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Abstract: The work that is being presented demonstrates that there is a critical point at which the
engineering stress–strain diagram’s elastic–plastic region transitions to yield and fracture stresses.
This transition is demonstrated using thin-walled specimens made using selective laser melting
technology from high-strength aluminum alloys (AlSi10Mg) that have undergone preliminary heat
treatment. It was discovered that the strain-hardening coefficient, which was determined in the
section from yield strength to fracture strength, and the critical point have a highly statistically
significant association (0.83 by Spearman and 0.93 by Pearson). It was possible to derive a regression
equation that connected the strain-hardening coefficient with the crucial transition point. The type of
stress distribution in the elastic–plastic region changes (the Weibull distribution changes to a normal
distribution) as the plasticity of the thin-walled samples increases. Additionally, the contribution of
the probability density of the stress distribution described by the Cauchy distribution increases in a
mode near the point at which the probability density of the fracture increases.

Keywords: selective laser melting; AlSi10Mg; Weibull distribution; failure probability; Akaike’s
criterion; strain hardening coefficient; evaluating distributions

1. Introduction

Precise modeling of the material fracture process is necessary for complex product
design. By optimizing the final product’s design based on actual loads, modeling aims to
increase the structure’s reliability.

The mathematical (numerical methods) foundation for engineering computations is
provided by various iterations of the mesh method [1] and the finite volume approach [2],
while the physical foundation is provided by continuum mechanics [3]. This application of
elasticity theory demonstrates well the fracture of samples made from acrylonitrile butadi-
ene styrene (ABS) plastic and composite materials using fused deposition modeling (FDM)
technology [4–6]. Similar examples are available for calculating strength and modeling
the selective laser melting process [7–9]. Many materials, especially composite materials,
have heterogeneous mechanical properties [10–18], which makes it necessary to assess the
dependability of almost all structural materials using a probabilistic method [19].
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The most popular distribution for the probabilistic modeling of structural material
reliability is the two-parameter Weibull distribution [20,21]. The Weibull distribution was
utilized in [22] to estimate the size distribution of fiber inclusions, in a manner like how
it is used in studies on other materials, such as composite materials [6,22]. Weibull did
note in his publications that the Weibull distribution should be considered an empirical
distribution in addition to other distribution functions [20,21].

So, using the Akaike information criterion [23], a novel approach to evaluating the kind
of distribution of mechanical features was proposed [24]. This demonstrated that the normal
distribution is the closest type of stress distribution for certain materials (silicon oxide).
Using the Akaike and Bayes criteria, it was demonstrated that the logistic distribution
is the closest type of distribution for the mechanical properties of pipe steels [18]. An
investigation of mechanical properties in terms of the tension of samples generated from
high-strength aluminum alloy (AlSi10Mg) using selective laser melting technology and
applying the Akaike and Bayes information criteria shows that the Weibull distribution is
the closest [25].

As shown in [26], the Cauchy distribution is the closest distribution to the Weibull
distribution for the particle size distribution of alumina (Al2O3) inclusions in polylactic
acid (PLA). Furthermore, it was shown that different sections of the same FDM-printed
sample and different regions of the same filament containing Al2O3 inclusions may exhibit
different distribution rules for the dispersion of ceramic inclusions in plastic.

There exists a clear correlation between the homogeneity of inclusion distribution and
the mechanical properties of samples fabricated using selective laser melting (SLM) and
composite materials [26]. In the second case, the achieved strengthening results from the
distribution of various inclusions that precipitate along the phase boundary during heat
treatment of samples acquired by SLM [27–33]. In [34,35], it was shown that hardening in
AlSi10Mg is achieved due to the ultrathin eutectic microstructure of a spherical nanoscale
network of eutectic Si embedded in the Al matrix. In [35], the size distribution of inclusions
was investigated, but no attention was paid to the law of particle size distribution and its
change depending on heat treatment.

It is controversial to base the understanding of complex multistage processes, like
material fracture under tension, on a single type of distribution. Consequently, Bayesian
statistics and Markov chain theory are widely applied in the probabilistic modeling of
complex systems [36,37], and mixture theory is often applicable [38].

Engineering stress–strain diagrams of filament and printed samples made from ABS,
PLA, and ceramic/polylactide acid (60% Al2O3/40% PLA) utilizing FDM technology, as
well as the fracture probabilities analysis of pre-cycled samples, were described in [39,40].

Based on an investigation of the behavior of the fracture probability densities with
respect to stresses in samples made by selective laser melting, this work proposes an
extension of the hypothesis [40].

This work aims to present a model of stress distribution in samples that underwent
tensile testing and that were generated by selective laser melting of AlSi10Mg.

2. Materials and Methods
2.1. Materials

Powdered AlSi10Mg was the first material utilized to manufacture the samples utilizing
selective laser melting. The sizes of the powders ranged from 30 to 75 µm. Figure 1 [25]
shows a micrograph of the initial material and the powder particle size distribution.

A 3D metal printer, the FS121M (Farsoon Technologies, Hunan, China), was equipped
with a preinstalled 500 W laser. Layer thickness of 30 µm, laser power P = 340 W, hatching
distance of 0.15 mm, and laser travel speed of 1500 mm/sec were the primary printing
modes. Figure 2 shows a schematic of the sample and where it was placed on the table
during the selective laser melting production process.
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Figure 2. Schematic parameters of the SLM sample (A): L = 140 mm, b = 20 mm, and c ≈ 0.6 mm. The
sample’s positioning on the table for printing (B). The scanning approach is conceptually represented
by red arrows.

In steps of 30 ◦C, the printed samples were heat-treated in an air-filled muffle furnace
at temperatures between 260 ◦C and 440 ◦C. Following an hour of heating to the holding
temperature, the samples were allowed to cool naturally at the furnace’s rate. The heat-
treated specimens were subjected to mechanical testing and surface roughness analysis.
The acquired samples are displayed in Figure 3.
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Ref. [25] provides microstructure and technical “stress-strain” diagrams that are based
on the test results of the specimens shown in Figure 3.

Table 1. The average chemical composition of AlSi10Mg powder.

Elements Al Si Mg O

Composition (wt. %) 88.1850 9.9550 0.3275 1.5325

2.2. Experimental Methods

The microstructure and chemical makeup of the materials were examined using a
Phenom ProX scanning electron microscope (Phenom-World BV, Eindhoven, Holland)
equipped with an adaptor for elemental analysis by energy-dispersive spectroscopy. The
surface roughness of the samples was measured with a Hommel-Etamic T8000 profilometer
(Jenoptik, Jena, Germany), and mechanical tensile tests were conducted at a speed of
2 mm/min using an INSTRON 5989 electromechanical testing machine (Instron, Norwood,
MA, USA).

2.3. Theoretical Methods

The behavior of fracture probability densities is analyzed to provide a theoretical
framework for both the analysis of fracture probability and the processes involved in
tensile fracture [21]. In this study, we utilized the methodology initially introduced in [40],
specifically applying it to the fracture probability of specimens produced using SLM tech-
nology from AlSi10Mg. The experimental data were statistically analyzed using Rstudio
2023.06.1 Posit Software, PBC, GNU license. Using experimental data from [25] and the the-
ory described in [41–44], the empirical fracture probability density function was computed.

f̂h(σ) =
1
n

n

∑
i=1

1
hdik

K
(

t − σi
hdik

)
(1)

where n is the number of points in the stretching diagram; K—is the “kernel” function;
k—is an arbitrary positive number; dik is the distance from σi to the k nearest point in the
stretching diagram data consisting of n−1 other points; h is the smoothing parameter; and
t—is the local point at which the state density function is defined.

Equation (1) indicates that the specimens produced by SLM technology have a contin-
uous fracture probability density function that is defined at all stresses between 0 and σF,
where σF is the fracture stress. The fracture probability density function of the specimens
acquired by SLM technology can be decomposed in Fourier series based on the continuity
requirement of the function f̂h(σ). The rapid Fourier transform was used in the study that
was presented.

ρ(γ) =
n

∑
i=1

f̂h(σi) ∗ exp(−2πi(γ, σi)) (2)
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where ρ(γ) is the spectral density of tensile stress distribution of SLM specimens; f̂h(σi) is
the probability density of failure of SLM specimens.

According to Euler’s equation, the argument, given f̂h(σi) and σi, determines the
behavior of the spectral function. It follows from Equation (2) that all values of the spectral
density of the stress distribution belong to the space of complex numbers.

γ = Re(ρ(γ))/Im(ρ(γ)) (3)

where γ is the argument of the spectral probability density function; Re(ρ(γ)) is the real
part of the spectral probability density function of fracture probability; and Im(ρ(γ)) is the
imaginary part of the spectral probability density function of fracture probability.

The following algorithm was used to look for symmetry in the spectral density argu-
ment’s behavior:

φi(σ) = γi at
dγ

dσ
= 0 (4)

φi(σ) + φi(σT − σ) = 0 (5)

where φi(σ) is the value of the argument of the spectral function corresponding to the
maximum or minimum of the spectral function; σT is the voltage value at which the spectral
probability density function exhibits symmetry properties.

The behavior of the theoretical probability density function to the left and right of
the stress σT corresponding to Equation (5), symmetry breaking in the vicinity of σT , and
changes in the type of the theoretical distribution to the left and right of σT are the main
areas of interest for the analysis of the empirical fracture probability density function [45].

The determination of the closest theoretical type of simple distribution to the empirical
distribution was carried out using the minimum value of Akaike’s criterion and Bayes’
criterion. And the simple theoretical distributions were as follows:

1. Normal:

f (σ) =
1

sd ∗
√

2π
exp

(
−
(
(σ − µ)2

2∗sd2

))
(6)

where sd is the mean square deviation of the stresses; µ is the mathematical expectation of
the stress distribution; and σ is the stresses.

2. Logarithmically normal:

f (σ) =
1

σ × sd ×
√

2 × π
exp

(
− (ln(σ)− µ)2

2 × sd2

)
(7)

3. Logistical:

f (σ) =
1
s
×

exp
(
− (σ−µ)

s

)
(

1 + exp
(
− (σ−µ)

s

))2 (8)

4. Cauchy:

f (σ) =
1

π × s ×
[

1 +
(

σ−x0
s

)2
] (9)

where s is the scale factor; x0 is the shift factor.

5. Weibull:

f (σ) =
a
b
×
(σ

b

)(a−1)
× exp

(
−
(σ

b

)a)
(10)

where a is the shape factor of the Weibull distribution; b is the scale factor of the
Weibull distribution.
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6. Poisson:

f (σ) =
µk

k!
× exp(−µ) (11)

where k is the number of events (studies).

7. Exponential:

f (σ) = λ × exp(−λσ) (12)

where λ = 1/µ is the inverse of the mathematical expectation.

8. Gumbel:

f (σ) = exp(−(σ + exp(−σ)) (13)

The parameters of the distributions were calculated using the maximum likelihood
method [44,46].

The determination of the total fracture probability density for the bound state of SLM
specimens was calculated using the following equation [47]:

f (σ) =
N

∏
i=1

f̂ih(σ) (14)

where f̂ih(σ) is the fracture probability density of the i-th specimen; N is the number of
tested specimens; and f (σ) is the total probability density of fracture for the bound state of
SLM specimens.

The calculation of the sample fracture probability density based on the identified
theoretical probability densities was performed using the following equation:

fi(σ) =
l

∑
k=1

ωk fk(σ)−
l

∑
m,j=1

fm(σ) f j(σ) (15)

where fi(σ ) is the probability density of failure of the i-th specimen; k is the number of the
stress distribution; ωk is the weight of the k-th probability density in the probability density
of failure of the specimen; and fk(σ) is the probability density of the distribution at the k-th
site of the stress distribution.

Theoretical probability density functions were matched with each acquired general proba-
bility density distribution function of fracture probability, and the difference (“non-convexity”)
between the general probability densities was determined by the following formula:

D f =
1

n + 1
2

√
n

∑
i=1

(
f T
i (σ)− f P

i (σ)
)2 (16)

where f T
i (σ) is the average theoretical probability density of stress distribution at static

failure; f P
i (σ) is the actual average probability density of stress distribution at static failure;

and n is the number of points in the state density function.
Mechanical property anisotropy can appear from sample to sample [20] as well as

within a single sample produced by selective laser melting [48]. In this study, we examined
the anisotropy of the material’s mechanical characteristics as they vary among samples in
the tensile testing of SLM AlSi10Mg samples with narrow walls.

3. Results and Discussion

Stress–strain tensile diagrams of specimens fabricated by SLM technology from
AlSi10Mg [25] were obtained for a series of static tensile tests. The empirical fracture
probability densities calculated by Equation (1) are presented in Figure 4.
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Figure 4. Dependence of the empirical probability density function (Equation (1)) on stress for SLM
samples. (A)-without heat treatment; (B)-after heat treatment at 260 ◦C; (C)-after heat treatment at
290 ◦C; (D)-after heat treatment at 320 ◦C; (E)-after heat treatment at 350 ◦C; (F)-after heat treatment
at 380 ◦C; (G)-after heat treatment at 410 ◦C; (H)-after heat treatment at 440 ◦C.

In contrast to the behavior of the empirical probability density of filament samples
and samples obtained by FDM printing technology from ABS, PLA, and 60% Al2O3/40%
PLA, the analysis of the behavior of the empirical probability density of fracture of SLM
samples reveals that the empirical probability density of samples prior to heat treatment at
350 ◦C inclusive (Figure 4A–E) does not have one clearly expressed extremum [38]. The
empirical probability density for the SLM samples that were heat-treated at temperatures
higher than 350 ◦C (Figure 4F–H) has a single, prominent maximum, and the contribution
to the total fracture probability density increases with the annealing temperature.

Figure 5 shows the results of calculating the argument (3) of the spectral density (2) of
states for the studied samples.

The behavior of the argument of the spectral density function of states from stresses
has a break at the symmetry point of the maxima and minima of the argument, and its
nature is similar to that of the behavior described in [40].
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Upon confirming the existence of a Spearman correlation between the strain-hardening
coefficient and the transition point values [25], the correlation coefficient value was found
to be 0.83 at the statistical significance level, with a p-value of 3.023 × 10−13, and 0.93 at the
level of statistical significance, with a p-value of <2.2 × 10−16. There is a strong statistically
significant association between these numbers.

The influences of transition points on the temperature of the heat treatment and the
transition points on the strain-hardening coefficient found in [25] are displayed in Figure 6.

The high value of the correlation coefficient indicates a linear relationship between σT
and θ (the robotic regression algorithm [49] was used to build a linear model):

σT = 56.2459 + 2.7786 × θ (17)
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Figure 6. Dependence of σT (transition stress) on annealing temperature (A) on strain hardening
coefficient (θ) from yield strength to tensile strength (B).

The linear model’s mean square deviation from the data is 9.876 MPa. Equation
(17) can be represented more broadly as follows: the free term of the equation has the
dimension of stress, and the multiplier before the strain-hardening coefficient has the
dimension of strain, according to an analysis of the dimensionality [50] of the values
included in the equation.

σT = σ0 + ε0 × θ (18)

where σ0 is the stress corresponding to the beginning of the transition from the elastic to
plastic region of the strain diagram; ε0 is the strain change at the section of transition from
the elastic to fracture region of the engineering stress–strain diagram.

The nearest type of stress distribution to the left and right of σT was studied using the
Akaike and Bayes criteria. Among the eight distribution types found in Equations (6)–(13),
the distribution with the lowest Akaike and Bayes criteria values was chosen. The max-
imum likelihood technique [51] was used to compute the parameters of the distribution
functions. Table 2 displays the findings of the analysis.

Table 2. Estimation of the closest distribution type to the left and right of the transition point σT by
the Akaike and Bayesian information criteria.

No of
Samples

Heat Treatment
Temperature, ◦C

Distribution
to the Left of

σT

Distribution
to the Right

of σT

b by Weibull,
to σT

a by Weibull,
to σT

b by Weibull,
from σT

a by Weibull,
from σT

1

20

Weibull Weibull 92.261 1.906 254.575 5.944

2 Weibull Weibull 92.051 1.890 255.687 6.027

3 Weibull Weibull 93.839 1.937 258.170 5.924

4 Weibull Weibull 94.371 1.898 260.610 5.984

5 Weibull Weibull 99.071 1.963 270.391 5.999

6 Weibull Weibull 97.306 1.911 270.089 5.898

1

260

Weibull Weibull 104.033 2.024 277.544 6.016

2 Weibull Weibull 103.111 2.043 276.052 6.005

3 Normal * Weibull 90.063 47.118 276.595 5.984

4 Normal * Weibull 90.044 45.315 269.865 5.947

5 Normal * Weibull 89.980 47.091 276.279 5.965

6 Weibull Weibull 105.544 2.064 281.872 5.981
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Table 2. Cont.

No of
Samples

Heat Treatment
Temperature, ◦C

Distribution
to the Left of

σT

Distribution
to the Right

of σT

b by Weibull,
to σT

a by Weibull,
to σT

b by Weibull,
from σT

a by Weibull,
from σT

1

290

Weibull Weibull 112.842 2.604 281.012 5.944

2 Weibull Weibull 107.185 2.128 281.507 6.025

3 Normal * Weibull 95.202 48.901 288.487 6.049

4 Normal * Weibull 90.954 47.085 277.021 5.998

5 Normal * Weibull 88.593 44.323 267.245 5.977

6 Weibull Weibull 105.544 2.064 281.872 5.981

1

320

Weibull Weibull 94.792 2.120 250.451 6.081

2 Normal * Weibull 79.534 41.247 241.867 5.968

3 Normal * Weibull 81.495 41.480 246.803 6.024

4 Normal * Weibull 82.488 41.084 248.462 6.003

5 Normal * Weibull 81.527 43.051 252.825 5.993

6 Weibull Weibull 95.588 2.182 249.368 6.065

1

350

Normal * Weibull 74.503 39.728 230.789 5.976

2 Weibull Weibull 87.562 2.004 236.017 6.054

3 Normal * Weibull 78.117 42.308 247.135 5.906

4 Normal * Weibull 75.439 39.915 235.329 5.911

5 Normal * Weibull 76.278 41.969 243.520 5.901

6 Weibull Weibull 86.505 1.907 239.640 5.934

1

380

Weibull Weibull 71.480 1.987 196.789 5.975

2 Normal * Weibull 63.222 33.497 198.781 5.940

3 Weibull Weibull 73.144 2.108 197.160 5.988

4 Normal * Weibull 63.038 32.635 196.254 5.943

5 Normal * Weibull 64.704 33.599 201.026 6.009

6 Normal * Weibull 63.738 33.586 199.672 5.962

1

410

Normal * Weibull 51.430 25.870 158.854 6.148

2 Weibull Weibull 62.150 2.066 170.462 6.092

3 Normal * Weibull 54.697 26.289 159.983 6.096

4 Normal * Weibull 49.755 25.972 157.128 6.027

5 Normal * Weibull 51.010 26.393 163.011 6.079

6 Normal * Weibull 51.879 25.945 162.573 6.043

1

440

Normal * Weibull 45.482 22.385 139.755 6.158

2 Weibull Weibull 52.573 2.283 139.483 6.218

3 Weibull Weibull 53.685 2.204 146.332 6.230

4 Normal * Weibull 47.310 23.696 147.395 6.139

5 Normal * Weibull 48.066 23.824 148.953 6.226

6 Normal * Weibull 45.956 22.924 142.593 6.141

* For the normal (6) distribution, the values of the mathematical expectation and mean square deviation of the
stresses of the theoretical distribution established by the Akaike and Bayes criteria are given.

The Weibull distribution scale parameter (b in Equation (10)) and the mathematical
expectation (in the case of a normal distribution) increase in absolute value up to the heat
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treatment temperature of 290 ◦C and decrease afterward, according to an analysis of the
behavior of the Weibull distribution parameters to the left and right of the transition point.
There is no similar reliance for the Weibull distribution’s shape parameter (in Equation
(10), except situations in which a normal distribution turns out to be the closest type of
distribution. The mean square deviation of uniformly distributed stresses increases with
the heat treatment temperature. As the heat treatment temperature rises, the features
of the stress distribution go to the left of the transition point. The closest type of simple
transition stress distribution to the left of the transition point and the annealing temperature
were found to have a moderate (almost strong) relationship, as indicated by the value
of 0.4733 obtained from applying Kramer’s [52] V criterion to the correlation between
the distribution type change and annealing temperature at the section to the left of the
transition point. Changes in the structural phase composition of the heat-treated samples
can be responsible for the change in the prevailing kind of transition stress distribution to
the left of the transition point. The closest type of distribution to the right of the transition
point, as determined by the Akaike and Bayes information criteria, did not vary.

To determine the statistical relationship between the mechanical characteristics and
distribution coefficients, a Spearman correlation study was conducted. This analysis took
into account the overall association and was not temperature-specific. The analysis’ findings
are presented in Table 3.

Table 3. Values of correlation coefficients and calculated level of statistical significance between the
parameters of the distributions (Table 2) and the main mechanical properties [25].

Correlating Pairs Spearman’s Correlation
Coefficient

Estimated Value of Statistical
Significance Level

b_left—σ0.2 0.865 2.343 × 10−15

b_left—σU 0.933 <2.2 × 10−16

b_left—ε0.2 0.841 7.314 × 10−14

b_left—εU −0.627 1.822 × 10−06

a_left—σ0.2 0.193 0.189

a_left—σU 0.002 0.991

a_left—ε0.2 −0.095 0.520

a_left—εU −0.333 0.021

b_right—σ0.2 0.934 <2.2 × 10−16

b_right—σU 0.989 <2.2 × 10−16

b_right—ε0.2 0.859 6.015 × 10−15

b_right—εU −0.703 2.59 × 10−8

a_right—σ0.2 −0.437 0.002

a_right—σU −0.467 0.001

a_right—ε0.2 −0.479 0.001

a_right—εU 0.440 0.002

The correlation analysis results indicate that the fundamental mechanical properties
of the specimens are strongly correlated with coefficient b (mathematical expectation in
the case of a normal distribution) of the Weibull distribution to the left of the transition
point, whereas coefficient a (mean square deviation in the case of a normal distribution)
is weakly statistically significantly correlated with the deformation corresponding to the
ultimate strength.

While coefficient a has a medium statistically significant correlation with the basic
mechanical properties of the AlSi10Mg samples, the correlation analysis of the Weibull
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distribution coefficients to the right of the transition point reveals a strong correlation with
the basic mechanical properties of the SLM samples.

The primary regression equations for the discovered statistically significant depen-
dencies are shown in Table 4; the equation parameters were determined using the robust
regression algorithm [49].

Table 4. Robust regression equations linking the main mechanical properties and distribution coefficients.

Equation SD No Eq.

ble f t = −15.06 + 0.03 × σ0.2 + 0.27 × σB + 12.08 × ε0.2 + 1.25 × εB 5.657 (19)

ale f t = 35.0176 − 3.3086 × εB 27.220 (20)

bright = 0.70 + 0.18 × σ0.2 + 0.71 × σB − 4.52 × ε0.2 + 1.28 × εB 1.485 (21)

aright = 5.977 + 0.003 × σ0.2 − 0.002 × σB − 0.096 × ε0.2 + 0.049 × εB 0.056 (22)

Further research is needed to confirm or refute the relationship between the coefficients
of the distributions (Table 2) and the relative values found from tensile diagrams (hardening
coefficient corresponding to different stages of dislocation motion). This relationship is
suggested by an analysis of the obtained regression equations.

Equation (14), when applied to the analysis of bound states, reveals that the Cauchy
distribution [31], which has a maximum around σD (fracture stress), contributes more as
the heat treatment temperature rises. Figure 7 displays the fracture probability density of
the bound states for six samples.

The Cauchy distribution degenerates into the probability density of failure of the
bound state, described by a complicated distribution, as the number of bound states of
samples heat-treated at 410 ◦C and 440 ◦C increases. With the aforementioned in mind, the
fracture probability density of the samples produced by selective laser melting of AlSi10Mg
has been reconstructed using Equation (15) and the findings of the investigation of stresses
to the left and right of the transition point (Table 2). The probability density modeling
findings for samples No. 1 and No. 2, which were heat-treated at 440 ◦C, are displayed in
Figure 8.

For SLM samples, the theoretical fracture probability density has more prominent
features in the region of the transition point, which calls for additional research to improve
the model (15). This is in contrast to the description of the fracture probability density of the
filament and samples made by FDM printing technology [40]. The theoretical probability
density (16) has very modest levels of divergence from the actual one, even when there are
visible anomalies. Table 5 displays the findings of the deviation calculations.

Table 5. Deviations (16) in the theoretical fracture probability density (15) from the empirical one (1)
for the samples made by selective laser melting technology from AlSi10Mg.

No of Samples Heat Treatment Temperature, ◦C Deviation of Theory from Empirics (15), %

1

20

3.986 × 10−3

2 3.925 × 10−3

3 3.840 × 10−3

4 3.745 × 10−3

5 3.414 × 10−3

6 3.408 × 10−3
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Table 5. Cont.

No of Samples Heat Treatment Temperature, ◦C Deviation of Theory from Empirics (15), %

1

260

4.007 × 10−3

2 4.072 × 10−3

3 3.940 × 10−3

4 4.019 × 10−3

5 3.710 × 10−3

6 3.725 × 10−3

1

290

4.163 × 10−3

2 3.876 × 10−3

3 3.579 × 10−3

4 4.039 × 10−3

5 4.095 × 10−3

6 3.861 × 10−3

1

320

4.351 × 10−3

2 4.735 × 10−3

3 4.458 × 10−3

4 4.371 × 10−3

5 4.086 × 10−3

6 4.388 × 10−3

1

350

4.398 × 10−3

2 4.197 × 10−3

3 3.655 × 10−3

4 4.164 × 10−3

5 3.776 × 10−3

6 3.974 × 10−3

1

380

5.635 × 10−3

2 5.422 × 10−3

3 5.657 × 10−3

4 5.668 × 10−3

5 5.272 × 10−3

6 5.367 × 10−3

1

410

7.045 × 10−3

2 6.551 × 10−3

3 6.899 × 10−3

4 6.952 × 10−3

5 6.784 × 10−3

6 6.917 × 10−3
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Table 5. Cont.

No of Samples Heat Treatment Temperature, ◦C Deviation of Theory from Empirics (15), %

1

440

7.962 × 10−3

2 8.117 × 10−3

3 7.009 × 10−3

4 6.927 × 10−3

5 6.755 × 10−3

6 7.467 × 10−3
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Figure 7. Fracture probability density of bound states (14) for SLM samples. (A)—without heat
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density (15) of samples No. 1 (A) and No. 2 (B) fabricated by selective laser melting technology from
AlSi10Mg and heat-treated at 440 ◦C.

Thus, the approach developed in [31] can be applied to describe the fracture probability
of samples obtained by selective laser melting of AlSi10Mg alloy.

4. Conclusions

The strain-hardening coefficient, which is computed based on the section from the
yield strength to the strength in the engineering stress–strain diagram, is strongly correlated
with the stress value that corresponds to minus infinity of the argument of the spectral
function of the density of states (transition stress), according to the analysis. We were able
to determine a general relationship between the strain-hardening coefficient, the value of
the transition point, and the mechanical properties of the material by the application of
robotic regression analysis and the theory of dimensionality.

By utilizing the Akaike and Bayes information criteria, we were able to determine that
when the temperature of the sample heat treatment increases, the distribution of stresses to
the left of the transition point shifts from a Weibull distribution to a normal distribution. By
using Kramer’s criterion, it was discovered that there is a moderately substantial statistical
correlation between this change and the heat treatment temperature of samples generated
from the AlSi10Mg alloy using the selective laser melting technique. Based on research by
other authors, it can be said that structural and phase changes in the material after heat
treatment are related to the variation in the closest theoretical stress distribution.

The analysis of the bound states of the specimens revealed that the contribution of
the fracture probability density described by the Cauchy distribution with a mode in the
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fracture stress region of the specimens increases with increasing ductility of the material
following heat treatment.

The investigation led to the development of a theoretical model that describes the fracture
probability density, and this model fits well with the empirical fracture probability density.

In the appropriate sections of the engineering stress–strain diagrams, more research
will be conducted to characterize the change from the Weibull distribution to the normal dis-
tribution and to determine the connection between the strain hardening and the coefficients
of the theoretical distributions.
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