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Abstract: The nuclear electron capture reaction possesses a prominent position among other weak
interaction processes occurring in explosive nucleosynthesis, especially at the late stages of evolution
of massive stars. In this work, we perform exclusive calculations of absolute e−-capture cross sections
using the proton–neutron (pn) quasi-particle random phase approximation. Thus, the results of
this study can be used as predictions for experiments operating under the same conditions and in
exploring the role of the e−-capture process in the stellar environment at the pre-supernova and
supernova phase of a massive star. The main goal of our study is to provide detailed state-by-state
calculations of original cross sections for the e−-capture on a set of isotopes around the iron group
nuclei (28Si, 32S, 48Ti, 56Fe, 66Zn and 90Zr) that play a significant role in pre-supernova as well as in
the core–collapse supernova phase in the energy range 0 ≤ E ≤ 50 MeV.

Keywords: semi-leptonic charged-current reactions; nuclear electron capture; supernova dynamics;
quasi-particle random phase approximation

1. Introduction

The electron capture on nuclei is a process that occurs when an electron of energy Ee is
entering in the field of an atomic nucleus (A,Z ) and is captured by the nucleus as a result
of their mutual electro-weak interaction, which, within the standard model, is mediated by
the W± boson exchange. This reaction is represented by [1,2]

(A, Z) + e− → (A, Z− 1)∗ + νe. (1)

Z and A denote the nuclear charge and mass number, respectively, of the initial
nucleus. The produced νe neutrino carries away energy Eν while the daughter nucleus
absorbs a part of the incoming electron energy equal to the difference (E f − Ei) between the
initial Ei and the final E f energy of the initial and the final nuclear states, respectively [3–6].
Under laboratory conditions, the e− of Equation (1) is presumed to be either an orbital
electron (bound in the lowest, K, or in a higher, L, M, etc., energy state), a process known as
ordinary nuclear electron capture (in this case Ee � 2.0 MeV), or a free electron carrying
higher energy than that of an orbital electron. For our purposes in the present work, Ee
lies in the energy range Ee � 50 MeV which covers the electron capture inside the hot and
dense stellar interior [7–10].

In modeling the evolution of massive stars (progenitor stars masses 12–20 M�) at
the final stages of their life, and specifically during core collapse that finally leads to a
supernova (SN) explosion (core–collapse SN type II), the electron capture plays a crucial
role [1,2,11,12]. The significance of process (1) in SN explosions was discussed long ago by
Bethe et al. [1,2], while, in the work by Fuller et al. [11], individual nuclear electron capture
rates were derived by employing available experimental data. The incorporation of these
rates in SN simulations leads to quite an improved description of the collapse dynamics.
For a recent comprehensive discussion of this topic, the reader is referred to the review
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works by Langanke et al. in Ref. [7] and references therein. The main conclusion of these
predictions that e−-capture on nuclei dominates over those on free protons, motivated
further investigations, but, up to the present, the available nuclear electron capture rates
are still limited [13] even though extensive stellar e−-capture rate tabulations are available.
We mention, for example, the electron capture rates under collapse conditions derived
from individual rates for a great number of individual nuclei in Refs. [14–17]. In these
works, most of the nuclei which dominate in the early stage of the collapse and nuclei
which dominate at high densities are included.

The lack of detailed cross sections predictions throughout the chart of nuclides mo-
tivated our present calculation. In Ref. [18], the corresponding stellar electron capture
rates are presented evaluated through the well-known folding procedure [3]. On other
hand, electron capture rate calculations coming out of shell model diagonalization are avail-
able [9,10,19]. In these works, e-capture rates were computed by using various shell model
parametrizations for given temperatures of the environments of SNe Ia, while, more re-
cently, an updated table with modern shell-model rates was published by Suzuki et al. [19]
(see also Refs. [20,21]). The electron capture in type Ia supernova was discussed previously
by Brachwitz et al. [22].

In the early stages of the collapse (type II Supernovae), the e−-capture on nuclei
induces a rapid contraction of the massive star’s core because it reduces the electron
to proton ratio Ye [2,17,23]. It is now well known that predictions of the reaction rates
of the electron capture (also those of its lepton conjugate process of the β-decay) for
medium, heavy and very heavy nuclear isotopes, in an environment with high densities
and high temperatures relevant to stellar evolution at the final stage, are significant for
supernova modeling [6,17,23–29]. Furthermore, electron capture plays an important role
in the production of the chemical elements, in particular the heavy elements, through the
two major contributors, Supernovae type II and type Ia [30–32]. In a type Ia Supernova, the
burning front moving outwards passes along the star triggering the star’s explosion [22,33].
In this phase, the electron capture on nuclei occurs in the burning front leading to isotopes
with larger neutron excess [19–21] (see also Ref. [22]).

From a nuclear theory viewpoint, up to now for the description of the electron capture
process, various microscopic nuclear models have been used as follows: the independent
particle model [11], the shell model for s-d shell nuclei [14] and p-f shell model [8], the
ordinary random phase approximation (RPA) [15,17], the quasi-particle RPA (QRPA) [3,34],
the deformed QRPA [35,36], the continuum RPA (CRPA) [37], the thermal QRPA [38], the
large scale shell model [16,30], etc. [39]. Each of these methods has its advantages and
disadvantages but many of the calculations, like e.g., [14–16], are comprehensive and
tedious. What is, however, worth noting at this point is the fact that the above stellar
e-capture results cover a small portion of the input required in many of the SuperNova
(SN) explosion codes designed to follow SN explosions and predict the multi-messenger
signatures of many important astrophysical phenomena [24,40], while large uncertainties
still remain for neutron-rich nuclei and nuclei beyond A = 65, although significant progress
has been made in bench marking theoretical electron capture rates [38,41]. Furthermore,
rates of e−-capture on nuclei in the region A ∼ 80 and N ∼ 50 of the chart of nuclides
are required to clarify open questions related to the core–collapse dependence on nuclear
electron capture [38,41,42]. We mention that, among other relevant codes [43–45], the
known TALYS statistical type code has been recently employed to provide reaction rates
towards creating extended database results for nucleosynthesis and stellar evolution studies;
see e.g., Ref. [46] and references therein.

In the majority of the above studies, a number of simplifying assumptions (zero
momentum transfer to the target nucleus, forward scattering angles, low excitation en-
ergies in the final nucleus, schematic nucleon-nucleon interaction, etc.) have been made.
Under these assumptions, the authors found that the Gammow–Teller (GT) operator
(GT± = ∑j τ±j σ(j)) with ∆T = 1, ∆L = 0, ∆Jπ = 1+ dominates the electron capture
reaction cross sections. The strategy to describe stellar electron capture is derived by
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Juodagalvis et al. [47] and is summarized in the recent review by Langanke et al. [7].
In this review, the reader may also find improved shell model studies as e.g., those by
Suzuki et al. (see, e.g., [19]. The Gamow–Teller transitions dominate the e−-capture at
Ee ≤ 30 MeV [47,48], an energy region which corresponds to low stellar densities and
early core collapse SN, where the studied nuclei have significant abundance in the stellar
interior composition. As shown in Ref. [26], in light and medium nuclei, the shell model
can describe reliably the GT distributions in nuclei and, hence, the derived stellar electron
capture rates for nuclei that are abundant at relatively low stellar densities [19].

Even though these methods are still reliable and the results obtained were interesting,
several important details are missing and also some computations need to be further
improved. The energies Ee chosen in this work are extended up to Ee ≤ 50 MeV. In
the region, however, 30 ≤ Ee ≤ 50 MeV, the abundances of the chosen nuclei must be
considered to be smaller or much smaller to those assumed in Ref. [47,48], where authors
found that, with increasing Ee, other multipolarities contribute important cross sections, a
result which is verified in the present work as we can see in Section 3.

In the present work, detailed e−-capture cross sections are obtained within the frame-
work of a refined version of the quasi-particle RPA (QRPA) [3,34,49]. This method provides
the accessible final states of the daughter nuclei in the reaction (1), i.e., all the excited states
included in the chosen model space which in the case of QRPA could be relatively rich. It
has been employed previously in other charge changing nuclear processes [50–58]. The
method is usually tested through the reproducibility of nuclear ground state properties,
of various electron scattering data, beta-decay rates and also experimental muon capture
rates [34]. The corresponding QRPA predictions may come out of state-by-state calculations
of the exclusive, partial and total rate transition matrix elements [59–65]. The agreement
with experimental data found in Refs. [3,34] by employing the proton–neutron QRPA
(pn-QRPA) with a rich model space and adopting a realistic nucleon–nucleon interaction
(the CD-Bonn potential) provided a confidence level and encouraged its use also in electron
capture cross section calculations [34]. We mention that this method has been utilized for
the evaluation of the nuclear transition matrix elements required to describe the electron
capture process in the light nucleus 28Si in Ref. [34].

Our realistic electron capture cross section calculations for the set of isotopes 28Si, 32S,
48Ti, 56Fe, 66Zn and 90Zr may be applicable in supernova dynamics and explosive stellar
nucleosynthesis [40,66]. The particular motivation is to explore the role of this reaction
in pre-supernova and core–collapse supernova phase. Towards this purpose at first, we
assume that this process takes place under laboratory conditions with electrons of energy
in the range 0 ≤ Ee ≤ 50MeV. Then, because these isotopes play a prominent role in
stellar nucleosynthesis [48,67–70], in the next step, we will translate these capture rates, as
described in Ref. [18], to those under stellar conditions through the use of a special folding
procedure [34].

Since the contribution of the GT operator dominates the total electron capture
rates [6,13,17,23,25,33], the quenching effect of the axial-vector coupling gA that requires
special treatment is considered [71–73]. Up to some extent, the gA value manipulates the dif-
ferences of the results obtained through the various nuclear methods. In studying this effect,
several calculations performed adopted a rather strong quenching (gA ∼ 0.8) [6,25,59,71–77].
In the works of Refs. [6,23,25,75], for charge-changing nuclear processes (like the e−-
capture), a moderate quenching of gA has been considered. In our calculations, we also
adopt a rather moderate quenching. Of course, for our present results, we avoid the fine-
tuning of gA values since this is time-consuming. We calculate, however, contributions to
the total e−-capture cross sections coming out of the entire excitation spectrum of the final
nucleus, by considering explicit momentum dependence of the operators.

In the remainder of the paper, at first (Section 2), we describe briefly the nuclear method
used for computing absolute e−-capture cross sections within the Donnelly–Walecka for-
malism. Then (Section 3), we present the results obtained for a set of promising nuclear



Particles 2022, 5 393

isotopes and discuss them in conjunction with other similar results. Finally (Section 4), the
main conclusions extracted from this work are summarized.

2. Formalism of Original e−-Capture Cross Sections

The e−-capture on nuclei is a semi-leptonic charge changing process, the theoretical
analysis of which requires the description of weak lepton–nucleon interactions as well as
the description of the wave functions of the initial and final nuclear states. In this work, the
cross sections of this process, as a function of the incident electron energy Ee, are calculated
assuming realistic two body interactions (CD-Bonn potential) and following the steps of
the pn-QRPA method as described in Refs. [3,34]. It is worth mentioning that the nucleon–
nucleon interactions employed (the CD-Bonn potential) are built upon rich physics at the
nucleon–nucleon level and are of high-precision since they have been derived within the
context of the meson exchange theory and reproduce the p-p, p-n scattering data [78]. In
the literature, they are referred to as “realistic” (not schematic) interactions. Furthermore,
other nuclear methods use nucleon–nucleon interactions without such features and, thus,
testing of the various nuclear models is not always same. Our pn-QRPA method has been
checked on the reproducibility of the experimental muon-capture rates (see Ref. [34]).

The state-by-state calculations of the total e−-capture cross section, involving all the
transitions between the initial |i〉 and any final | f 〉 state, starts from the definition of the
differential cross section with respect to the solid angles Ω [25]:

dσ

dΩ
=

VE2
ν

(2π)2 ∑
leptons spins

1
2Ji + 1 ∑

Mi

∑
M f

|〈 f |Ĥw|i〉|2 (2)

(V denotes the normalization volume), where Eν the energy of the outgoing neutrino. The
weak interaction Hamiltonian Ĥw has the same form as in the case of muon capture process
(for more details, see [34]).

In the set of isotopes chosen, the original cross sections for the electron capture process
are obtained by the expression (Donnelly–Walecka multipole decomposition method) [79,80].

dσec

dΩ
=

G2
F cos2 θc

2π

F(Z, Ee)

(2Ji + 1)

{
∑
J≥1
W(Eν)

{
[(1− (ν̂ · q̂)(β · q̂))]

[
|〈J f ‖T̂

mag
J ‖Ji〉|2 + |〈J f ‖T̂ el

J ‖Ji〉|2
]

− 2 q̂ · (ν̂− β)Re〈J f ‖T̂
mag

J ‖Ji〉〈J f ‖T̂ el
J ‖Ji〉∗

}
+ ∑

J≥0
W(Eν)

{
(1 + ν̂ · β̂)|〈J f ‖M̂J‖Ji〉|2 (3)

+ (1− ν̂ · β + 2(β · q̂)|〈J f ‖L̂J‖Ji〉|2 − 2 q̂ · (ν̂ + β)Re〈J f ‖L̂J‖Ji〉〈J f ‖M̂J‖Ji〉∗
}}

whereW(Eν) = E2
ν/(1 + Eν/MT), with MT being the mass of the target nucleus, taking

into consideration the nuclear recoil, and F(Z, Ee) denotes the well-known Fermi func-
tion [68]. The nuclear matrix elements between the initial state |Ji〉 and a final state |J f 〉
refer to the Coulomb M̂JM, longitudinal L̂JM, transverse electric T̂ el

JM and transverse mag-

netic T̂ mag
JM multipole operators (see Ref. [34]). In addition, q̂, ν̂ are the unit vectors of the

momentum transfer q, the neutrino momentum and β = k/Ee with k the corresponding
electron 3-momentum.

Within the J-projected multipole decomposition formalism of Donnelly–Walecka, the
differential cross section in electron capture on nuclei takes the form
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dσec

dΩ
=

G2
Fcos2θc

2π

F(Z, Ee)

(2Ji + 1)
·
{

∑
J≥1
W(Eν) {[1− αcosΦ + bsin2Φ]

[
|〈J f ‖T̂

mag
J ‖Ji〉|2 + |〈J f ‖T̂ el

J ‖Ji〉|2
]

−
[ (εi + ε f )

q
(1− αcosΦ)− d

]
2Re〈J f ‖T̂

mag
J ‖Ji〉〈J f ‖T̂ el

J ‖Ji〉∗}+ ∑
J≥0
W(Eν){(1 + αcosΦ)|〈J f ‖M̂J‖Ji〉|2 (4)

+ (1 + αcosΦ− 2bsin2Φ)|〈J f ‖L̂J‖Ji〉|2 −
[ω

q
(1 + αcosΦ) + d

]
2Re〈J f ‖L̂J‖Ji〉〈J f ‖M̂J‖Ji〉∗}

}
The kinematical parameters α, b, d are given in Appendix A (see Ref. [50] for more de-

tails). In Equation (4), Φ represents the scattering angle while ω = E f − Ei denotes the
excitation energy of the final nucleus (for forward scattering used by many authors Φ = 0).

The energy, Eν, of the outgoing neutrino in reaction (1), due to energy conservation, is
written as

Eν = Ee −Q + Ei − E f , (5)

where Q is the known Q-value determined from the experimental masses of the parent
(Mi) and the daughter (M f ) nuclei as Q = M f −Mi [25].

At this point, we must mention that, in many works, the exclusive e−-capture cross
section from an initial |Ji〉 to a final |J f 〉 state was approximated by [25]

σf i(Ee) =
6(Ee − E)2G2

F cos2 θc

π(2Ji + 1)
|〈J f ‖L̂1‖Ji〉|2 (6)

where the operator L̂1M is written as

L̂1M =
i√

12π
GA

A

∑
i=1

τ+(i)σ1M(i) (7)

The above expression of the exclusive e−-capture cross section results in the approx-
imation q → 0 (low momwntum transfer). Under these conditions, the transitions of
Gamow–Teller operator (GT+ = ∑i τ+

i σi) provide the dominant contribution to the total
cross section [25].

In this work, we perform detailed calculations for original e−-capture cross sections
taking into account not only the contribution of the Gamow–Teller type operator (using
quenched value of gA) but the contributions of all low-spin multipolarities (Jπ ≤ 5±). In
performing detailed state-by-state calculations for the set of chosen isotopes, we assumed
that (i) the initial state of the parent nucleus is a ground state |0+〉, and (ii) the nuclear
system is under laboratory conditions.

3. Results and Discussion

Our exclusive electron capture cross sections refer to a set of isotopes that cover the
light- and medium-weight region of the periodic table. This set includes the light nuclei
28Si and 32S, the medium weight isotopes 48Ti, 56Fe and 66Zn that belong to the iron group
nuclei and the heavier 90Zr isotope. The initial |Ji〉 and the final |J f 〉 states in Equation (4)
are determined by solving the BCS equations, for the ground state [3,34,49,50,81–85] and the
pn-QRPA equations, for the excited states [3,34,49,50,53,54], respectively. For the detailed
evaluation of the required nuclear matrix elements between the ground and excited states
as well as for all other nuclear parameters required for the realistic two body interactions
of CD-Bonn potential for the studied isotopes, the reader is referred to Refs. [3,34].

In the calculations of the axial vector contributions to the cross sections presented
below, we used the quenched value of gA = 1.0. This value of gA takes into account a rather
small quenching effect indicated for medium-weight nuclei. The value of gA is introduced
through the axial vector form factor FA(q2) of the multipole operators, producing all
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the possible transitions 0−, 1+, etc. [3,34,64,76,77]. The use of this quenched value of
gA is equivalent to the normalization of the matrix elements of Ref. [25] and predicts
experimental results under laboratory conditions. Actually, the gA for 1+, 2− derived from
beta decays, muon captures and charge exchange reactions suggest much severe quenching
factors than that employed here [71–74], but this is going to be further explored elsewhere.

The results presented in this work have been obtained as follows. First of all, we per-
formed realistic detailed state-by-state calculations for exclusive e−-capture cross sections
in the above-mentioned set of nuclear isotopes. Then, we focused on a specific incident
electron energy (25 MeV) and found the partial contribution of each multipolarity as well
as the percentage of their contribution to the total e−-capture cross sections. In the last step
of our study, we calculated total e−-capture cross sections and also estimated the individual
contributions into the total cross sections of the polar-vector and axial-vector operators.

3.1. State-by-State e−-Capture Cross Sections

In the first step, we performed state-by-state calculations on the electron capture
differential cross sections with respect to the excitation energy dσ/dω defined by

dσ

dω
≡
[ dσ

dω

]
excl

=
G2

Fcos2θc

2π

F(Z, Ee)

(2Ji + 1)
·
{ ∫

dΩW(Eν) {[1− αcosΦ + bsin2Φ]
[
|〈J f ‖T̂

mag
J ‖Ji〉|2 + |〈J f ‖T̂ el

J ‖Ji〉|2
]

−
[ (εi + ε f )

q
(1− αcosΦ)− d

]
2Re〈J f ‖T̂

mag
J ‖Ji〉〈J f ‖T̂ el

J ‖Ji〉∗(1 + αcosΦ)|〈J f ‖M̂J‖Ji〉|2 (8)

+ (1 + αcosΦ− 2bsin2Φ)|〈J f ‖L̂J‖Ji〉|2 −
[ω

q
(1 + αcosΦ) + d

]
2Re〈J f ‖L̂J‖Ji〉〈J f ‖M̂J‖Ji〉∗}

}
We started by evaluating the exclusive e−-capture cross sections of Equation (8) for all

multipolarities with Jπ ≤ 5± considering incident electron energy equal to Ee = 25.0 MeV.
In Equation (8), the transition matrix elements are considered to be between the ground
state |Ji〉 = |i〉 ≡ |0+g.s.〉 of a spherical target nucleus and an excited state |Jπ

f 〉 ≡ | f 〉 of the
resulting odd-odd nucleus. The cross sections as functions of the incident electron energy
Ee are evaluated after integrating numerically Equation (4) over angles for each specific
final state |Jπ

f 〉.
The excitations of the daughter nucleus in our code appear as sets of multipole states

and give us the possibility to calculate the contribution to the total cross sections of each
multipole set of states separately. The dependence of the differential cross sections on the
excitation energy ω through the entire pn-QRPA spectrum of the daughter nucleus may,
afterwards, be illustrated by using a special code which rearranges all possible excitations
(with the corresponding cross sections) in ascending order with respect to the energy ω.
In the model space chosen for each isotope, for all multipolarities up to Jπ = 5±, we have
totally a number of 286 states for 28Si isotope, 440 states for each of the 32S and 48Ti isotopes,
488 states separately for 56Fe and 66Zn isotopes, and 912 states for the 90Zr isotope. The
variation of the exclusive rates in the entire excitation spectrum of the daughter nuclei
(28Al, 32P, 48Sc, 56Mn, 66Cu, 90Y) is demonstrated in Figures 1–3.

As shown in these figures, the differential electron capture cross sections present
some characteristic clearly pronounced peaks at various QRPA excitation energies ω.
Under the assumptions of our present work, these peaks correspond mainly to 1± and 0±

transitions. In further detail, starting from the lightest daughter nucleus, 28Al presents
two characteristic peaks i.e., the first at ω = 0.968 MeV corresponding to the 0+1 transition
and the second at ω = 7.712 MeV corresponding to the 1+7 transition. The 32P nucleus has
only one clearly pronounced peak at ω = 4.855 MeV corresponding to the 1+7 transition.
The 48Sc nucleus presents one peak at ω = 3.575 MeV for the 1+2 transition and another
one at ω = 4.319 MeV for 0+1 transition. In the case of 56Mn, the characteristic peaks
appear at ω = 0.163 MeV and ω = 2.412 MeV and correspond to the 1+1 and 0+1 transitions,
respectively. The other two peaks, corresponding to 0+1 and 1+10 transitions, appear at
ω = 2.538 MeV and ω = 6.555 MeV, respectively, for the 66Cu daughter nucleus. Finally,
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the isotope 90Y presents the maximum peak at ω = 4.376 MeV for the 0+2 transition, a peak
at ω = 1.818 MeV for the 1+1 transition and for the 1+16 transition a characteristic peak at
ω = 8.643 MeV.

Focusing on the extensively studied previously 56Fe isotope, we compare our results
with existing experimental data of 56Fe(d,2He)56Mn and 56Fe(n,p)56Mn reactions. The
56Fe(d,2He)56Mn experiment [86] set clearly two strong transitions to 1+ states at 0.11 MeV
and 1.2 MeV, which are in rather good agreement with our results as we find the first
at 0.163 MeV and the second at 0.881 MeV. In addition, the 56Fe(n, p) experiment [87]
set three characteristic peaks in the energy range 0–2 MeV (the first two peaks are in
very good agreement with our peaks). In addition to the agreement of our results with
the experimental data, they are also compared well with the findings coming from the
theoretical studies of the e−-capture process using different theoretical approaches.

In Refs. [6,88], using the QRPA method with a different two-body interaction, Nabi et
al. set the first peak at about 0.2 MeV. Furthermore, Langanke et al. [30] in their predictions
using a large-scale shell model found a peak near 0.1 MeV with their clearly pronounced
peak to be placed at about 1.7 MeV. Similar conclusions are extracted for the 48Ti isotope
where the data from the 48Ti(n, p) experiment [89] peaks at about 3 MeV, a 1+ multipole,
and, from the 48Ti(d,2He) experiment [90], the major peak appears at about 3.2 MeV.

With our method, we found the major peak for 1+ transitions at about 3.5 MeV, in
good agreement with experimental data. Other theoretical approaches, using the QRPA
method [23], placed the major peak of 1+ multipolarity of the 48Ti daughter nucleus at
about 3 MeV also in good agreement with our results. The comparison of the peaks
shown from our state-by state e−-capture calculations with the experimental data and
the other theoretical predictions provides us with a high confidence level regarding the
method utilized.

Figure 1. Total differential electron capture cross sections, dσ/dω, as a function of the excitation
energy ω and individual contribution of the Polar-Vector, ΛV , and Axial-Vector, ΛA, operatorss, for
the 28Si and 32S nuclei.
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Figure 2. The same as Figure 1 but for the 48Ti and 56Fe nuclei.

Figure 3. The same as Figure 1 but for the 48Ti and 56Fe nuclei.
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From the illustration of the state-by-state calculations of the absolute e−-capture cross
sections in Figures 1–3, it becomes obvious that the main contribution comes from the 1+

multipolarity. As our code has the possibility to provide the contribution of polar-vector
and axial-vector terms separately for each multipolarity, we can see in detail which peaks in
the above figures come from each term. As expected, the axial vector terms provide mainly
the contribution of 1+ multipolarity (the polar vector terms contribute the 0+ multipolarity).

Closing this subsection, we note that all figures of this subsection have been designed
by using the ROOT program of CERN with binning width 0.05 for 28Si and 90Zr isotopes,
0.06 for 48Ti, 56Fe and 66Zn isotopes, and 0.07 for 32S.

3.2. Individual Contribution of Each Multipolarity

The second stage of our study includes calculations of the partial e−-capture cross
sections coming out of the low-spin multipolarities (for Jπ ≤ 5±). These partial e−-capture
cross sections result by summing over the contributions of all the individual multipole
states of a given multipolarity as

σJπ ≡
[ dσ

dω

]
part

= ∑
f

[ dσ

dω

]
excl

(9)

The results obtained from the partial e−-capture cross sections for the chosen nuclei
are illustrated in Figure 4. It is obvious that, for all isotopes, the main contribution to the
total e−-capture cross section (for Ee = 25.0 MeV) comes from the 1+ transitions (some 0+

transitions contribute notable portion to the total rate). From the rest of the multipolarities,
the 0−, 1− and 2− transitions are less important while other multipolarities offer rather
negligible contributions.

Figure 4. Partial e−-capture cross sections originating from different multipole transitions for
all isotopes.

In Table 1, the exact contributions of the low-spin individual multipolarities Jπ are
listed, while, in Table 2, the portions of each multipolarity into the total rate are shown.
Obviously, in the energy range of our present calculations, only for the light nuclei 28Si
and 32S can the contribution of the 1+ multipolarity be considered dominant. In such a
case, the main portion of the total e−-capture cross sections may be considered that comes
from the Gamow–Teller type operator. For medium-weight and heavy nuclei, contributions
coming from other multipolarities (especially the 0+, 1−, etc.) are significant and can not
be omitted.

Specifically, as the mass number of the nucleus increases, the contribution of other
multipolarities also increases and the contribution of 1+ multipolarity decreases. Moving
towards higher incident electron energies, the contribution of the other multipolarities
becomes comparable with that of 1+ (see also below). For example, at Ee = 40.0 MeV,
for the 56Fe isotope, the contribution of all 0+ is about 18% and that of all 1+ 38%. For
66Zn, the corresponding contributions are about 24% and 31%, while, for 90Zr, they are



Particles 2022, 5 399

about 28% and 20%, respectively. These results show the significance of including all
the multipolarities into the calculations of total e−-capture cross sections in high incident
e−-energies and in heavy isotopes.

Table 1. Individual contribution σe (in 10−42 cm2) of low-spin multipolarities (up to Jπ = 5±) to the
total electron capture cross sections (at Ee = 25 MeV), evaluated with the pn-QRPA method.

28Si 32S 48Ti 56Fe 66Zn 90Zr

0+ 4.657 1.275 11.361 12.062 26.450 34.561

0− 1.036 2.131 2.784 3.916 4.466 8.739

1+ 12.534 18.529 13.477 30.299 38.426 25.863

1− 0.606 2.007 2.052 4.018 9.726 13.696

2+ 0.007 0.022 0.015 0.031 0.071 0.089

2− 0.185 0.421 0.709 0.980 1.438 1.875

3+ 0.003 0.003 0.004 0.010 0.011 0.028

3− 0.445× 10−4 0.124× 10−3 0.164× 10−3 0.735× 10−3 0.637× 10−3 0.201× 10−2

4+ 0.157× 10−6 0.106× 10−5 0.668× 10−6 0.270× 10−5 0.534× 10−5 0.426× 10−5

4− 0.110× 10−4 0.346× 10−4 0.532× 10−4 0.799× 10−4 0.316× 10−3 0.471× 10−3

5+ 0.753× 10−8 0.785× 10−7 0.537× 10−6 0.888× 10−6 0.397× 10−6 0.832× 10−5

5− 0.483× 10−9 0.289× 10−9 0.238× 10−8 0.600× 10−8 0.291× 10−7 0.541× 10−7

Table 2. The percentages of low-spin multipolarities (up to Jπ ≤ 3±) into the total e−-capture cross
sections, evaluated with our pn-QRPA method.

28Si 32S 48Ti 56Fe 66Zn 90Zr

0− 5.45 8.74 9.16 7.63 5.54 10.30

0+ 24.47 5.23 37.37 23.51 32.82 40.73

1− 3.19 8.23 6.75 7.83 12.07 16.14

1+ 65.86 75.97 44.33 59.04 47.68 30.48

2− 0.98 1.73 2.33 1.91 1.78 2.21

2+ 0.04 0.09 0.05 0.06 0.09 0.10

3− ∼0.00 ∼0.00 ∼0.00 ∼0.00 ∼0.00 ∼0.00

3+ 0.01 0.01 0.01 0.02 0.01 0.03

It should be noted that, for the 48Ti, 56Fe, 66Zn and 90Zr isotopes having Z < N, our
pn-QRPA gives a bit higher 0+ and 1− contributions to the total e−-capture cross sections as
compared to some other methods. This holds also for some other charge-changing processes
like the inelastic neutrino-nucleus scattering, muon capture, etc. We mention, however, that
similar recent theoretical estimations of 0+ contributions in single charge exchange reactions
using another type of pn-QRPA are much smaller than the corresponding experimental
data (see, e.g., Table V in Ref. [91]), which implies that our method gives results towards
the correct direction.

3.3. Original Total Electron Capture Cross Sections

In the next stage of the present study, we computed original total cross sections σe for
e−-capture on the chosen set of nuclei. They result by summing over all the individual
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contributions of the final states. At first, we performed it for the states of each specific
multipolarity, and then we summed over the low-spin multipolarities (up to Jπ = 5±) as

σe ≡∑
Jπ

[ dσ

dω

]
part

= ∑
Jπ

∑
f

[ dσ

dω

]
excl

(10)

For these calculations, we use the expression of Equation (4). As mentioned before, in
performing these calculations, we assumed that the initial state of each parent nucleus is
the |0+〉 ground state.

The obtained total electron capture cross sections for all studied target nuclei are
illustrated in Figures 5–7 where the individual contributions of the various channels
(Jπ ≤ 5±) are shown. These Figures, for very low electron energies, Ee equalling up to a
few MeV above threshold, exhibit a sharp increase of the electron capture cross sections
by several orders of magnitude. This reflects the variation with the incident energy Ee of
the GT+ strength distribution. In even-even parent nuclei, the GT+ strength, is centred
at daughter excitation energies of the order of 2 MeV. Thus, the e−-capture cross sections
for these nuclei increase drastically within the first couple of MeV. For electron energy
Ee ≥ 10 MeV, the calculated cross sections show a moderate increase. Obviously, for
triggering the e−-capture process, a minimum electron energy, given by the mass difference
between parent and daughter nuclei (M f −Mi = Q-value of the process), is required.

Figure 5. The individual contribution to the total e−-capture cross sections (bold, full line) of various
channels (Jπ ≤ 5±) are demonstrated in this figure in 28Si(e−, νe)28Al and 32S(e−, νe)32P reactions.
Moreover, in the right part of each figure, the individual contribution of the polar-vector, axial-vector
and interference terms are also illustrated.
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Figure 6. The same as Figure 5 but for 48Ti(e−, νe)48Sc and 56Fe(e−, νe)56Mn reactions.

Figure 7. The same as Figure 5 but for 66Zn(e−, νe)66Cu and 90Zr(e−, νe)90Y reactions.



Particles 2022, 5 402

3.4. Impact to Experiments Nuclear Physics and Astrophysics

From an experimental and astrophysics point of view, the important energy range of
the incident electron, Ee, in the e−-capture process raises up to 30 MeV [9,10]. In this region,
we observe that the 1+ multipolarity has the largest contribution to the total electron capture
cross sections [25]. Specifically, starting from the light parent nuclei of our chosen set, 28Si
and 32S, the portions of the contribution of the 1+ multipolarity in this region are larger than
60%. For the medium weight parent nuclei 48Ti, 56Fe and 66Zn, the corresponding portions
in this region are larger than 40%. Due to this effect, many authors focused on this energy
region and calculated only the contribution of the 1+ multipolarity to the total electron
capture cross sections. However, using our method, for the medium-heavy parent nucleus
90Zr, we find that the contribution of 1+ multipolarity to the total e− is just about 25%.
Obviously, in systematic calculations of electron capture rates on heavier and more neutron
rich nuclei, contributions coming from forbidden transitions should also be included in
addition to the GT+ channel [9,10,36,86]. For this reason, more accurate calculations of the
total e−-capture cross sections are obtained by taking into account the contributions of all
possible multipolarities at least up to Jπ = 5±.

In the present work, we have chosen as highest incident electron energies Ee up to
50 MeV, since, at higher energies, the contribution of other multipolarities like 1−, 0+ and
0− of the chosen set become noticeable and can not be omitted. As can be seen from
Figures 5–7, for all studied light and medium weight nuclei, at energies around 40 MeV,
the contribution of the 1− multipolarity becomes significant and overcomes even the
contribution of 1+ multipolarity. For the heavy nucleus 90Zr, in contrast to the other nuclei,
the contribution of all 1− states are larger than that of the 1+ multipolarity from very low
incident energies. This was an additional argument to take into account contributions of all
multipolarities in our calculations. It is worth mentioning that, in the µ−-capture, the 1−

multipolarity contribution dominates the total rates.
From the obtained original electron capture cross section results, we conclude that the

total cross sections can be well approximated by the Gamow–Teller transitions only for
low e−-energies [6,17,25,27,35]. For higher incident energies, the inclusion of contributions
stemming from higher multipolarities leads to better agreement.

The above findings are in good agreement with the previous calculations performed
by Cole et al. [26].

3.5. Comparison of Polar Vector and Axial Vector Contributions

In the last step of our study, we compare the separate contributions of the polar-
vector operator, the axial-vector operator and their interference term originated from
the corresponding components of the weak interaction Hamiltonian. Even though these
contributions refer to the standard model Lagrangian, they can inspire beyond the standard
model (BSM) Lagrangians in several BSM theories, as for example the one describing the
muon-to-electron conversion in nuclei, where authors usually drop out the interference
(polar-vector)-(axial-vector) term [51,52,60].

In Figures 5–7, we additionally illustrate the above contributions to the total electron
capture cross sections. As can be seen, the main contribution to the total cross sections
originates from the axial vector component and, in addition, as the incident electron energy
increases, the contribution of axial vector component increases too.

This is due to the fact that the axial-vector form factors are larger than the correspond-
ing polar-vector and the transverse terms dominate [54]. For the light nuclei, the dominance
of axial-vector part is crucial, and the contribution of the other parts is negligible. As the
mass number of the parent nucleus increases, the contribution of the polar-vector part
grows up. For the medium-weight nuclei 48Ti and 56Fe, the contribution of the axial-vector
is about three times larger than that of the polar-vector part. For the heavier nuclei 66Zn
and 90Zr, the polar-vector part contributes about half of the axial-vector contribution. Fi-
nally, for all studied nuclei, the contribution of the interference term, due to the occurred
cancellations, is about an order of magnitude smaller than that of the axial-vector part.
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4. Summary and Conclusions

The electron capture process on nuclei plays a crucial role at the late stages of the
evolution of massive stars, i.e., in pre-supernova and in core–collapse supernova phase.
Thus, for understanding deeply the mechanisms governing the massive stars evolution at
these phases, it is important to study extensively electron capture by calculating in detail its
cross sections for hot stellar interior energies i.e., for energies at least up to 50MeV. In our
present study, we assume laboratory conditions and find original (absolute) cross sections
to be translated in the next step to those under stellar conditions.

By using a numerical approach based on a refinement of the pn-QRPA, describing
reliably several semi-leptonic weak interaction processes, we evaluated detailed differential
and total cross section of electron capture on 28Si, 32S, 48Ti, 56Fe, 66Zn and 90Zr isotopes
(original e−-capture cross sections). Our nuclear method has been tested on the comparison
of our exclusive results with the experimental and theoretical peaks of Gamow–Teller
transitions. The agreement is good, providing us confidence regarding the reliability of the
obtained results.

In fact, the absolute e−-capture cross sections are crucial for understanding supernova
collapse and explosion. The calculated absolute cross section, however, depends on axial
vector coupling constant gA. In the present work, we used the value gA = 1.0, but since
the axial-vector contributions dominate, the cross section may become smaller by a factor
0.7–0.5 if we use gA ∼ 0.8–0.6 (strong gA coupling). Actually, the gA for 1+, 2− derived
from beta decays, muon captures and charge exchange reactions suggest much severe
quenching factors than that employed here.

Our strategy in this work was to perform extensive calculations of electron capture
cross sections (assuming laboratory conditions) for incident electron energies up to 50 MeV.
Currently, we translate these rates to the corresponding quantities within the hot stellar
environment through the use of appropriate convolution techniques assuming that leptons
under stellar interior conditions follow Fermi–Dirac energy distribution. Ongoing calcula-
tions, using these cross sections, take into account the astrophysics conditions where the
astrophysical e−-capture process takes place. Our method is applicable to neutrino-nucleus
processes that are important in astrophysics and neutrino nucleosynthesis.
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Appendix A. Kinematic Parameters

In Equation (4), the kinematical parameters read

α =
ke

Ee
=
[
1−

(
mec2

Ee

)2]1/2
, b =

EeEνe α2

q2 , d =
(mec2)2

qEe
, (A1)
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where q2 is the 3-momentum transfer q = ν− k defined by the difference between the
3-momentum of a neutrino and of an electron.
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