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Abstract: Powder packing in metal powders is an important aspect of additive manufacturing
(otherwise known as 3-D printing), as it directly impacts the physical and mechanical properties
of materials. Improving the packing density of powder directly impacts the microstructure of the
finished 3D-printed part and ultimately enhances the surface finish. To obtain the most efficient
packing of a given powder, different powder blends of that material must be mixed to minimize the
number of voids, irrespective of the irregularities in the particle morphology and flowability, thereby
increasing the density of the powder. To achieve this, a methodology for mixing powder must be
developed, for each powder type, to obtain the maximum packing density. This paper presents a
model that adequately predicts the volumetric fraction of the powder grades necessary for obtaining
the maximum packing density for a given powder sample. The model factors in the disparity between
theoretical assumptions and the experimental outcome by introducing a volume reduction factor. We
outline the model development steps in this paper, testing it with a real-world powder system.

Keywords: composites; powder; packing density; nanostructured materials; ternary model; additive
manufacturing; laser printing

1. Introduction

Powder packing is a very important aspect of additive manufacturing (3-D printing),
as it directly impacts materials’ physical and mechanical properties. Improving the packing
density of powder directly impacts the microstructure of the finished 3D-printed product
and the surface finish. The American Society for Testing and Materials (ASTM), a global
standards organization, defines AM as a process of joining materials to make objects from
3D model data, usually layer upon layer.

Computer-Aided Design (CAD) and Computer-Aided Manufacturing are the two
components of the additive manufacturing process that ensure that parts are fabricated
in precise geometry. CAD involves incorporating software programs used for the precise
design of the part that needs to be printed.

The printed parts are developed and producedby 3-D printing equipment. The design
of the part to be additively manufactured is sent to the printer. These 3-D printers consist of
a powder bed and a roller, which spreads powder continuously—the final product results
from printing the three-dimensional object layer-by-layer via a bottom-up approach. There
are a variety of applications of additive manufacturing, which include (but are not limited
to) ceramics, composites, metals, polymers, and composite systems.

The efficient assembly of solid particles is an important issue in material science,
particularly in the subcategories of ceramics, powder metallurgy, and concrete technology.
In each case, optimizing the packing density is necessary, particularly when the application
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requires the deposition of materials.Optimal powder packing density results in a good
enough quality of the deposited material. It is important to know apriorihow this density
will result from the deposition processes. Predicting the density of deposited materials is
an important decision-making objective;its accuracy is necessary in the case of metallurgy
and ceramic technology, at least because the density of packaging in concrete technology is
much more difficult to achieve today [1–9].

The limited uniaxial tests of discrete particle size distribution (PSD) packaging are
often modeled on discrete element methods. The ternary packaging of spheres with uniform
or non-uniform PSD for several particles is examined in a three-dimensional system (3D).
Such studies address the effect of particle size ratio and particle size fraction on mixtures’
structural and micromechanical properties.

The study of packaging structure generally also includes porosity and coordination
numbers. In contrast, the investigation of micromechanical properties includes the distribu-
tion of normal contact forces and the transmission of packaging stress. Such a small-scale
investigation of the effect of the particle size ratio relative to the structure and mechanics of
ternary packaging can highlight a link between the properties of the sample and the value
of the parameter when reaching its critical value [10–19].

Ternary mixtures represent the simplest way to study polydisperse granular packaging.
A careful examination of their properties can lead to particle systems composed of three
fractions of particle size. The method is frequently used in various areas of industry
(chemistry, pharmacy, metallurgy, etc.) [20–29]. In most situations, it is necessary to perform
numerical tests of limited uniaxial compression of granular packaging. This standard
laboratory testing procedure is necessary to measure the mechanical properties of granular
materials [30–41].

The particle packing directly impacts the packing density, in that the better the packing,
the higher the density. It is known that the higher the packing density of the powder, the
better the properties will be [42].

Finer powders tend to provide smoother finishes. However, finer powders are expen-
sive to produce. In addition, for mono-sized mixtures, a minimum packing density can be
attained, which places a limit on the maximum density attainable for fine powders. For this
reason, scientists have been interested in finding ways to increase powder-packing density
over the years. Packing is not to be confused with compaction, where morphological
changes are made to the particles [43]. There are two types of packing, namely ordered
and random packing. Most of the packing is random, except when packing follows a rigid
or greedy algorithm, where packing is entirely simulated. There are two types of random
packing, namely random loose and random dense packing. Each of these different packing
methods will lead to different density outcomes. We are interested in maximizing density,
so random dense packing would be of particular interest.

As aforementioned, researchers have formulated many models to predict particle
packing density. Some models are either too complicated to apply, only consider a few
parameters in the analysis, or donot consider the wall effect and loosening effect. Other
models cannot predict the packing efficiency of the particulate mixtures despite theirpracti-
cal importance. Others recognize the existence of geometrical particle interaction but donot
consider this interaction between particle groups. Several models claim to produce the
same output despite the effect of the particle mean sizes. Previous studies have shown that
the individual suitability of the packing models varies depending on the mean sizes of the
particles and the ratio of the mean size of the particles being packed. Additionally, most
packing models assume that the particles are regularly shaped spheres, but very few have
considered a shape factor.

In this paper, a discrete model is developed by modifying the Furnas model for micro
and nano-size metal powders used for additive manufacturing. It describes the discrete
particle size distribution for densest packing. The primary assumption of the proposed
model is that each grade of the powder will pack to its maximum density in the volume
available. It considers the particle size ratio, mean size, specific gravity, voids ratio, and the
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initial densities. The model describes the effect of geometrical interaction between different
size classes on the maximum packing density, thus considering the wall and loosening
effects. Additionally, in powder metallurgy, the powders produced are sufficiently spherical
and fit the assumption that the particles are spherical.

For this paper, a simple ternary model that estimates both the volume fractions of
three powder samples with known diameters required to produce the maximum packing
density for a mixture involving each sample and the maximum packing density possible
is proposed. This model is particularly useful for additive manufacturing applications
involving a powder bed, such as Selective Laser Melting (SLM) and Selective Laser Sintering
(SLS). The packing model can be used to improve the density of the powder bed, which
in turn leads to the production of denser additively manufactured parts. This research
project responded to the Department of Energy’s Kansas City National Security Campus
(KCNSC) request. They were looking to mix Boron powder and Boron fillers to produce
additively manufactured (3-Dprinted) parts. To test the viability of the model, several
Boron powders—filler mixtures were prepared and paired up against the optimal volume
fractions of each component predicted by the model. It was found that the model compared
well with the experimental results and is well suited for industrial applications.

2. Materials and Methods

To achieve the densest packing for a material, different grades of powder are mixed.
The working assumption for this work is that the smaller particles will fill in between
the interstices of the larger particlesin the mixing process, reducing the number of voids
and consequently improving the powder packing. By mixing different powder grades,
larger particles can take the place of smaller particles, hence improving the denseness of
the mixture (Figure 1) [44].
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Figure 1. Wall and Loosening Effect [44].

These factors directly impact the packing density. In a coarse powder-dominant
mixture, when fine particles are not small enough to fit into interstitial spaces, we term this
the loosening effect. On the other hand, in cases where fine powder makes the bulk of the
mixture, coarse particles may displace fine particles, but when they are not large enough to
fill the spaces, they, in turn, create voids, and this phenomenon is termed wall effect. Wall
and loosening effects tend to be more pronounced in mixtures where the diameters of each
component of the binary mixture are similar (i.e., d1

d2
→ 1).

The packing density of a powder sample is defined as a ratio of the solid volume to
the total volume of the sample. The packing density is affected by the particle morphology
(particle shape and size), the flowability of the powder, and particle size distribution.

Regardless of the size distribution, the random packing of spheres plays a significant
role in various disciplines. Our interest is powder packing, and we may approximate the
powder particles we use as spheres. The maximum packing that can be attainable for a
unimodal mixture is 74%, as is the case in atomic packing. This is what makes binary
and ternary mixtures of great interest in that the different sizes and weights will help
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improve the packing density. These properties translate to micron-sized spheres, which
is the size range of the powder particles of interest. The coordination number, being the
average number of contacts a given sphere has in a powder sample, directly affects packing.
In a mixture of multiple components, the coarse materials will tend to have a higher
coordination number than the finer particles due to a higher surface area, which translates
to more opportunities for the larger particles to be in contact with the smaller particles.

There have been many efforts to characterize powders used for additive manufacturing
theoretically and quantitatively. The goal has been to predict the properties of the finished
3D-manufactured part and understand how adjusting specific parameters can impact the
quality of the finished product (Figure 2) [45].
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Researchers have formulated and studied many models to predict how packing density
can be improved. During the sintering or melting process, the powder further undergoes
changes. The challenge is to keep laser parameters as fixed as possible to ensure that a direct
relationship is established between the packing density of the powder and the density of
the printed part. (Figure 3) As such, methods that are invariant of laser parameters are
often desired so that manufacturers can be assured that densely packed powder will yield
dense AM parts. The models can be categorized into discrete models, design-of-experiment
models, simulation models, and statistical modeling [46]. A schematic representation of
particle interactions may be seen in Figure 4 [5–7].
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Discrete models prove to be tailored to the specific powder ensemble, and as such, we
would focus on those. Discrete models consist of binary mixture models, ternary mixture
models, and multi-component mixture models based on the number of different samples
that make up the mixture. Particle packing theory based on binary mixtures dates to the
early 20th century, with C.C. Furnas being a pioneer inthis field. Furnas [47] based his
model on a two-component bed of maximum density. For the purpose of this discussion,
the larger particles will be referred to as coarse, and the smaller particles will be referred to
as fine. He shows that to attain this maximum density of the bed, the absolute volume of the
component with the larger particle size should be Z = 1/(1 + V), where V is the volume of
voids in the packed bed. Other binary models include the Aim model [48], which factors in
the wall effect in a packing vessel, the Toufar model, which describes the degree of packing,
and the modified Toufar model [48], which modifies the value of the statistical factor. Some
examples of the multi-component mixture models include Dewar, Stovall, and De Larrad
models. The De Larrad models, comprising the Linear Packing Density Model (LPDM),
Compressive Packing Model (CPM), and the Solid Suspension Model (SSM), a notable
multi-component model system well suited for modeling multimodal mixtures. As efficient
as the models are, none of them factor in a volume reduction factor that would affect the
tap packing density of a powder bed and, ultimately, the density of the printed part.

The proposed model in this paper addresses the disparity between the theoretical
packing density and the actual (experimental) packing density of a powder sample and
proposes a way to calculate the volume [49–58].

3. Theory and Results

From a theoretical standpoint, packing smaller-sized spheres in the matrix of a mono-
sized packing of particles increases the packing density, as the smaller ones fill the voids
that existed before their introduction into the sphere matrix.

The addition of the smaller-sized particles improves the density as they fill the in-
terstices between the large spheres, decreasing the number of voids in the packing and
consequently increasing the packing density.

For instance, the highest packing density of a mono-sized sphere in an unbound space
cannot be more than π/(3

√
2) ≈ 0.7404, which means the solid material fills only 74% of

the volume space.
Consider a container of unit volume with mono-sized spheres (s1) crushed into powder

such that the powder occupies approximately 74% of the volume, and the air above is the
remainder of the volume.
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Let the solid volume be a = π/(3
√

2) so that the volume of voids is (1− a). One defines
the void ratio, e, of component “i” as the ratio of the volume of voids (Vvi) to the bulk
volume (i.e., Vi, the volume of the space that sample “i” occupies).

Assume that there are several particle sizes in a system, where the packing of a larger
size leaves a certain fraction of voids. Each subsequent smaller size exactly fills the voids
of the preceding size class without increasing the system’s overall volume. Therefore,
if infinitely small particles are successively introduced into the system in the manner
described, the packing density could theoretically reach 100%. The packing mechanism in
the proposed model is that the smaller particles are introduced into the interstices of the
larger packed particles, reducing the voids in the system.

Furthermore, assume a stack of powder samples with decreasing sizes (average particle
diameter) in a vertical container. Let ri be the volume fraction of the coarser material of any
two consecutive powder samples (1).

ri =
Vsi

Vsi + Vs(i+1)
(1)

Given the correlation between the void ratio and the volume fraction, we define a geometric
series between any two consecutive particle size classes in terms of r1 as follows (2):

r1, 1− r1, (1− r1)

(
1− r2

r2

)
, (1− r1)

(
1− r2

r2

)(
1− r3

r3

)
, . . . (2)

A similar series can be defined for the weight fraction. The weight fraction of any
powder sample, wi, can be defined in terms of the specific true gravity of the sample.
For the coarsest powder sample packed initially into our hypothetical vessel, we define
w1 = G1vs1 = (1− e1)G1 where Gi is the specific gravity.

The percent composition of each powder component can then be defined in terms of
the weight fractions. For the coarsest powder sample, that weight fraction is defined as
w1 = G1vs1 = (1− e1)G1. Thus, the percent composition of the larger particles is given by (3):

ω1 =
w1

w1 + w2
=

(1− e1)G1

(1− e1)G1 + e1(1− e2)G2
(3)

As a note, the weight fraction, wi, is not to be confused with the percent composition,ωi.
The apparent specific gravity, Ga = (1− e)G, where G is the true specific gravity. Thus (4),

Ga1 = (1− e1)G1 (4)

Upon simplification, we get the expressions for the volume fractions for a ternary
system yielding the maximum packing density achievable as follows (5)–(7):

ω1

Ga1
=

1
(1− e1)G1 + e1(1− e2)G2

= v1, (5)

1−ω1

Ga2
=

e1

(1− e1)G1 + e1(1− e2)G2
= v2 (6)

(1−ω1)
(

1−ω2
ω2

)
Ga3

=
e1e2

(1− e1)G1 + e1(1− e2)G2
= v3 (7)

The bulk volume VB, which is the sum of the above three expressions (5)–(7), becomes (8):

VB =
1 + e1 + e1e2

(1− e1)G1 + e1(1− e2)G2
(8)

The equation above represents the total volume of a system made up of three different
sizes and stacked upon another as separate layers. If the particles of the first component, d1,
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are relatively large, and all the other sizes (i.e., d2, d3, . . .) are very small (ideally, infinitely
small), then the voids created as a result of the d1-sized particles will be exactly filled,
and the final volume of the system will be the volume of the first component (largest
sized particles).

Therefore, if each one of the smaller-sized particles exactly fills the voids created by
the (larger) previously packed larger particle component, the total volume will just be v1.

The reduction in volume resulting from filling the voids of component 1 with compo-
nents 2 and 3 is equivalent to (V− v1). This will be the ideal case. However, for an actual
system, the decrease in volume will be smallerthan the ideal case, as components 2 and 3
may not exactly fill the voids created by component 1. This decrease in volume is expressed
as (9):

kd(VB − v1) = kd

[
e1 + e1e2

(1− e1)G1 + e1(1− e2)G2

]
(9)

kd is a reduction factor ranging from 0 and 1 and can only be determined experimen-
tally. Furnas experimented with different diameter ratios of different mixtures and, in each
case, determined the corresponding contraction in volume that resulted [47]. With this
data, he generated a quadratic fitting and an equation for the parameter y. It follows that
thisparameter is exactly our parameter kd. Below is a table of measured and calculated
values for y and kd. The measured values for y for corresponding K1/n values are from the
paper by Furnas (see Table 1):

Table 1. Relationship between Reduction Factor and Contraction in Volume.

K1/n yobs ycomputed kd
0 1 1 1

0.025 0.945 0.9355125 0.9355125
0.05 0.83 0.87305 0.87305
0.1 0.71 0.7542 0.7542
0.2 0.51 0.5408 0.5408
0.3 0.375 0.3598 0.3598
0.4 0.245 0.2112 0.2112
0.5 0.12 0.095 0.095
1 0 0 0

The expression for y in the Furnas model is given as (10):

y = 1− 2.62k + 1.62k2 (10)

The graph below shows further how kd and y are related (Figure 5):
Based on the relation between kd and y, we define kd similarly as (11):

kd = y = 1− 2.62k + 1.62 (11)

where k is the ratio between consecutive sizes.
The total volume of the mixture then becomes (12):

Vf = V− kd(V− v1) =
1 + e1(1 + e2)(1− kd)

(1− e1)G1 + e1(1− e2)G2
(12)

The total weight (13),

w = ω1 + 1−ω1 + (1−ω1)

(
1−ω2

ω2

)
= 1 + (1−ω1)

(
1−ω2

ω2

)
(13)
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The density, therefore, is calculated as (14):

(1− e1)G1 + e1(1− e2)G2 + e1e2(1− e3)G3

1 + e1(1 + e2)(1− kd)
(14)

The solid volume (upon the incorporation of kd) is (15):

Vs =
1−e1

(1−e1)G1+e1(1−e2)G2
+ e1(1−e2)(1−kd)

(1−e1)G1+e1(1−e2)G2

+ (1−kd)(1−e3)e1e2
(1−e1)G1+e1(1−e2)G2

(15)

With this, and the bulk volume, we can determine the packing efficiency as (16):

φ =
Vs

VB
=

1− e1 + e1(1− e2)(1− kd) + e1e2(1− e3)(1− kd)

1 + e1(1 + e2)(1− kd)
(16)

This is the very general formula for a ternary mixture. In the theoretical scenario
where each of the component powders in the mixture hasthe same void ratio (i.e.,
e1 = e2 = e3 = e), the expression for packing density simplifies to φ = 1− e.

4. Discussion

Authors have tested the model with the Furnas model [47] for a three-component mixture
to see if similar results were obtained for the maximum density, the volume of each component,
and the percent fraction of each component that produces the maximum density.

The paper cited above includes an example problem where limestone, fine sand, and
cement are mixed. The Furnas model is used to calculate the maximum density and the
corresponding volume and volume fraction of each component. Void ratios (ei), specific
gravities (Gi), and average diameters of the components (di) were given as follows (see Table 2).

Table 2. Example Data for Calculation of Packing Density.

Limestone Fine Sand Cement

di (in) 2
√

2× 0.001 = 0.045 0.001

ei 0.48 0.42 0.52

Gi 2.5 2.65 3.10
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To maintain the symmetric size distribution of the mixture, we find the average
diameter of fine sand (d2) as in the table above.

For this example problem, Furnas does not consider the volume contraction/reduction
parameter in demonstrating the utility of his model, and as such, for comparison purposes,
our kd value will be kept as 0.

We use the expressions for density and volume from our model to directly compute
the maximum density for this system, as well as determine the volume of each material
that produces the maximum density after mixing (17):

density = (1−e1)G1+e1(1−e2)G2+e1e2(1−e3)G3
1+e1(1+e2)(1−kd)

= (1−0.48)(2.5)+(0.48)(1−0.42)(2.65)+(0.48)(0.42)(1−0.52)(3.10)
1+(0.48)(1+0.42)(1−0) = 1.39

(17)

Furnas calculated this value to be 1.39, which means our model estimates the value
the Furnas model obtained within a 0.11% margin of error.

In obtaining the volume of each component, we use the expressions below (18):

Volume for limestone, v1 = 1
(1−e1)G1+e1(1−e2)G2

= 1
(1−0.48)(2.5)+0.48(1−0.42)(2.65) = 0.491

Volume for fine sand, v2 = e1(1−kd)
(1−e1)G1+e1(1−e2)G2

= 0.48(1−0)
(1−0.48)(2.5)+0.48(1−0.42)(2.65) = 0.236

Volume for cement, v3 = e1e2(1−kd)
(1−e1)G1+e1(1−e2)G2

= (0.48)(0.42)(1−0)
(1−0.48)(2.5)+0.48(1−0.42)(2.65) = 0.0989

(18)

These volumes computed with our model are quite closely related to the values
obtained with Furnas’ model, which respectively are 0.493, 0.234, and 0.0986. Our model
gives us a total volume of 0.825 (Vf), compared with 0.8260 for the Furnas model [47]. The
proportion by volume of each component required to produce the maximum density of the
system compare as follows (Table 3):

Table 3. Furnas model vs. our model.

Proportions for Max. Density: Proportions –> Furnas Model % Error
limestone v1/Vf = 59.5% limestone v1/Vf = 59.7% 0.37%
fine sand v2/Vf = 28.5% fine sand v2/Vf = 28.3% 0.75%
cement v1/Vf = 12.0% cement v1/Vf = 12% 0.43%

The above values reveal that our model almost exactly predicts the proportions by
volume required to produce concrete of maximum density. In addition, our model can
also be used in several other applications where different powder proportions are required
to create a maximum density mixture. This model proves to be very powerful and yet
simple in its versatility of application. The results suggest that for any powder sample, we
can theoretically and experimentally determine the maximum packing density of powder
for any application, notably 3-D printing. This flexibility of the model is very valuable
for industrial purposes. Even though research suggests that a ternary mixture is the
best to achieve the maximum density of a given powder type, the model can be used to
derive expressions for any powder mixture with multiple components. In addition to
powder mixtures of the same material, this model can be applied to mixtures with different
components, as with the concrete example problem that was used above. Case Study:
Consider the three different sizes of Boron powder shown in Table 4.

The three powders were mixed at different ratios, resultingin different densities. As
shown in Table 5, the maximum density obtained experimentally confirms the findings of
the proposed model.
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Table 4. Experimental Results.

Name of Powder Boron Powder
(Coarse)

Boron Powder
(Middle)

Boron Powder
(Fine)

Diameter (dn), µm 106 90 75

Bulk Volume (Vb), cm3 10.68 ± 0.17 9.58 ± 0.17 9.14 ± 0.12

Tap Volume (Vs), cm3 8.50 ± 0.14 7.80 ± 0.14 7.60 ± 0.14

Volume of void (Vv), cm3 2.18 ± 0.18 1.78 ± 0.18 1.54 ± 0.18

Specific Gravity, S 2.34 2.34 2.34

Void ratio/void percentage (e) 0.20 ± 0.08 0.19 ± 0.10 0.17 ± 0.12

Table 5. Different Mix Ratios and their Densities.

Method Mix Ratios Density (g/cm3)

1 Proposed model 27.67: 5.67: 1 1.69 ± 0.11

2 Experimental 1 27.67: 5.67: 1 1.63 ± 0.04

3 Experimental 2 27.67: 1: 5.67 1.44

4 Experimental 3 1: 5.67: 27.67 1.26

5 Experimental 4 1: 27.67: 5.67 1.29

6 Experimental 5 5.67: 27.67: 1 1.26

7 Experimental 6 5.67: 1: 27.67 1.24

8 Experimental 7 11.44: 11.44: 11.44 1.27

5. Conclusions

The size composition of a powder mixture is a very important factor in determining
the spreadability of the powder mixture and the density of the 3D-printed product.

To attain the most efficient packing of a powder, different sizes of that powder must
be mixed so that it minimizes the voids by allowing the smaller particles to fill in between
the interstices of the larger particles.

A model that predicts the volume fraction of each powder size becomes necessary to
predict the maximum possible powder density.

In this research project, we have developed a simple model that predicts the volumetric
fractions of powder mixture that can yield the highest powder density. The model accounts
for the disparities between theoretical assumptions and practical outcomes, such as volume
reduction. The model equations are based solely on void ratios and true specific gravity.

The proposed model is a discrete model which assumes that each class of particle will
pack to its maximum density in the volume available.

Although the proposed model is used to model ternary mixtures, it can be extended
to include multi-component Mixtures.

For generalization purposes, the model assumes that the particles being packed are perfect
spheres and that the size ratio between successive sizes is constant for the entire system.

Although the model is derived for metal powder mixtures, it can be applied to mixtures
of other systems such as asphalt concrete, paint, rubber, coal storage, etc.

The proposed model can be further verified by determining the actual powder bed
packing density for further work. This may be achieved by building a small hollow cube
(container). Only the container is melted during the SLM process, leaving the unfused
powder inside the cube box. After the build, the powder inside the container will be
weighed to determine the powder bed packing density.

The authors recommend extending the model to include ceramic powder because
packing density significantly influences the shrinkage and density of ceramic during
sintering and the properties of the final ceramic product. However, particle shape greatly
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influences the packing density of ceramic particles, especially, when particles of several
size classes are used. Thus, both the shape factor and convexity ratio should be considered
in the analysis.
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