impinging water
droplets from the freestream temperature T∞ to the freezing temperature of water
Tfr = 0 ◦C (Equation (41)):

.
Qimp =

.
mimpcp,w

(
Tf r − T∞

)
(41)

(3)
.

Qice is the heat lost from the CV due to icing (Equation (42)). It consists of two
terms: the first is the heat capacity of ice when increasing its temperature from the
surface temperature to the freezing temperature. The other term represents the energy
released by the phase change of water to ice (which occurs at a constant temperature)
and is referred to as the latent heat of fusion. For the analysis in this paper, the
temperature is assumed to be constant within the water and ice layers; therefore,
Tsurf = Tfr = 0 ◦C, and the first term of Equation (42) disappears:

.
Qice =

.
mice

(
cp,i

(
Tsur f − Tf r

)
− L f

)
(42)

(4)
.

Qout is the heat lost from the CV by water flowing out and into the neighboring CV
(Equation (43)). For the analysis in this paper, the temperature is assumed to be
constant within the water and ice layers; therefore, Tsurf = Tfr = 0◦C and

.
Qout = 0.

.
Qout =

.
moutcp,w

(
Tsur f − Tf r

)
(43)

(5)
.

Qrad is the heat lost from the CV due to radiation (Equation (44)). σ = 5.6703 × 10−8

(W/m2.K4) is the Stefan–Boltzmann constant, and υ is the emissivity level at the
water–air or ice–air interface (assumed constant at υ = 0.9).

.
Qrad = συ

(
T4

sur f − T4
∞

)
(44)

(6)
.

Qe is the heat lost from the CV due to the evaporation of water (Equation (45)) [28,52].
e(T) is the evaporation function given by Equation (46); e0 =27.03 is the saturation va-
por pressure constant; and χe is the evaporation parameter given by Equation (47) [53].
.

Qe is used for airflow over water, when only a liquid water film flows over the air-
foil (ff 0 = 0 and Tsurf > 0◦C) or when a water–ice mix is predicted (0 < ff 0 < 1 and
Tsurf = 0 ◦C), and the surface represents an air–water interface.

.
Qe = χe(e(TS)− e(T∞)) (45)

e(T) = −6.803 × 103 + e0 × T (46)

χe =
0.622hcLe

cp,aP∞Le2/3
a

(47)
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(7)
.

Qs is the heat lost from the surface due to the sublimation of ice (Equation (48)) [28,52].

χs is the sublimation parameter given by Equation (49).
.

Qs is used for the airflow
over ice, when ff 0 = 1 and Tsurf < 0 ◦C, and the surface represents an air–ice interface.

.
Qs = χs(e(TS)− e(T∞)) (48)

χs =
0.622hcLs

cp,aP∞Le2/3
a

(49)

(8)
.

Qke is the heat gained by the CV from the kinetic energy of the water droplets striking
the surface (Equation (50)):

.
Qke =

.
mimp

V2
∞
2

(50)

(9)
.

Qaero is the heat gained by the CV due to aerodynamic heating (Equation (51)), where
TT is the total air temperature. γc is the adiabatic recovery factor (either γc = Pr1/2

a
or γc = Pr1/3

a depending on whether the flow conditions are laminar or turbulent,
respectively [54]). In this work, the complex flow generated by the blades and their
wakes is assumed to provide turbulent flow conditions.

.
Qaero = γchc(TT − T∞) = γchc

V2
∞

2cp,a
(51)

(10)
.

Qin is the heat gained by the CV by water flowing into it from a neighboring CV. For
the analysis at the stagnation point, the only incoming water is from the impinging
droplets; therefore,

.
Qin = 0.

(11)
.

Qwall is the sought-after heat flux required to anti-ice the blade surface, which was
given previously by Equation (23).

Appendix B Air, Water and Ice-Specific Properties

Table A1. Air-specific properties.

Symbol Definition Value Unit

Cp,a Specific heat capacity of air 1005 J/kg.K

Cp,w Specific heat capacity of liquid water 4184 J/kg.K

Cp,i Specific heat capacity of ice 2108 J/kg.K

Lf Latent heat of fusion of water 334 × 103 J/kg

Le Latent heat of water evaporation 2257 × 103 J/kg

Ls Latent heat of sublimation of ice 2838 × 103 J/kg

ρa Density of air 1.316 kg/m3

ρw Density of water 997 kg/m3

ρi,g Density of glaze ice 917 kg/m3

ρi,r Density of rime ice 880 kg/m3

R Molecular gas constant of air 287 J/kg.K

µa Kinematic viscosity of air 12.85 × 10−6 m2/s

νa Dynamic viscosity of air 16.9 × 10−6 kg/m.s

P∞ Atmospheric pressure 101,300 Pa

ka Thermal conductivity of air 23.97 × 10−4 m/W.K

Pra Prandtl number of air 0.7085 -
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Table A1. Cont.

Symbol Definition Value Unit

Sca Schmidt number of air 0.4708 -

Lea Lewis number of air 0.6645 -

σ Stefan–Boltzmann constant 5.6703 × 10−8 W/m2.K4

υw Emissivity of water ≈1 -
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