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Abstract: Whether Z = 126 is a proton magic number has been controversial in nuclear
physics. The even-even 1,cUbh isotopes are calculated based on the DRHBc calculations
with PC-PK1. The evolutions of quadrupole deformation and pairing energies for neutron
and proton are analyzed to study the possible nuclear magicity. Spherical shape occurs
and neutron pairing energy vanishes at N = 258 and 350, which are the results of possible
neutron magicity, while the proton pairing energy never vanishes in Ubh isotopes, which
does not support the proton magicity at Z = 126. In the single-proton spectrum, there is no
discernible gap at Z = 126, while significant gaps appear at Z = 120 and 138. Therefore,
Z =126 is not supported as a proton magic number, while Z = 120 and 138 are suggested
as candidates of proton magic numbers.

Keywords: superheavy nuclei; magic number; deformation; shell structure

1. Introduction

The exploration of the limit of nuclear existence has been a very fascinating topic
in nuclear physics [1-4]. With neutron number N and proton number Z as horizontal
and vertical axes, respectively, the southwest coast of the nuclear landscape corresponds
the beginning of periodic table, H, the lightest element. The northwest and southeast
coasts are the proton and neutron drip lines, respectively. The proton drip line has been
experimentally determined up to Np with Z = 93 [5], while the neutron drip line has
only been determined up to Ne with Z = 10 [6]. Near the drip lines, many interesting
phenomena are discovered, including the nuclear halo [7], changes of nuclear magic
numbers [8] and pygmy resonances [9], and have attracted worldwide attentions. The
northeast coast of the nuclear landscape corresponds to the upper limit of mass number A,
and is still unknown because data are extremely limited. The heaviest nuclides discovered
so far are 2*Og and ?**Ts [10], with nucleon numbers (Z, N) = (118,176) and (117,177),
respectively. These two nuclides have not reached the so-called “island of stability”, which
is theoretically predicted based on the possible neutron magic number N = 184 and proton
magic number Z = 114 [11-14].

The concept of nuclear magic numbers refers to the particular stability of nuclei with
certain nucleon numbers. Such stability is reflected on the extra nuclear binding energy,
and a more intuitive manifestation is a significantly larger separation energy than that
of the next nuclide. The nuclear magicity is closely related to the nuclear shell effect,
which is a hallmark characteristic in the atomic nucleus as a quantum system. The exper-
imentally confirmed magic numbers are the neutron numbers N = 2, 8,20, 28, 50, 82,126
and proton numbers Z = 2,8,20,28,50,82 [15]. These magic numbers can be perfectly
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reproduced by assuming a harmonic oscillator potential plus spin-orbital coupling [16,17].
In a naive consideration with this model, extra stability is suggested at nucleon numbers
2,8,20,28,50,82,126,184, 258, 350, ..., which not only explains all the magic numbers above,
but also provides a reference for new possible magic numbers such as 184 and 258, as
well as Z = 126. The traditional concept of magic number has been implicitly associated
with spherical symmetry. Recent development has extended this concept to exotic shape
symmetries and fourfold octupole magic number N = 136 and 196 have been predicted with
symmetry-induced increase in stability [18,19]. The nuclei with exotic shape are predicted
to form islands in the superheavy region [20].

The possibility of a proton magic number at Z = 126 has been discussed since as early
as 1955 [21]. Following the establishment of the nuclear shell model, the potential existence
of stable nuclides near Z = 126 was studied and there were also controversies in the conclu-
sions [22-25]. In addition to Z = 126, subsequent efforts have also been made to study other
possible magic numbers in the superheavy nuclear region. Based on phenomenological
models such as finite-range droplet model (FRDM), Z = 114 and N = 184 are predicted
to have large shell gaps, corresponding to new magic numbers [26]. In the FRDM, other
large shell gaps are predicted to be located at N = 162 and Z = 104,106,108, 110, instead
of Z = 126. In order to predict experimentally unknown areas, the prediction stability is a
crucial issue to address. The predictive stability of micro-macro models has been investi-
gated thoroughly in many literatures, such as Refs. [27,28] which use the inverse problem
theory of applied mathematics and Monte Carlo simulations. For microscopic models, the
theoretical uncertainties have also been investigated in a systematic manner [29,30].

The relativistic density functional theory has been proven to be a powerful tool
in nuclear physics, due to its successful descriptions on many nuclear phenomena [4].
For the exotic nuclei far away from stability line, the occupation of single-nucleon spectrum
is very close to the continuum threshold, and the pairing interaction can scatter nucleons
from bound states to resonant states in the continuum, leading to a more diffuse den-
sity and the dripline locations might be influenced, called the continuum effects [31-34].
A proper treatment for continuum is solving the nucleon system described by Bogoliubov
transformation in coordinate space, where wave functions are approximated on a spatial
lattice, and the continuum is discretized by suitably large box boundary conditions [35-38].
Based on the relativistic density functional theory and solving the problem in coordinate
space, the spherical relativistic continuum Hartree-Bogoliubov (RCHB) theory was de-
veloped [38,39], which can properly take into account the effects of pairing correlations
and continuum for the nuclei near the limit of nuclear landscape. The RCHB theory
has been applied to many studies for both stable and exotic nuclei, including describing
the halo in ''Li [39], predicting giant halos [40], interpreting the pseudospin symmetry
in exotic nuclei [41], reproducing the interaction cross section and charge-changing cross
sections in light nuclei [42,43], etc. Based on the RCHB theory, the shell structures for
superheavy nuclei were studied, and Z = 120,132,138, and N = 172,184, 198, 228, 238, 258
were suggested to be the magic numbers [44]. In Ref. [45], the first nuclear mass table for
the nuclei with 8 < Z < 120 that incorporates continuum effects was constructed based on
the RCHB theory, where the evolution of shell structures and magic numbers were studied.

Considering that most nuclei deviate from the spherical shape, the deformed relativis-
tic Hartree-Bogoliubov theory in continuum (DRHBc) was developed [46,47]. The DRHBc
theory takes into account the effects of deformation, pairing correlation and continuum,
and can provide proper descriptions for both the stable nuclei and the unstable exotic
nuclei near the boundary of nuclear landscape. As the advantages of the RCHB theory are
inherited and the deformation degrees of freedom are further included, the DRHBc theory
has been applied in many studies on exotic nuclei, including the halo structures [48-56],
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dripline locations [57-59], evolution of deformation and shape coexistence [60-63], etc.
Recently, a nuclear mass table for the nuclei with 8 < Z < 120 is in progress [64,65], and
the even-Z part has been established [66,67]. The mass description for superheavy nuclei
reach accuracy of several hundred keV [57] in reproducing available experimental data as
well as empirical data in AME2020 [68]. Based on the DRHBc theory, Z = 120 is suggested
as a candidate of proton magic number [66], while Z = 126 has not been considered yet.

In this work, the DRHBc theory is employed to examine the possible proton magic
number Z = 126. The Z = 126 element has a temporary systematic [IUPAC name as
Unbiohexium (Ubh) [69]. The theoretical framework is briefly introduced in Section 2.
The numerical details are given in Section 3. The results and discussions are presented in
Section 4. Finally, a summary is given in Section 5.

2. Theoretical Framework

The starting point of the relativistic density functional theory is an effective Lagrangian
density with either the meson-exchange or point-coupling interactions [4]. For the point-
coupling interaction, the Lagrangian density reads

£ =(im,d" — M)y
— Sas(P)PY) — pav(Prat) Frp) — sarv(Fevup) Fr'y)

— Sars(BEY)(FTY) — 365 — Jrs(Fy)’ —iwwwxww 0
— 3850, (F9)2" (§) — iavwwavww — ST (FTp)

— ST (TR FY) — TP R — e A,

where M is the nucleon mass, e is the charge unit, and ¥ is the field operator for nucleon.
The constants «, 8,7, § terms correspond to four-fermion, third-order, fourth-order, and
derivative couplings terms, respectively [70,71]. The subscripts S, V, and T mean scalar,
vector, and isovector, respectively. The last two terms describe the electromagnetic in-
teraction in the standard quantum electrodynamics Lagrangian, and A, and F,, are the
four-vector potential and field strength tensor of the electromagnetic field, respectively.

Starting from Equation (1) and performing Legendre transformation, the Hamiltonian
is obtained, which, by using the mean-field approximation, is then utilized to derive
the energy density functional. By simultaneously treating the mean fields and pairing
correlations in a self-consistent manner, the nucleons are described by the the relativistic
Hartree-Bogoliubov (RHB) equation [72],

R R —E 2
( —A* —h,’5+/\T> <Vk> k(Vk ' @

where A; is the Fermi energy of neutron or proton (T = n, p), E; is the quasiparticle energy,
Uy and V are the quasiparticle wave functions, hip is the Dirac Hamiltonian, and A is the
pairing potential.

In the coordinate space, the Dirac Hamiltonian can be written as

hp(r) =a-p+V(r)+BM+S(r)], 3)
where S(r) and V(r) are scalar and vector potentials, respectively,

S(r) = asps + Psps + vsps + IsLps, (4)
V(r) = avpy + yvpy + v Dpy + eA’ + aryTaps + Sty 3L ps. (5)
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ps, pv, and p3 are the local densities, and are defined as
=Y V(") noVilr (6)
k>0
= Z Vi () Vi(r), 7)
k>0
k>0

k > 0 means that the summation runs over the quasiparticle states in the Fermi sea, which
corresponds to the so-called no-sea approximation.
The pairing potential A reads

A(ry,12) = VPP (r1, 1) (11, 12), )

where V7 is the pairing force, and « is the pairing tensor. In this work, the density-
dependent zero-range pairing force

VPP(1y,1p) = Vo%(1 —P7)o(ry —12) (1 - p{§r1)> (10)
sat

is adopted. The pairing tensor is defined by using quasiparticle wavefunctions as [73]
k=UxVT. (11)

In the DRHBc theory, since axial deformation and spatial reflection symmetry are
assumed, the potentials and densities are expanded in terms of the Legendre polynomials,

ZfA )Py (cos ), A=0,2,4,..., Amax- (12)

It is worth mentioning that this work focuses on axial and spatial reflection symmetries,
while higher-order deformation, spatial-reflection asymmetry as well as triaxial shapes,
which might also play important roles in heavy nuclei [19,20,28,30], are not included here.
The conclusion is limited due to such an assumption on symmetry, and future works are
expected by taking into account the full degrees of freedom that nuclei can take.

In order to correctly take into account the continuum effect, the deformed RHB Equa-
tion (2) are solved in a spherical Dirac Woods-Saxon basis [74], which can properly describe
the asymptotic behavior of the density distribution at a large r.

After self-consistently solving the RHB equations, the expectation values can be
calculated. The total energy is calculated as [47,64]

Etot = 2 (/\T - Ek)v% - Epair
k>0

s 1 3 3
/d "‘SPS + D‘VPV + “TVPa + 5SPS + 4’YSP5 + 47VPV (13)
+ E5SPSAPS + §5vPvAPV + §5TvpsAP3 + zppeAO) + Ecm.s

where

of = [ @V Vi), (14)

and Ep,ir and Ecm. are the pairing energy and center-of-mass correction energy [47], re-
spectively. It should be mentioned that the pairing energy Epair is a measure for the size of
pairing correlations in theoretical calculations, and under the zero-range pairing force it is
calculated as
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Epair = =3 / d’ri(r)A(r). (15)
The quadrupole deformation is calculated using

_ VBrQy  2V5m [ d3rpy(r)r?Py(cos6) (16)

P2 = 3N T B[ rpe (][] Prpo(r)r)”

where N is the corresponding particle number, (r?) is the root-mean-square (rms) radius,
Q> is the intrinsic quadrupole moment, and p, is the vector density distribution.

3. Numerical Details

In this work, the relativistic density functional PC-PK1 [71] is adopted, which leads
to the root-mean-square deviation of 1.14 MeV in reproducing available mass data [75,76],
among one of highest-accuracy density-functional descriptions for mass. The accuracy
for mass descriptions by PC-PK1 for medium-heavy to superheavy regions reach sev-
eral hundred keV, as illustrated in Refs. [57,77]. In the coordinate space, the box size
Rpox = 20 fm and the mesh size Ar = 0.1 fm. The cutoff parameters for the Dirac Woods-
Saxon basis include the angular momentum cutoff max = 23/2 fi and the energy cutoff for
positive-energy states EL,, = 300 MeV, and the number of negative-energy states is taken
the same as that of positive-energy states [74]. For the Legendre expansion in Equation (12),
a cutoff Amax = 10 is taken. In the pairing channel, the pairing strength for Equation (10),
Vo = —325 MeV fm?, and a pairing window of 100 MeV are taken. These pairing pa-
rameters are determined by reproducing the odd-even mass differences for Ca and Pb
isotopes [64]. The examinations for the above numerical cutoffs and the pairing parameters
can be found in Refs. [64,66].

4. Results and Discussions

The even-even nuclei in the 154Ubh isotopic chain are calculated with the DRHBc
theory. Bulk properties for the ground states, such as binding energy, separation energies,
quadrupole deformation, root-mean-square radii and pairing energies, as well as the
corresponding density distributions and single-particle levels, are obtained. In order to
discuss the possible magicity, in the following we will focus on the evolution of two-
proton separation energy and two-proton gap, deformation and pairing energies, as well as
single-particle levels.

The separation energy belongs to the first rang observables for magic numbers, and
corresponds to the characteristic jumps in separation energies [78]. As has been shown in
Figures 2 and 3 of Ref. [66], in the DRHBc calculations for 8 < Z < 120, abrupt changes
of separation energies are exhibited at magic numbers. In order to explore the possible
magicity for superheavy nuclei, Figure 1a shows the two-proton separation energy Sz,
in the DRHBc calculations by taking the even-even N = 258 isotopes with Z > 100 as
examples. It is shown that Sy, decreases monotonously with the proton number, with
the slopes larger near Z = 120 and smaller near Z = 130. For a more intuitive view,
Figure 1b shows the corresponding decrease of Sy, at each Z, i.e., the two-proton gap,
62p(Z,N) = S525(Z,N) — S2,(Z +2,N). The drastic changes of the two-nucleon separation
energies are implicated by the peaks of the two-nucleon gaps, as has been shown in
Figures 4 and 5 of Ref. [66]. Here a peak at Z = 120 is noted, which is consistent with
several other density functional predictions that Z = 120 is a proton magic number. On
the contrary, the 52p of Z = 126 corresponds to a decrease, instead of a peak, which has
also been depicted in the slope of Szp. Therefore, from the two-proton separation energy,
Z = 126 does not possess extra stability, and no characteristic of magicity is shown.
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Figure 1. (a) Two-proton separation energy Sy, and (b) two-proton gap d,, as functions of the proton
number in the DRHBc calculations with PC-PK1 for even-even N = 258 isotopes with Z > 100.

When the nucleon number equals to a traditional magic number, one result of RHB
calculation is that at the lowest minimum of the potential energy curve, i.e., the ground
state, usually has a spherical shape [66]. In order to further discuss the possibility of the
proton magicity at Z = 126, Figure 2 shows the quadrupole deformation ; as a function
of the neutron number in the DRHBc calculations for even-even 154Ubh isotopes. From the
proton drip line and by increasing the neutron number, the deformation j; first generally
decreases from a large positive value to zero near N = 258. After that, B, increases to
a large value again and decreases to zero near N = 350. The 8, at 324 < N < 334 are
missing because the corresponding isotopes are predicted to be unbound. According to
the evolution of two-neutron separation energy and neutron Fermi energy, the isotopes
at 336 < N < 350 are bound again, which shows a similar behavior with the “re-entrant
binding” in Refs. [2,57,58,79], and forms a “peninsula” beyond the primary two-neutron
drip line at N = 322.

0 —
-+ " even-evennucle | Ubh| 1
;) 126
oa[ o e
< ol L 7
0.0F ; : e
- Y s
02 S §
- -+ DRHBC
_0.4 oo e e e e
200 240 280 320 360

Neutron number N

Figure 2. Quadrupole deformation 8, as a function of the neutron number in the DRHBc calculations
with PC-PK1 for even-even 154 Ubh isotopes.

From the evolution of deformation, the information on nuclear structure can be ex-
tracted. Before focusing on the possible proton magicity, we first discuss the neutron
structure, which is more obvious in the evolution with the increase of neutron number
and can serve as a comparison for our discussion on the proton structure in the next
paragraph. It is noted that except for a few spherical ones near N = 258 and 350, all
remaining Ubh isotopes are deformed. The spherical Ubh isotopes near N = 258 and
350 correspond to new possible superheavy magic numbers. Sudden changes of 3, occur
near N = 208,240, 258,268,292 and 338, which are also related to the evolution of shell
structure and may lead to shape coexistence [60,61]. Taking N = 266 to 268 as an example,
in Figure 2 a sudden change of deformation occurs between them. Figure 3 shows their
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potential energy curves from deformation-constrained DRHBc calculations by the solid
curves, and the black squares represent the corresponding deformation minima from uncon-
strained DRHBc calculations. Both of them have two major minima at 8, ~ —0.2 and 0.4,
and a minor minimum occurs at B, ~ 0.06. These two major minima correspond to similar
energies, supporting the possible shape coexistence. At N = 266 the oblate minimum is
lower, and at N = 268 prolate minimum is lower, leading to the sudden change of 3, at
N = 268. In addition, considering that most Ubh isotopes are prolate rather than oblate,
the prolate-shape dominance still works in the superheavy region [63]. Therefore, the
evolution of neutron structure for Ubh isotopes is reflected on the quadrupole deformation,
and the sphericity near N = 258 and 350 are significant signals corresponding to possible
neutron magicity [80]. It should be also mentioned that Figure 2 focuses on the axial
quadrupole deformation. When one wishes to study general stability properties in nuclear
physics, especially of heavy nuclei, more quantities and effects, such as the deformation
parameters with orders higher than quadrupole one, as well as the degrees of freedom
from spatial-reflection asymmetry and triaxial shapes, also play important roles and should
be taken into account [19,20,28,30].

-2476

-2478

Total energy E,, (MeV)
§
o

:

0.2 0.0 0.2 0.4
Deformation f,

Figure 3. Potential energy curves at N = 266 and 268 in 154Ubh isotopic chain from the constrained
DRHBc calculations. The black squares represent the corresponding deformation minima from
unconstrained DRHBc calculations.

Then we come to the proton structure. As has been discussed above, a nave analysis
suggests Z = 126 to be a possible traditional proton magic number. The deformation
shown in Figure 2 is significantly different with the behavior in the proton-magic isotopes
with Z < 120. As shown in Ref. [66], in the isotopic chains with proton magic numbers
Z = 8,20,28,50, almost all nuclei are spherical, and in the isotopic chain with Z = 82,
about half of the isotopes are spherical. In comparison, for Z = 126 here, only five isotopes
near predicted neutron magic numbers N = 258 and 350 are spherical. In conclusion,
not only the evolutions of Sy, and é,, depicted in Figure 1, but also the behavior of B,
in Figure 2, do not support the proton magic number Z = 126. It should also be noted
that the conclusion drawn here is limited by the choice of one single axial deformation
parameter . Higher orders such as 4 and B¢, as well as the reflection asymmetry degrees
of freedom such like 53 and f5 which has not been incorporated in the DRHBc theory yet,
also impact the calculations [81,82], and are expected to be studied in future works.

For magic nuclei, a notable result from RHB calculations is that a large gap exists in
the single-particle spectrum, which further implies that the occupied nucleons cannot be
scattered into higher orbits, resulting in the vanishing of pairing energy. Conversely, the
sudden disappearance of pairing energy may serve as a theoretical signal to aid in the search
for possible magic numbers. Figure 4 shows the neutron and proton pairing energies as
functions of the neutron number in the DRHBc calculations for even-even 1y5Ubh isotopes.
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The evolution of neutron pairing energy is smooth at 268 < N < 320, except a few turning
points, while at other neutron numbers, a significant staggering pattern occurs between
zero and nonzero values, such as the results near N = 240 and 340. Since we only consider
even-even Ubh nuclei in this work, the staggerings in neutron pairing energy are irrelevant
to odd-even effect. The zero values at N = 258 and 350 correspond to the predicted
neutron magic numbers, while those at N = 232,240, 248, 320, 336, 344 reflect the evolution
of neutron shell structure in deformed nuclei.

T |
? Arr ™
s

. [ <&

i .

i ,‘".;” -
s+ ™ Neutron ;

: .~ Proton

£

- ;"f e
-16 | ‘A‘ @ o
126J0N)  oven-even nuclei
-0 L= Pl PR | 1. )
200 240 280 320 360

Neutron number N

Figure 4. Neutron and proton pairing energies as functions of the neutron number in the DRHBc
calculations with PC-PK1 for even-even 154Ubh isotopes.

The evolution of proton pairing energy is generally smooth for most Ubh isotopes,
except for a few turning points. Its behavior shows no notable staggering, and never
vanishes, which is remarkably different from the neutron one. For the spherical nuclei near
N = 258 and 350, the corresponding proton pairing energies are significantly larger than
their neighbors. Therefore, the analysis on pairing energies does not support the proton
magic number Z = 126.

In order to further discuss the possibility of proton magicity at Z = 126, taking the
spherical isotope 5:Ubh as an example, Figure 5 shows the single-proton levels around
the Fermi energy A, in the canonical basis. If we neglect the pairing correlation and let
the proton occupies the orbits one by one, Z = 126 would fully occupy the i1/, orbit at
€y = —7.847. This orbit is very close to the p;, above and the p3/, below, resulting in no
discernible gap formed in the single-proton spectrum. Although the neutron magic number
N = 126 has been confirmed and successfully reproduced by the DRHBc calculations [58],
Z = 126 is not supported to be a magic number here.

It should also be noticed that two significant gaps appear at Z = 120 and 138, consistent
with the prediction of proton magic number Z = 120 from the evolution of S, and 6,
in Figure 1. As has been discussed above, the DRHBc calculations have self-consistently
reproduced all traditional magic numbers, and the prediction on Z = 120 and 138 is
also consistent with existing literature, such as Refs. [44,83]. We also expect further
DRHBc studies on other superheavy isotopic chains to confirm the prediction of these new
magic numbers.
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Figure 5. Single-proton levels around the Fermi energy A, in the canonical basis for j5:Ubh versus
the occupation probability v in the DRHBc calculations with PC-PK1. Each level is labeled by the
quantum numbers for spherical orbits. The Fermi energy A, is shown as a green dotted line.

5. Summary

The even-even 1,¢Ubh isotopes are calculated based on the DRHBc calculations with
PC-PK1. The evolutions of quadrupole deformation and pairing energies for neutron and
proton are analyzed to study the possible nuclear magicity. Spherical shape occurs and
neutron pairing energy vanishes at N = 258 and 350, supporting that they are neutron
magic numbers, while the proton pairing energy never vanishes in Ubh isotopes. In the
single-proton spectrum, there is no discernible gap at Z = 126, while significant gaps
appear at Z = 120 and 138. Therefore, Z = 126 is not supported as a proton magic number,
while Z = 120 and 138 are suggested as candidates of proton magic numbers.

We expect further DRHBc studies on other superheavy isotopic chains to provide the
corresponding ground-state properties, so that we can extract the two-proton gaps, which
can be used as one of the signatures for magic numbers [44,83], to confirm the conclusions
on proton magic numbers in this work. In addition, in the present studies we have only
considered the ground-state static properties related to energies and shapes, while the «, 8
decays or fissions are not discussed yet. It should also be noted that the conclusion drawn
here is limited by the choice of one single axial deformation parameter ,, while higher
orders such as B4 and B¢ are not discussed in this work, and the reflection asymmetry
degrees of freedom such like 3 and f5 is not incorporated in the present DRHBc theory.
They may significantly influence the stability in superheavy nuclei, and their effects are
expected to be investigated in future works.
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