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Abstract: An adaptive tracking control strategy with a prescribe tracking error and the convergence time
is proposed for hypersonic vehicles with state constraints and actuator failures. The peculiarity is that
constructing a new time scale coordinate translation mapping method, which maps the prescribe time on
the finite field to the time variable on the infinite field, and the convergence problem of the prescribe time
is transformed into the conventional system convergence problem. The improved Lyapunov function,
the improved tuning function, and the adaptive fault-tolerant mechanism are further constructed.
Combined with the neural network, the prescribe time tracking control of the speed subsystem and the
height subsystem are realized respectively. Combined with the Barbalat lemma and Lyapunov stability
theory, the boundedness of the closed-loop system is proved. The simulation results have proven that,
compared with other control strategies, it can ensure that the tracking error converges to the prescribe
interval in the prescribe time and meets the constraints of the whole state of the system.

Keywords: hypersonic vehicle; prescribe time control; fault-tolerant control; neural network;
state constraint

1. Introduction

In recent years, the research focus on hypersonic vehicles (HSVs) [1-3] has gradually
shifted from general controller design to solving control design problems in practical
scenarios, such as executing evaluation and reconnaissance, long-range transportation
and delivery, and strategic strike missions in [4-6]. For the research on the HSV control
problem, early works studied many linear feedback control methods, and then proposed
nonlinear control methods such as sliding mode control in [7-10], adaptive backstepping
control in [11,12], and fault-tolerant control in [13-16]. Subsequently, intelligent control
methods based on general approximators such as neural networks in [17-19] or fuzzy logic
systems in [20-23] were widely studied to solve the nonlinear control problem of HSV
with completely unknown dynamics. Furthermore, adaptive control algorithms based
on disturbance observers are used to handle unknown system uncertainties in [24-26].
In addition to requiring the robustness of the control system, good tracking performance is
also the main goal of HSV controller design, and the convergence speed and convergence
accuracy are the two important indicators for evaluating the quality of tracking performance.
In order to improve the convergence speed of HSV, a finite-time control algorithms was
designed to adaptive anti-saturation robust for flexible aspirated HSV under the actuator
saturation state in [27]; this paper designed a self-adaptive fixed-time anti-saturation
compensator by introducing auxiliary variables and adjusting gain, which not only avoids
the influence of tracking error on convergence characteristics, but also reduces the complex
calculation burden of inversion control. The finite-time deterministic learning control
problem of HSVs with model uncertainty has been studied in [28], and achieved better
learning and tracking performance through two stages: offline training and online control.
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However, the stability time in finite time control depends on the initial conditions of the
system, which limits its practical application range. To overcome this limitation, a fixed-
time adaptation strategy for HSV actuator faults has been proposed in [29], and both
actual constraints and model uncertainty have been taken into account, which obtained
a fault-tolerant attitude control rate that allows for fault compensation to be completed
within a fixed-time. A fuzzy adaptive fault-tolerant control strategy for the fast fixed
time-constrained tracking problem of HSV has been proposed in [30]; by estimating the
upper and lower bounds of the actuator parameters for adaptive compensation, a smaller
fixed convergence time was derived, and a segmented differentiable switching control
rate was introduced to avoid singularity problems. An adaptive neural network control
scheme based on the integral barrier Lyapunov function has been proposed in [31] for
the fixed-time tracking control problem of HSV under asymmetric time-varying angle of
attack constraints, which ensures the error always converges to a bounded compact set by
directly designing the asymmetric time-varying angle of attack constraint scheme. The issue
of resource consumption in flight control systems has been researched in [32], and the
implementation of event triggered fixed-time control for HSVs by switching dynamic event
triggering mechanisms has been investigated.

Although the above significant work makes the HSV controller more adapt to practical
application needs, there is still room for improvement in the following areas. Firstly, most
of the current control schemes are related to finite-time or fixed-time control, and there are
relatively few research results that require achieving stability within a pre-set time in specific
flight missions. Secondly, for most existing control schemes that address state constraints,
prior knowledge of the initial tracking conditions is required, that is, the initial tracking
error must meet certain predetermined ranges. Thirdly, when the dynamic equations of
hypersonic vehicle are unknown, for established finite time and fixed-time control algorithms,
the tracking error can only ensure convergence to an unknown residual set, but cannot
guarantee convergence to a predetermined range. Therefore, in the case where the initial
tracking conditions are completely unknown, it is worthwhile to conduct in-depth research
on how to design a satisfactory controller to ensure that the tracking error asymptotically
converges to the predetermined range within a predetermined time. In addition, due to the
complex and ever-changing external environment, it may not be possible to ensure accurate
tracking of the aircraft without considering the faults of the actuator.

Based on the above discussion, this paper proposes an adaptive asymptotic tracking
control scheme with prescribe convergence time and tracking error for HSVs with actuator
faults. The main innovative work is as follows:

1. A time scale coordinate mapping function was introduced to ensure the asymptotic
convergence of the tracking error after transformation, achieving the convergence for
the original tracking error within a predetermined time.

2. An improved Lyapunov function and a class of improved tuning functions were
constructed, while incorporating the Barbalat lemma (if a continuous differentiable
function has a finite limit value as time approaches infinity, and its derivative is
uniformly continuous, then it tends towards stabilizing at infinity) to ensure that
even if the initial tracking conditions are completely unknown, the tracking error can
converge to the predetermined range.

3. Two adaptive parameters were designed to estimate unknown faults, achieving the
adaptive fault-tolerant control of the system and enhancing robustness during actual
flight processes.

The rest of this paper is organized as follows: Section 2 establishes the longitudinal
motion model of the HSV, Section 3 designs the controllers for the speed subsystem and
altitude subsystem of the HSV, Section 4 provides the closed-loop stability analysis of the
HSV system, Sections 5 and 6 list and analyzes the flight simulation results, and Section 7
draws the final conclusion.
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2. Longitudinal Motion Model of Hypersonic Aircraft

American scholars Bolender and Doman [33] focused on aspirated hypersonic aircraft
and considered the highly integrated propulsion system in the aircraft in the Air Force
Research Laboratory. They used oblique shock waves and Prandtl-Mayer expansion theory
to solve the impact of oscillating bow shock waves on the propulsion system performance,
and derived the motion equation of the flexible aircraft using the Lagrange equation, which
captured the inertial coupling effect between rigid body acceleration and flexible body
dynamics in structural dynamics, and established a representative longitudinal dynamic
nonlinear physical model.

. Tcosa—D .
V= Y, 8sinv
i = Vsiny

_ L+Tsina gcosvy

mV V (1)

B=Q—7
. M
< IW

;= —2§iwﬂ7,~ — a)l-2171' + N;, i=1,...,n

In the longitudinal motion model of HSV, the rigid body states V, , v, « and Q,
respectively, represent velocity, altitude, trajectory angle (ballistic angle), angle of attack,
and pitch angular velocity. The elastic state #; represents the amplitude of the i order
bending mode of the fuselage, while m, g, I, {; and wj, respectively, represent the mass,
gravity acceleration, rotational inertia, damping ratio, and flexible mode frequency of
the fuselage.

1%

T =~ GS[Cre(a)® + Cr(a) + Cin]

D = §SCp(a, b, 0c, M)

L =~ GSCr(«, 0, 0c,m) 2)
M = z1T + §SeCps(&, ¢, 0c, 1)

N; % 5 [NFo® + Nfa + N6, + N6 + NP + N']

where T, D, L, M, and N;, respectively, represent thrust, drag, lift, pitch moment, and gen-
eralized elastic force; the parameter fitting values for aerodynamic force and moment are
shown above. Among them, 1 = [171,%1,...,1n, ﬁn]T, n € NT, due to the unmeasurable
elastic state, it is considered as an unknown disturbance in the control law design. In ad-
dition, if the state and control input of the rigid body in the longitudinal motion model
are bounded, then the elastic state is also bounded. §, S, zT, and ¢, respectively, represents
flight dynamic pressure, reference area, thrust arm, and reference length. The approximate
coefficients of the curve fitting model are expressed as

Cro() = Coa® + Choa® + Chpa + Ch g
Cr(:

) = CTvc +Ct zxz—}—C"‘oc—FC%
2
Cp(+) = Co® + Clha + C% 52 + o, + C% 82 + €%, + C + Ci
) =

CL() = Cla + CYé, + Cié. + Cf + Cn 3)
Cum(+) = Ca? + Clya + C46, + C6. + COy + Clm
= [c’“ .,C?”,O},j:T,M,L,D

N = {Nfl,o,...,Nf",o},z’ —1,...,n
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Control input ®, é, and J,, respectively, represents the fuel equivalence ratio, elevator
deflection angle and canard deflection angle of HSV, which are implied in aerodynamic
forces (moments). It is worth noting that the model adopts a duck layout to eliminate the
coupling effect of lifting, so there is a relationship 6. = ke:d, and ke = —Ci“ / Ciﬂ between
the canard deflection angle and the elevator deflection angle, so HSV actually becomes two
control inputs: the fuel equivalence ratio ® and elevator deflection angle J.

The control objective of HSV is by designing and controlling the input fuel equivalence
ratio ® and elevator deflection angle 6., the output signal speed V and height h can
accurately track their respective reference commands in the longitudinal motion plane; at
the same time, it ensures that, even in the event of actuator failure, the prescribe tracking
accuracy can be achieved within the prescribe time set by the designer.

Because the control input fuel equivalence ratio @ is the decisive factor affecting
the thrust, the speed V in the control output signal changes according to the effect of ®.
In addition, since the elevator deflection angle &, in the control input changes the pitch
angle and track angle, the height & in the control output signal is mainly controlled by &,.
At the same time, the flexible dynamics is ignored, and for the elastic state, because it is
unmeasurable, it is considered an unknown disturbance for the convenience of modeling
and subsequent control law design. Thus, an uncertain simplified HSV model is obtained,
which is mainly composed of five rigid body dynamic equations:

V=fy+gv®+dy (4)

h=fu+ gy +dy
Y=frt+gatdy

. )
&= f ot gth +dg
Q= fo+8qgd +dg
where (4) is related to speed V and (5) is related to height h.
In the dynamic Equation (4) about velocity V:
fv = % [uc?’ cos ocC%S + a2 cos aC%Z + & cos aC% + cos aCY — oc2C”,§2
2 2 1
—aCly — (O + k2o ) — 6 (Cy, + ke Cy ) — €y — PRI
e 7 ©

7S
gy = % cos & [oc:ic%?@ + tsz”T‘iD +aCl g + COT,CD}

7S qs
dy = 2 clycosa — 12! A
v=rh o Cpll Ay
The composite disturbance dy includes external disturbances such as gust, turbulence,
and atmospheric disturbance, as well as structural flexibility caused by aerothermoelasticity,
and Ay represents the uncertainty and external disturbance in velocity dynamics.
In the four dynamic Equations (5) about height h:

fh = Orgh = V, dh = Ah (7)
7S 7S 7S
fv:%cg—%cos%gv:% %,dv=%C2n+A7 8)

g aS S S
fu:% fEC%faC(L]ngcos'y ,gazl,da:f%cgn + Ay ©9)
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fo = T [B30zrCE + P27 CHy + a®2rC g + D2rCY g + P27 CH
Q— Iyy 14 ZT T,(I) 14 ZT T’q) n ZT T’q> ZT T/@ 14 ZT T
+02(21Cf +2Chy ) +a(zrCh +aChy) + (2rCh + oy ) |
s 10)
qSC [ o 5 (
g0 = T=[Chi + kel
Yy
zTgS 7S¢
dQ = ;q C?J] + %CRAT] + AQ
vy vy

where Ay, A, Ay, and Ag represent uncertainty and external disturbance in high dynamics.
Since 7y of the actual cruise phase is very small, for simplicity, take siny = -. In addition,
the thrust control term T sina is usually much smaller than the lift term L, so it can be
ignored in the control design process.

3. Controller Design of Hypersonic Vehicle

The simplified HSV model is decomposed into velocity subsystem (including one
dynamic equation of velocity V) and altitude subsystem (including four dynamic equations
of altitude h, track angle -y, angle of attack &, and pitch angular velocity Q), and the control
laws are designed, respectively.

At the same time, the adaptive controller is designed considering actuator failures
including control failure and jamming. The form of actuator failure is expressed as follows:

1 1 1 1
D;(t) = pjPj(t) + Pt € [tjh,k' tjh,e) (11)

—

8ej(t) = 05,0¢ () + P, t € [tjz'h,k' f?h,a) (12)

where p}h, p]zh € [0,1), h represents the hth failure model of the system and gb}h, 1p]2h is an

1
jh,e

failure in speed dynamics, and #2, ,and tjzh . represent the occurrence and end time of the

unknown number. t]lh « and t;, represent the occurrence and end time of the jth actuator

jth actuator failure in high dynamics. Taking the speed subsystem as an example, note that
(11) includes the three following cases:

1.  When pjl.h =1land tp}h = 0, no fault occurred.

2. When0 < le'h < pjl-h < p}h < land w}h = 0, partial actuator failure occurs.

3. When p}h = 0and l[J}h # 0, the actuator will no longer be affected by the control input,
which means that the actuator fails completely.

Let us recall the following lemmas [34].

Lemma 1. Let S(Z) be any nonlinear continuous function defined on the compact set Q7 C R",
and use the radial basis function neural network to approximate function S(Z), then for any given
e > 0, select a sufficiently large positive integer I to satisfy

S(2) =0*Tw(Z) +e(Z), VZeQy (13)
where ¢(Z) is the approximation error of neural network and |¢(Z)| < ey, €p1; > 0 is the

unknown normal number, ®@* is the ® value that makes |¢(Z)| the minimum among all

Z € Qz,ie.,®* = arg min { sup |S(Z) —OTy(Z)| 3. In addition, ¥(Z) is selected as the
WeR! ZeQy
common Gaussian function form

T
—(Zi —¢i) (Zi = 4’1‘)], i=1,2,..,w (14)

2
@;

p(Z) = eXpl
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where ¢;, @;, and w represent the center, width, and number of Gaussian functions, respec-
tively.

Lemma 2. For x € R and any constant € > 0, the following inequality

2

0< x| <e+ (15)

x% 4 €2

3.1. Time Scale Coordinate Mapping

In this section, a time scale coordinate mapping is proposed, which transforms the
convergence problem of prescribe time into a general asymptotic convergence problem.

The prescribe convergence time is recorded as T", and it is required to achieve the
convergence effect within the specified time interval, i.e., t € [0, T"). Using the following
time scale coordinate mapping method, the specified time t € [0, T*) in the finite field is
mapped to the timet € [0, +o0) in the infinite field.

= peT—lé
= eT_|_1_

(1) (16)

Matching the above expression to the transformed time 7 leads to

ﬂ — 2TP76T 2

AT (17)
dt (T +1)? @)

It is easy to draw the following conclusion: A(T) is a monotonically decreasing
bounded function, satisfying A(7) < A, where A is a normal number.

Remark 1. The design of time scale coordinate mapping function needs to meet the following
properties: (1) t (0) = 0; (2) Lu}: t (1) = T"; (3) The function is differentiable and monotonically
T 0

increasing, and the derivative is always positive, so as to ensure that the sign after combining with
the gain function does not change. It is worth noting that the design of functions is not strictly
limited to this form, as long as the above conditions are met, such as exp type, tan type, log type, etc.

3.2. Controller Design of Speed Subsystem

This section aims to design an adaptive tracking control scheme for the speed sub-
system under actuator failure, and ensure that the speed tracking error converges to the
range prescribed by the designer within the prescribe time. Firstly, the nonlinear dynamic
equation of the speed subsystem of HSV is described as

my

V() = fu(0) +evi) L (0 ®i(t) + ) + v (t) (18)
=

where the fuel equivalence ratio ®; € R and speed V' € R represent the input and output of
the speed subsystem, respectively, fy (t) represents the unknown differentiable nonlinear
system function, gy (¢) represents the known differentiable control gain function, and dy (t)
represents the compound disturbance.

The control objective of the HSV speed subsystem is to ensure that the output signal V
can stably track the reference instruction V¢ with the prescribe tracking accuracy within
the prescribe time of the designer, and the speed will not exceed the constrained set
Qy = {V e R": |V| <k, }, even if the actuator fault occurs, by designing the control
input ®.

Assumption 1. The reference instruction V. and its derivatives of order n are smooth and
bounded, that is, for any t > 0, there is a normal number Yy such that the reference instruction
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Vief satisfies Vrgf(t)‘ <Yy <k

vOO|<Yii=12.n

ey, and all derivatives of the reference instruction V,,r satisfy

Using the time scale coordinate mapping method in Section 3.1, the velocity subsystem
(18) is rewritten as

Z—‘T/ = A(7) [ v(T) +8v(T) jm; (p}hrbj(r) - ll)]lh) - dv(r)] (19)

Remark 2. When the original system is transformed into a new system (19), the prescribe time
control problem is transformed into a general asymptotic convergence problem. As long as stable
convergence can be achieved in the infinite time domain of the new system, stable convergence
can be achieved in the original image in the mapping relationship, that is, within a predetermined
time period.

Define speed tracking error
ey =V — Vs (20)

Before performing the backstepping process design, first introduce a reduced order

function sgy (-)
o] ley| > mv

et V<7

and a switching function

_ L lev|zmy
(PV(EV) - { 0, |3V| <y (22)
where 7y > 0 is a constant that the designer can design in advance.
According to (21) and (22), the following conclusion can be obtained
' >
_ ) Tap levizmv 23
sgv(ev)dv(ev) { 0, lev| <y (23)
and
[pv(ev)]" = pv(ev) (24)
Recalling the speed subsystem (19) and (20), we can obtain
dev _ y Y (ol L) +d v, 25
T =A@ v L (03 ®i(T) + 9}y ) + v ()| = Viey (25)
Choose an improved quadratic Lyapunov function
1 2
Lv = s (lev| = 7v) ¢y (26)

Remark 3. It is worth noting that the key difference between the proposed improved Lyapunov
function and the traditional Lyapunov function used in similar studies is the addition of a switching
function. In the traditional Lyapunov function, the constraint problem is only handled with an
error constraint, but there is a drawback that it is not necessary to deal with the situation that the
error itself is within the set interval. Therefore, an improved Lyapunov function is proposed with a
switching function, take the following two conditions of the switching function into account: if the
error is within the set interval, the function value is 0; if the error exceeds the set interval, the function
value is 1. Meanwhile, because the switching function is a piecewise function, singularity may
occur during the derivation process. Therefore, the proposed switching function ensures that its n-th
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power remains its own, which can convert discreteness into continuity and effectively avoid such a
singularity problems.

Then, the time derivative of Ly is expressed as

% = (lev] — 7v)pvsgv(ev) [ m; (Pﬂﬂ’ + lP]h) )
+A(D) fy (1) + A(D)dy (1) = Ve |

1T
Define an unknown nonlinear function Sy (Zy ), where Zy= [V Vie f} € R?

Sv(Zv) = M) fv (1) + A1)y (T) = Vref (28)

sing the general form of neural network (13) to approximate the unknown function
Sy (Zv) , then

dL ny
TTV = (lev| — v )pvsgv(ev) [®V*T¢V(ZV) +ev(Zv) +MT)gv(T) ) (P]thDJ(T) + l:b]h)
. ) (29)
< (lev| = tv)evsgv(ev) [%Pv +A(T 21 (P]hcb + l/’]h)
=
Define
by = /Oy Oy + 8 (30)
pv = SgV(EV)\/(P\T/(ZV)fPV(ZV) +1o (31)

where [y is a positive design constant.
Next, define

my
. 1
s1 = inf o = —
1 tzO;p]h 1=

(32)
gl = sup (Z ¢]h>

t>0 \j=1

The unknown parameters ¢; and {; will be estimated by designing an adaptive law.
Next, rewrite the time derivative of Ly as

dL
—= < (levl = v)gvsgy(ev) [fypv + A(T)gv (1) (5194(7) + &1) +01(7) —01(7)] (33)
A new switching regulation function %y is proposed
hy = { (lev] = mv)sgv(ev)pv, lev] > mv

4
0, |€V| < Tty (3 )

Construct an auxiliary control law as follows

) 0.275A 4
01(7) = bypy + cvsgv(ev) + kv (lev| — 7v) sgv(ev) + ( (T)gv(T)ets

lev| — mv)pvsgv(ev)  (35)
+ Ypvhy + A(t)gv(1){1 tanh((Jey | — 7ty )pysgy (ev) /€ )

where @y is the estimate of 0y, {7 is the estimate of {1, and thereis {; = {; — ¢ - ¢y, ky and
7y are positive design constants.

Substituting (35) into (33) yields
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ZL*TV < Ovhy —cy(ley| — v)pv — kv (lev| — 7Tv)4¢v —0.275A(1)gv (T)els
+ (lev| — mv)gvsgy (ev) [A(T)gv (1)s19;(T) + A(T)gy (T)¢1 + 01 () (36)

—M(T)gv (1)1 tanh((Jev| — 7v)pysgv(ev)/e)] —

where 0y = 0y — év is the weight estimation error of the generalized neural network.
Then, construct the actual smoothing control input ®;(7) as

(lev] — mv)pvsgy (ev)d3vi (1)

)\(T)gv(T)\/(|ev| — 1ty) ¢ sgv2(ey) 8202 (1) + oF (37)
01
 (ev[ = mv)pyvsgy (ev)A(T)gv (T)

Qi(1) = —

where 7 is a positive design constant.
The following adaptive update laws are designed as

A

v = Proj(vhv), Oy (0) € Q, (38)

&y = r(lev] — 7tv)pvsgv (ev)A(T)gy () tanh((Jey| — 7ty )pvsgv(ev) /e ) (39)
+0.275rA(T)gv (7)€

91 =T(Jev| — mv)gvsgy (ev)vr (1) (40)

where 9 is the estimation of ®; and there is an estimation error §; = ¥ — 9. Proj(+)
projection operator, ()g,, is a known compact set satisfying 6y € Qy,.

So far, the design process of adaptive tracking controller for speed subsystem in infinite
time domain has been completed.

3.3. Controller Design of Height Subsystem

This section aims to design an adaptive tracking control scheme for the altitude
subsystem under actuator failure, and ensure that the altitude tracking error converges
to the range prescribed by the designer within the prescribe time. Firstly, the nonlinear
dynamic equation of the height subsystem of HSV is described as

h(t) = fiu(t) + gn()(t) +dh( )

T(8) = fo(£) + &y (B)a(t) +dy ()

() = fu(t) + ga(t)Q(E) + du(t) (41)
Q(t) = t) +gqlt Z (p]h5e] )+ lp}h) +dg(t)

where altitude £, track angle <, angle of attack «, and pitch angular velocity Q represent
the four state variables of the system respectively, and elevator deflection angle J,; € R
and altitude /1 € R represent the input and output of the altitude subsystem, respectively.
For the convenience of description, the state variables of the system are recorded as Xys
n=1,2,34 where x1 =h,x2 =7, x3 = &, x4 = Q, then f,, (t) represents the unknown
differentiable nonlinear system function, gy, (t) represents the known differentiable control
gain function, and dy, (t) represents the compound disturbance.

The control objective of the HSV height subsystem is to ensure that the output signal i
can stably track the reference instruction h,, s with the prescribe tracking accuracy within
the prescribe time by the designer, and the state quantity x;, will not exceed the constrained

set ()y, = { Xy ER": x| < ke, }, even if the actuator fault occurs, by designing the
control input J,.
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Assumption 2. The reference instruction href and its n-order derivatives are smooth and bounded,
that is, for any t > 0, there is a normal number Y, such that the reference instruction h,, £ satisfies
href(t) < Yo < ke,, and the derivatives of the reference instruction hy,s satisfy ’h(”) )‘ <Yy
n=1234

Using the time scale coordinate mapping method in Section 3.1, the height subsystem
Equation (41) is rewritten as

Z]; MO fi(T) + g (1) 7 (T) + dy(7)]
ZZ M) [fy (T) + g (T)ee(T) + doy (7))
do W)
it MT) [fa(T) + 82(T)Q(T) + du(7)]

‘;—g = AM71) [fQ(T) +80(7) mZzl (pfhéej(r) + wfh) + dQ(r)]

It should be mentioned that backstepping technique is used to construct an adaptive
controller for nonlinear system, the recursive design procedure contains four steps. To
facilitate the readers’ comprehension, the general block diagram of the proposed control
scheme is given in Figure 1.

Actual control i S m‘
law (88) i ‘
T 1
[ Virtual control |

I
I
1 | |
I
i
Y I
! law (77)
I
|
I
|
I
I

s
Ja—

i

I
2| Virtual control } % [Virtual control >

ST
law (65) } law (56)

[ T ;
I
Adaptive Adaptive |
parameters parameters ;
I
|

Step 4 | Step 3 Step 2

Adaptive
parameters

Adaptive
parameters

Step 1

Figure 1. Block diagram of the height subsystem.

The design of adaptive control law is firstly based on the definition of tracking error

(43)

A reduced order function sgy, (-
backstepping process design

, 1 =1,2,3,4 is introduced before performing the

exy
lexy |” ’eXU’ = Ty
sl = Bl 1
(i =) tlew | !
and a switching function
1, |e s
4 Xn| = "Xy
br (ex,) = (45)

where a is 7y, > 0 constant that the designer can design in advance.
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According to (21) and (22), the following conclusion can be obtained

ey
S, (eM)(pX,7 (6701) - { (|)em|' ZW i Ziv (46)
’ U U
d
B [% (%)] = ¢x, (%) (47)

where 7 is positive integer.
Next, the detailed controller design process based on backstepping technology is
as follows.

3.3.1. Step 1

Firstly, the intermediate control «; is designed to make the corresponding subsystem
(track angle 7 ) toward the equilibrium position.
Consider the altitude subsystem and note the tracking error e, = h(T) — h.f(7) of

altitude K

L AL )+ 84(F17(0) + (D] ey s

Choose an improved quadratic Lyapunov function
e _ 1 2
Li = 5 (len] = 70)"¢n (49)
By introducing e, = (1) — a1(7), the time derivative of L{ is described as

% = (len| — 74)Pnsgn(en) {A(T)gh(T)(ev +a1) + A7) fr(T) + A(T)dp(T) — href] (50)

Define an unknown nonlinear function S;(Z;)

S1 (Zl) = A(T)fh(f) + /\(T)dh(T) - href (51)

Using the general form of neural network (13) to approximate the unknown function
$1(Z,), then
dLi

= (len| — 7t)Pnsgn(en) {@1”4’1(21) +€1(Z1) + A(T)gn(7) (e + “1)}

< (len] — 7tn) Pnsgn (en) [91T<P1(Zl) +A(T)gn(T) (e + 061)] (52)
< (len| — 7ti)Pnsgn(en) [0p1 + AT)gn(T) (e + a1)]
where 6; = [G)i*T/ei(Zi)] T/ 0:i(2) = [yI(z),1]".
Define
- \/max{G)i*T@i* n s%},i —1,2,3,4 (53)
o1 = sgu(en)/ 91 (Z1)g1(Z1) + 1o (54)

where [j is a positive design constant.
A new switching regulation function #; is proposed

yo— § Uenl = 7mn)sgulen)or,  len| = 7o (55)
1 0, |€h‘ < 7Ty
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Design a virtual controller a1 (7) as follows

w (1) = /\(T;%(T) [—épl — c1sgn(en) — ki (|en| — 713,) sgn(en) 56

— 2 lenl = 74)sgi(en) — (O + Dsgi(en) — 220

where § is the estimate of 60, c1, k1, and 7y are positive design constants.
Substituting (56) into (52) yields

dL¢ -
dTl < (Jen| — ) nsgn(en)fo1 — 1 (len| — ) pnsgh (en) — kn(len| — 7ma) Pusgi (en)

- %(|€h| — 7t)*Pnsgh (en) — Y201 (lenl — 701) @nsgn(en)[(len] — 7mh)sgn(en)p1]
+ (len| — 7)) pnsgn(en) A (T)gn(T)ey — (7t + 1) (Jen| — 701) Pusi; (en)

< 116 — c1(len| — 70)n — ka(Jen| — 7)) b — i(\eﬂ — 704) n — 71

+ (len| = 7n)pn(A(T)gn(T) ey | — 7ty — 1)

(57)

where § = 6 — 0 is the weight estimation error of generalized neural network.

3.3.2. Step 2

Secondly, the intermediate control «; is designed to make the corresponding subsystem
(attack angle &) tend towards equilibrium position.

Consider the tracking error e, = ¥(7) —a1(7) and e, = a(7) — ap(7) of track
angle (1) ]
ZL = MO0 + g1 (D) +dy (7)] — e
= A0 (1) + (D) (ex + (1)) + o ()] — L 8)

2 .
doq () - Y daq (1) _ 30&19

()" A oy ref a0

Choose an improved quadratic Lyapunov function

1 2
Ly = L+ 5 (ley] = 7y) ¢y (59)
Define an unknown nonlinear function S;(Z5)

oug ; onq

. 2 doq (m+1)
-5 57 () ¥(T) — Z h (60)

=y anm et

re

S2(Z2) = A(T) fr(T) + A(T)dy (T)

Using the general form of neural network (13) to approximate unknown functions
Sy(Zy),n =1,2,3,4 to obtain

Sy(Zy) = 0, Ty (Zy) + 9 (Zy) = 6, 94 (Zy) (61)
Invoking (58) and (61), the time derivative of L/ can be obtained by (59)

dLs  dL de,
i (ley| — ”7)4’7587(37)%

2 day 4 (62)
< o+ (leal =77 (e9) [ M(T)35 (7) (en + (7)) + 0p2 — =50
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where p; is designed as

p2 = ng(ev)\/fl’g(zz)?z(zz) +1o (63)

Similarly, a switching adjustment function f, is proposed as

b = (esl =7y)sgy(eq)or + 1, leg| = 7y (64)
27 ley| < 71y

Design a virtual controller a,(7) as follows

(t) = 1rzye [0~ salen) —aler] = sgyer) = (e + sgaler)

(AMT)gn(T)ley| — 777)2
ley| — 11y

1
- 1(|€7| — 71y)s8y(ey) — vPp2(hz + hiy) — sgy(ey) (65)

1 dup \
——(ley| — 114 )52+ (e —
4(| vl )88 ( 7)<89> ]
where ¢, and k; are positive design constants.

Substituting (65) into (62)

dr == ZC"(‘e"”
n=1

o )4 07— 2 (jey| — 7)?
xy ) Py 1= zley v) Py

- 7%,)4’7@ - ;kn (‘exr,

+ (ley] = 7)oy (A1) & (T)[ew| — 70 — 1) + 6(leq | — 74 ) P58 (eq)02 )
1 ony \ 2
— Y202l + 1) (|eq| — 70 ) pysgy (e7) — 1(|37| — 7,) 9y (;;1)
o1 A
— (ley| = ”7)477587(37)%9 — I+ Y,
where .
Y, = —;L(|€h| — 1) — (A(T)gn(T) ley | — 1)y 67)

+(len] = 7o) Pn (A(T)gn (T)]ey| — 717 — 1)
It is worth mentioning that the result of Y, < 0 can be obtained through analysis.
If A(T)gn(T)ley| < my + 1, there is obviously (|e,| — 71,)pn(A(T)gn(T)|ey| — Ty — 1) <0,
so Yy < 0;if A(T)gn(T)|ey| > 7y + 1, then ¢, = 1, using Young's inequality, we obtain

Ya < 5 (lenl = m)%n — MO er] = 7074 (el = 0%

(68)
+ (MT)gn(T)ley| — 71y = 1)* <0
According to the definition in (64) to obtain
— Y02 (i + 1) (ley| = 70y)pysgy(ey) — v
= [Pz((|ev| — T1y)58y(ey)p2 + 201 ) (|ey| — 70y )Pysgy (eq) + hﬂ ©9)

= =72 [(p2lex] = 717)5g1(e4))” + 2tipa(ley | — 7y)sgy (ey) + 1]
_ 2h2
=Y
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Substituting (67) and (69) into (66) yields

dLe B 2
T.L.z < Ony — ’72_1@7(’6)07

(ley| = 7)o + (ley| — 70) oy (A(T) g (T) ew| — 710 — 1) (70)

) ooy 4
(el = 81 (22— Gleal ey (o) 22

3.3.3. Step 3

Thirdly, the intermediate control a3 is designed to make the corresponding (pitch
angular velocity Q) subsystem tend towards equilibrium position.
Consider the tracking error e, = a(T) — ax(7) of the angle of attack a(7)

dey

7 = MOUa(1) + 8(1)Q(7) +du(7)] — 2
( ) [fa(T) + 8a(7) (eq + 23(7)) +du(T)] (71)
dy 4 3 Qay  (mi1) 0o
a Z 3)07 Z_lo ahief) hmf Bl ’

Choose an improved quadratic Lyapunov function

1
5=1Ls+ §(|€rx| - 7704)24’04 (72)

Define an unknown nonlinear function S3(Z3)

o 2 3. ou 1
53(Z3) = A(T)fulT) + 2 = X ot (73)
U ahre £
Using (58) and (61), the time derivative of L5 can be obtained by (59)

dLy  dL§ dey
T2 = a7 T eal = 7ta)dusgalen) =
dL{ aaz (74)
< S+ (leal — s (en) (D)) e + ()
where p3 is designed as
3 = Sga(ea)\/qog(zs)q’s(zs) +1lo (75)
Similarly, a switching adjustment function 73 is proposed as
hy = (lea| = Ma)sga(en)p2 + T2, |ea] = Ta (76)
hz, |€“| < Tly
Design a virtual controller a3(7) as follows
1 A
65(7) = gty 100 — 3s8a(en) —Kllen] = ) sga(ea) = 7pa (s + 1)
1 AT T)|eq| — 71a)?
— (lea] — 7a)sgu () — (AM1)g7(7)ea] ) sgu(ea) 77
4 ‘etx| — Ty

2
(g + 1)sgales) — i(\e,ﬂ — )5ga(en) (a”) ]
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where c3 and k3 are positive design constants.
Similar to Step 2

3

T S0 i (‘exn) "xn)‘f’xn i’%(‘exn’_”xn)44’xq_i(ea|—7fa)24’v
=X (Jeu| -

) nxq)%sgxq(%)MA*’ Z (‘exq‘nxq)z(l)xq(a“q 1)2 78)

+ (Jeal = 7a)a (M(T)8a(T) |eg| — g — 1) —72?13

3.3.4. Step 4

Fourthly, the stabilization of system can be achieved with the actual control input u
(elevator deflection angle ;) being designed.
Consider the tracking error eg = Q(7) — a3(7) of the pitch angular velocity Q

3

L
d—;’ < 6h3 — 77; cy (‘ex,7

4 1 P
— 7, ) Py — 7 (Ieal = )9

2 ou 2 (79)
—7'[7(}7) (PXW( ’7’\1>

- ”x»;)‘f’xn - i krl(‘exn

atxﬂ 1,\

- nXi]>¢Xiyng17 (exq)iA 1 Z (‘%

U
+ (Jeal = 7o) (A(T)8a(T)[eg| — @ — 1) — 'rzhs

Choose an improved quadratic Lyapunov function

L{=L5+ - (IEQ! —m0)*¢g (80)

Define an unknown nonlinear function S4(Z4)

o 4 da
$4(Zs) = A1) fo(T) +A Z axi ZO ah(3 ity (81)
m ref

And define .
2
_: 2 _
= L=
(82)

t>0

{2 = sup (Z llfjh>

where the unknown parameters ¥, and {, will be estimated by designing an adaptive law.
With the help of (79) and (81), the time derivative of Lj can be obtained by (80)
dLy  dLj deg
T; = ar (|€Q| - HQ)(PQSgQ (EQ) dT
dLe 8“3 A

(83)
< 2+ (Jeq| — 7o) $assa(eq) {A(T)gQ(T) (5206 (7) + &2) +0ps — —5°0

where py is designed as

ps =sgq(eq) \/(PZ(Z4)€04(Z4) +1o (84)
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Next, an auxiliary control law v, (7) is constructed as follows

) 0.275A 4
02(v) = —bps — ka(leg| — 70) 580 (e0) — 1palhu +113) + (s 753(2’2;)5(%(2)
L 2 )* _ (M1)8a — mg)’ (85)
N Z(’8Q| B HQ)SgQ (eQ) ( a“é‘z) - ( <T)g‘e(QT’)’e€_JQ ﬂQ) 580 (EQ)

+A(1)go(1)¢2 tanh ((leq| — 7o) Posga(eq) /€ ) — casgq(eq)

where c3 and k4 are positive design constants, £, is the estimate of {» and {, = p — (5.
Similarly, the switching adjustment function 74 is constructed as follows

n, = { (eal =ma)sgaleq)os + s, |eq| = mg (86)
hs, ‘EQ’ < TQ

In combination with (85), add and subtract the term v,(7) of (83) to obtain

dL 4 4 4 .
e S Oha— Z:l ¢y (’ex,7 — 7[2(,7)4))(,7 — Z:lk,? (’exﬂ — nx,?> ¢y, — 0.275A(T)g0(T)eln
n= n=
1 4 2 80617_] 2 4 806,7_1 A
- Z ”;2 (‘67(17‘ - nXU) (PXV ( aé ) - ’7;2 (‘e?(n‘ - an)(Pqungy (eX17> aé 0 (87)
+ (leq| = @) pasga (ea) [~A(T)3a(T) 2 tanh((leg| — 7o) Posgaleq) /€ )
+A(1)g0(T) (5206(T) + L2) + v2(T) ] — 715
Next, construct the actual smoothing control input 4,;(7) as
5ei(T) = — (Jea| = mg) Pgsga (EQ)@%U%('O
AMDg0(0/ (|eal — m0) 03802 (eq) B303(7) + 03 (88)
(leal = 7o) $assa(eq) MT)ga(T)
where 07 is a positive design constant.
Design the following adaptive update laws are as
9 = Proj(vhs), (0) € Qg (89)

&2 = r(leo| - 70) 90580 (€) M()g0(T) tanh((|eg| — mo) passalea) /€) gy,
+0.275rA(T)g0(T)e

9, =T (|eq| — mq)Posgo(eg)va(T) 1)

where 3, is the estimation of 9, with estimation error &, = 9, — 05, )y is a known compact
set satisfying 0 € ().

So far, the design process of the adaptive tracking controller for the height subsystem
in the infinite time domain has been completed.

4. Stability Analysis
4.1. Stability Analysis of Speed Subsystem

Theorem 1. Considering the nonlinear system (18) under Assumption 1, the actual control

input (103) is designed by introducing the auxiliary control law (102) and the parameter adaptive

update law (104)—(106). The control scheme can ensure that: (1) All the signals of the speed

subsystem are bounded; (2) The tracking error can converge to the interval defined by the designer

within the prescribe fixed time T, i.e., tlir?P ley (t)| < 7ty, in which the parameters T' and 7ty
—
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can be designed in advance; (3) The speed will not exceed the set Qy = {V € R" : |V| < k¢, }
of constraints.

Proof. In order to analyze the stability of the velocity subsystem, the following Lyapunov
function is considered

Li=L,+ L0+ L% +L° (92)

where LY = 2179‘2/, L =582, L5 =432 O

Combining with év =0y — éV = —év, substitute (38) into (36) to obtain
dL, _ - 4 . OS]« A
e < Oyhy —cy(ley| — tv)pv — ky(ley| — ty) *py — 0.275A(7)gv (7)€l — Tﬁlﬁl
- %5151 + (lev] = 7ty )pvsgy (ev) [A(T)gv (T)s1Pj(T) + A(T)gv (7)1 + v1(T) (93)
~A(T)gy (1) tanh((lev| = mv)gusgy (ev) /€ )] = 2By Proj(rh)

We know the property — Proj(fy) < —hy of the inner projection operator of compact
set (2p,,, so we obtain

1 < 12, [rllev] — mv)pvssy (ev)M(2)gy (1) tan((Jev]| — mv)pysgv(ev) /e ) — 1]

+ (|€v| — 1ty )pysgy (ev)MT)gv (T)s19(T) + (lev| — v )pvsgy (ev)v1(T)
—cv(lev] = mv)pv — kv (lev| — mtv) v — 0.275A(7)gv (T)els — s?lﬁlél (94)

AMT)gv ()Gl (lev] — mv)pvsgv(ev)| — (lev] — v )pvsgy (ev)
x tanh((|ey| — 7ty )pvsgv(ev)/€ )]

Recalling (37) and Lemma 2 to obtain

(lev] = mv)pvsgv (ev)A(T)gv (T)s19;(T)
 si(lev] = )’} sgv? (ev) 303 (1) s

V Ulev] = mv)*$sgv2(ev) B32(v) + 0? 95)
—s1|(lev| = mv)pvsgy (ev)dio1 (7)]

<
< —s1(lev| — mv)pvsgy (ev)dro1 (1)

With inequality 0 < || — gtanh(q/€ ) < 0.2785¢, it holds that

MT)gv(T)i[|(lev] — v )pysgv(ev)| — (lev] — v )pvsgv(ev)

96
< tanh((Jev| — 7y )pvsgyev) /e )] < 0275A(T)gy (T)dze 0
Substituting (39), (40), (95), and (96) into (94), we obtain
dL .
dTl < —cy(lev| = mv)py — kv (lev| — mv) ¢y — 0.275A(t)gv (T)ely
—s1(lev| — mtv)pvsgy (ev)div1 () + (ev| — 7tv)pvsg (ev)vr (T)
+0.275A(7)gv (T)ed1 — 0.275A(7)gv (7)€l (97)

— 5101 (ley| — 7tv)pvsgv (ev)vr (T

)2
)
< —cv [(levl — m)%pv] " kv [(lev] — v ov]’
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According to the result of (97), it is obtained that L; has the property of non-increasing,
so the boundedness of ey, 8y, &; and 5 is guaranteed. Since 0y = 0y — Oy, and 6y are
bounded constants, y € Lo. Because Vier and its derivatives are bounded, V' € Le.
Through similar analysis, all closed-loop signals are bounded.

It is now proven that the proposed control method can allow the tracking error to
converge to a range that can be defined by the designer within a predetermined time.

With the help of (97), the following inequality holds

2 dL 1/2 dL
kv [(lev] = mv)Pv | < =T — v |(lev = m)Pov] "< -T2 ©8)
Integrate both sides of (98) to obtain
00 , 12 1 1
| Tevl=m v ] dr < (Lafeo) + L1(0)) < -Li(0) 99)
0 ky ky
where indicates (|ey| — my)*¢y € Ly.
By applying the Barbalat lemma yields
lim (lev(7)| = 7rv)*¢v =0 (100)

T—00

Therefore, the tracking error ey (T) asymptotically approaches a prescribe interval 7ty
in the infinite domain time 7.

In turn, the adaptive controller in the original nonlinear velocity subsystem (18) is
designed. According to the inverse transformation of time scale, T in the control law in
Section 3.2 is replaced by t, so the prescribe time control is realized through the mapping
function from the perspective of time scale.

The auxiliary control law vy (t) and the actual control input ®;(t) are designed
as follows:

0.275A(1)gv ((t))edr
(lev] = tv)pvsgv(ev)  (101)
+ 7 ovTy + A1)y (T(t)) {1 tanh((lev | — v )Pvsgv (ev) /€ )

01(t) = Bypy + cysgy (ev) + kv (lev] — v )’sgv (ev) +

(lev| — mty)pysgy (ev) 8203 ((t))
AT)gy(T(t)) \/(|6v\ — 1ty)2 ¢ sgv(ev) 803 (T(t)) + o (102)
(lev| — v )pvsgv(ev)A(T)gv (T(t))

The adaptive updating law of parameters is

Qi(t) = -

A A

Oy (t) = PrOj(’)’Tv(T(t))), 0y (0) € ng (103)

é1(f) =r(ley| — rtv)pvsgv (ev)A(T)gv (T(t)) tanh((|ey | — 7ty )pysgy (ev)/€) (104)
+0.275rA(T)gv (T(t))e
d1(t) =T(lev| — mv)pvsgy (ev)or (T(t)) (105)

Similar to the above proof process, consider the following Lyapunov function

V() = Vi (8) + VO (1) + VO (1) + VE(D) (106)
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Along the same lines, we can draw a conclusion
av, 1/2 2
b < v [(evd =mv)gv ] kv [(lev ()] = mv) v (107)

Because the time scale coordinate mapping method is adopted, the prescribe time
t € [0, T) of the finite field is mapped to the time T € [0, +-c0) of the infinite field, which is
obtained from (98)—(100)
lim |ey ()| < 7y (108)
t—TP
Therefore, the actual speed tracking error ey (t) can converge to the interval 7ty defined
by the designer within the prescribe time T”. Next, it is proved that the speed will not
exceed the set Qy := {V € R": |V| <k, } of constraints. Becausetlir?P ley(t)] < my,

and 7ty can be designed in advance, if 71y = k, < k¢, — Yy is defined, it can be inferred
that there is |V (t)| < ley(t)| +

is proved.
So far, the proof of Theorem 1 has been completed.

Vref(t)‘ <my+Yy <k fort — TP, so the conclusion

4.2. Stability Analysis of Altitude Subsystem

Theorem 2. Considering the nonlinear system (41) under Assumption 2, the actual control
input (122) is designed by introducing the auxiliary control law (121) and the parameter adaptive
update law(123)—(126). The control scheme can ensure that: (1) all signals of the altitude subsystem
are bounded; (2) The tracking error can converge to the interval defined by the designer within

the prescribe fixed time TP that is, limp ‘6707 (t)‘ < Ty, M= 1,2,3,4, in which the parameters
t—=T
TP and Tty, can be designed in advance; (3) All state quantities xy do not exceed the set Qy, 1=
{)(,7 eR":|xy| < kcq} of constraints.
Proof. In order to analyze the stability of the velocity subsystem, the following Lyapunov
function is considered
Ly=L{+ L8+ L8+ 1§ (109)
where Lg = %52, Lg Sz 192 Lg =1 @2 O

Combining with b=0-0= —6 substituting (89) and (87) into (109) yields

4

[7h4 — Proj(hs)] Z (’%7’ 17)¢X11 - ilkv (‘67(17’ - ”xq)44’xq - Sle%l%
=

_ (110)
- ;CzCz + X+ (leg| — o) Posga(eq) [M(T)8a(T) (5206(T) + L2) + v2(7)
go(t)¢atanh((|eg| — 7o) pasga(eq) /€ )] — 0.275A(1)go(T)eln
where ]
oy,
- Z (’eXiy ’ - an)‘PXnSgXU (EXU) % PrO](’)/h4)
(e (111)

2 du 1 2
-
- n)(}y) (PXiy ( 89 >
We know the property [Proj(h4)]* < 13 and — Proj(hy) < —hy of the inner projection
operator of compact set (), so we obtain

1 4
- ’)/Zhi - ; Z (‘eX;y

n=2
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- (’exn‘ - an)(PXiyngﬂ (exq) apgé_l Proj(vhy)

(e \ ) (112)
411 ; (‘%; 7-[)(;7>2¢X17 (ai;%_l) + 70
According to (112), R < 0 is obtained. Therefore, dLy/d7 can be further expressed as
% < (lea] = m0) #0580 (e0) MT)g0(T)s2d (T i 1(Jexs| = 7 ) e, — 8202
+ (leq| = @) 9asga(eq)va(T) + %52 [r(leq| = @) asga(eQ) A(T)go(T)
(113)

< tanh((|eq| — Q) #asga(eq) /¢ ) — &o| — 0275 (T)gq(T)ela
+A(1)g0(T)22[[(leq| — @) pasga(eq) | — (lea| — 7o) pasga(eq)

x tanh (|eq| — Q) dsga(eg) /¢ )] - z k(o] — 72 ) 0,

According to (88) and Lemma 2, we can obtain

(Jeq| = Q) pasga(eq) A(T)ga(T)s20,(T)
___ (leo| = m0)*9ps80> (e) B3 (7) - o
- \/(\EQ! — 710) $35802 (eq) B303(7) + 03

< —sy(leq| — Q) P05 (eq) Bav2(T)

With the inequality 0 < |g| — gtanh () < 0.2785¢ yields

MT)go(T)G2[| (| — o) dasga(ea)| — (lea| — ma) ¢assa(eq) 115)
x tanh((|eg| — Q) Posga(eq) /€ )] < 0.275A(T)go(T)l2e€

Similarly to the previous section, substitute (90), (91), (114), and (115) into (113) to
obtain

1/2 4

2
iy, [(Jow| = 7)o ] - >k (o]~ ) 0] 10

According to the result of (116), it is obtained that L, has the property of non-increasing,
so the boundedness of exys 6, 8, and 52 is guaranteed. Since 6 =60 — 0, and 6 are bounded
constants, § € L. Because I, ¢ and its derivatives are bounded, i € L. Since a; is a
function of bounded signals, there is #; € L, 50 v = €, + &1 € L. Through similar
analysis, the boundedness of « and Q can be deduced in turn, so all closed-loop signals
are bounded.

It is now proven that the proposed control method can allow the height tracking error
to converge to a range that can be defined by the designer within a predetermined time.

With the help of (116), the following inequality holds

? /
qék” mm‘ - 7%7)24”('7} = _% _écn [(‘em‘ - %)24);@7}1 2 < - ’ZLTZ (117)
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Take #7 = 1 and integrate both sides of (117) to obtain

[ [eul = 7] < (- Lae0) + L2(0)) < - L2 (0) 118)
0 . < k1

which indicates that (|e;,| — 77,) 2y, € Lo.
Applying the Barbalat lemma yields

lim (Jey (T)| — 70) ¢y = 0 (119)

T—00

Therefore, the tracking error e, (T) asymptotically approaches a prescribe interval 71,
within the time 7 of the infinite domain.

In turn, the adaptive controller in the original nonlinear height subsystem (41) is
designed. According to the inverse transformation of time scale, T in the control law in
Section 3.3 is replaced by f, so the prescribe time control is realized through the mapping
function from the perspective of time scale. Similarly, the auxiliary control law v, (t) and
the actual control input J,;(¢) are designed as follows:

0.275)L(T(t))gQ(T(t))€éz
(leg| — mq)Pasgaleq)
2 J—
(!eQ\ —1g)s8q(eq) (ag:;z> — ))greQ| - JTZQ‘ o)
+A((1)go(t(t) 2 tanh ((|eg| — 7o) posga(eq) /€ ) — Y2 palhia + hi3)

(|€Q’ — 71q) $osgq (eq) 9303 (x(t))

Mr()go(t(0)y/ (lea] — 7o) #h3802 () BAT() + 3 (191
(leql = mq) dosgq(eq) A (z(t))ga(x(t))

where the parameter adaptive updating law is

va(t) = —Bps — casgo(eq) — ka(|eq| — 7o) ’sgo(eq) +

(120)

sga(eg)

5ej(t) ==

8(t) = Proj(ya(1)), 8(0) € Qg (122)
La(t) = r(leg| — mQ) 90sga (e0) AT (1))go(T(t)) tanh((|eg| — 7o) dasga(eq) /¢ ) (123)
+0.275rA(T(t))g0(T(t))e
@2(t) = r(‘EQ| — ﬂQ)‘PQSgQ (eQ)Uz(T(t)) (124)
Similarly to the former proof process, consider the following Lyapunov function
Va(t) = Vi() + V() + VI () + V5 () (125)

where V{(t) = L02(1), VR (1) = $83(t), V5 (t) = £33(1).
Along the same lines, we can draw a conclusion

4

2 172 2 77
- 7_[?0]) ‘Pxn} - Zlkv |:(‘qu‘ - 7%1) ‘qu} (126)
=

@ < Ll

Due to the use of the time scale coordinate mapping method, the prescribe time
t € [0,TP) of the finite field is mapped to the time T € [0, +oc0) of the infinite field,
as obtained from Equations (117)—(119)

lim [ey,(t)] < 71 (127)
t—TP
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Therefore, the actual height error ¢, (t) can converge to the interval 77, defined by the
designer within a prescribe time T”.
Next, it is proven that all state variables x, will not exceed the set of constraints

Qy, = {Xn eR": |xy| < kc,?}.

Since limp ey (t)| < 7, and 71, can be designed in advance, if 71, = kj, < k¢, — Yo is

t—=T
defined, it can be inferred that t — T". Due to the boundedness of the Lyapunov function
Va(t), 1imP ’exq (t)‘ < 7y, can be obtained. Based on the conclusion of a1 € L, there must
t—=T

be a normal number &; such that |a;| < &, and if 77, = kyp, < ke, — &7 is defined, there is
l7(H)] < ley(t)] + |a1| < 7Ty + & < ke,. Using the similar approach, predefining the value
of Ty, by the designer, the conclusion of | X17| < kcq, n =1,2,3,4 can be fully guaranteed,

that is, none of the state variables x, will exceed the set of constraints.
At this point, the proof of Theorem 2 was completed.

5. Simulation Results and Analysis

In this section, the simulation results of hypersonic vehicle are given to verify the
effectiveness of the proposed controller.

For the longitudinal dynamic model, the initial state is set as velocity V(0) = 7700 ft/s,
altitude /1(0) = 88,000 ft, initial velocity error ey (0) = 1 ft/s, altitude error e, (0) = 2 ft/s,
track angle v(0) = 0 rad, angle of attack «(0) = 0.0284926 rad, pitch angular veloc-
ity Q(0) = 0 rad/s, and elastic state quantities 77 (0) = 0.97008, #,(0) = 0.796696 and
111(0) =12(0) = 0. The reference trajectories V,,r and h,,r are generated by a second-order

. Vier(s) _ hyes(s) 0.032 _ _
filter ViG] = hs) = 2x095x0035 100 where V. = 1000 ft/s and k. = 3000 ft. The pa-

rameters of the controller are settocy = 2, ky = 5,7 =1,01 = 0.1, ¢4 = 2, k;, = 55,
0y = 0.1.

The set scene requires that the tracking error converge to the prescribe range
ley (t)] < 0.02 at the prescribe time T” = 20 s, and the height tracking error converge
to the prescribe range |e;, ()| < 0.1 at the prescribe time T" = 25 s. The analog actuator
starts to fail in the 100th second, and the failure parameter is set to pjl-h = p]Zh =05, w}h =01,

l/ljzh = 2/57.3 rad. In order to prove the superiority of the proposed method, it is compared
with the traditional control scheme, where PCs represents the proposed control scheme
and CCS represents the traditional control scheme.

The simulation results are shown in Figures 2—7. From Figures 2 and 3, it can be seen
that, even considering the actuator fault, the speed and height tracking errors converge to
the prescribe range within the prescribe time. In addition to the prescribe time tracking
performance, it can also be verified from Figures 2 and 3 that, even if an unknown actuator
fault occurs, the speed and height have strong robustness to the tracking of its instructions,
will not change greatly and the tracking error can quickly converge to the range prescribed
by the designer. Figure 4 shows the three rigid body state quantities -y, «, and Q of HSV.
The simulation results show that the state signals are bounded. Figures 5 and 6, respectively,
depict the corresponding curves of the adaptive parameters of the HSV speed subsystem
and height subsystem. It can be seen that 6, 0y, é 1, é », 91 and &, are bounded in the process
of system control. Figure 7 describes the control input signals ® and J, of the designed
HSV and the flexible state variables 7; and i = 1,2, it can be concluded that the signals
are bounded.
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6. Discussion

Compared with the traditional control scheme, the proposed control scheme can meet
the different tracking performance requirements, has faster convergence speed and higher
convergence accuracy, and better solves the adaptive prescribe time tracking problem with
actuator failure. In addition, it is noted that there is no constraint on the tracking error at
the beginning of the system performance. This means that, compared with the existing
error constraint implementation schemes, the proposed control algorithm does not need to
know the initial tracking conditions in advance, and can also achieve the prescribe time
tracking performance. Additionally, the selection of actuator fault parameters is based
on an appropriate value. If the fault parameters are too large, greater control energy is
required and even system stability cannot be ensured. If the fault parameters are too small,
the impact of the fault can be ignored, which cannot reflect the progressiveness of the
proposed method. Due to the design of two adaptive parameters to estimate unknown
faults, the parameters can be adjusted online to achieve adaptive fault-tolerant control when
faults occur, thereby enhancing the robustness of the actual flight control system. According
to the tracking curve of the speed subsystem, it can be seen that the analog actuator starts to
fail in the 100th second. At this time, traditional control methods cannot guarantee that the
tracking error converges to the prescribed range of 0.02, and the maximum tracking error
even exceeds 0.25 with a chattering phenomenon that occurs. However, the control method
proposed in the article can ensure that the tracking error is within the required range.

7. Conclusions

In this paper, the adaptive fault-tolerant tracking control of hypersonic vehicle with
prescribe time and tracking error is studied. Firstly, a time scale coordinate mapping
function is introduced and the controller is designed in the transformed infinite time
domain. Animproved Lyapunov function and an improved tuning function are constructed.
When the initial tracking conditions are completely unknown, the tracking error converges
in the range that can be defined by the designer combined with the Barbalat lemma. At the
same time, the online parameter estimation is designed to ensure the adaptive fault-tolerant
control of the system. On this basis, it is ensured that the actual tracking errors of speed,
altitude, track angle, angle of attack, and pitch rate can converge to the range that can be
defined in advance by the designer within the prescribe time. Simulation results verify
the effectiveness of the method. The control scheme effectively solves the limitation of the
unknown prior knowledge of the initial error, and meets the specific needs of the actual
scene. In future research directions, as the system is based on a universal prescribe time
architecture, this control strategy is also applicable to other vehicle models, including wing
flying aircraft. In addition, this paper focuses on the control of a single aircraft, further
research will expand it to the formation control of multiple aircraft.
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