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Abstract: The present study focused on the mesonic potential contributions to the La-
grangian of the extended linear sigma model (eLSM) for scalar and pseudoscalar meson
fields across various quark flavors. The present study focused on the low-energy phe-
nomenology associated with quantum chromodynamics (QCD), where mesons and their
interactions serve as the pertinent degrees of freedom, rather than the fundamental con-
stituents of quarks and gluons. Given that SU(4) configurations are completely based
on SU(3) configurations, the possible relationships between meson states in SU(3) and
those in SU(4) were explored at finite temperature. Meson states, which are defined by
distinct chiral properties, were grouped according to their orbital angular momentum
J, parity P, and charge conjugation C. Consequently, this organization yielded scalar
mesons with quantum numbers JPC = 0++, pseudoscalar mesons with JPC = 0−+, vector
mesons with JPC = 1−−, and axial vector mesons with JPC = 1++. We accomplished the
derivation of analytical expressions for a total of seventeen noncharmed meson states and
twenty-nine charmed meson states so that an analytical comparison of the noncharmed
and charmed meson states at different temperatures became feasible and the SU(3) and
SU(4) configurations could be analytically estimated.

Keywords: chiral Lagrangian; sigma model; charmed mesons; effective QCD models

1. Introduction
Perturbative approaches to quantum chromodynamics (QCD) yield effective solutions,

particularly at very high energy scales [1]. In contrast, nonperturbative solutions require
numerical methods for their approximation [2]. The substantial computational costs associ-
ated with these methods highlight the necessity for accurate solutions at nonzero density.
Nevertheless, numerical lattice QCD simulations face limitations at a finite density, known
as the “sign problem” [3]. This situation has led to the adoption of effective models [4,5],
such as the hadron resonance gas model [6–9]. As for QCD-like effective models, the
Nambu–Jona–Lasinio (NJL) model appears as a widely used approach [10–12] that was
introduced to investigate the source of the nucleon mass as a self-energy within a frame-
work characterized by four-fermion interactions, drawing parallels with the emergence of
an energy gap in superconductivity theory [13]. This model serves as a phenomenological
representation of quarks, exhibiting chiral symmetry breaking at low densities and tem-
peratures, while restoring chiral symmetry at elevated densities and temperatures. In the
phase where chiral symmetry is broken, quarks acquire a dynamical mass through their
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interactions with the vacuum. Furthermore, QCD-like models, including the extended
linear sigma model (eLSM) introduced in the 1960s, are significant due to their shared
global symmetries with QCD and their lower computational requirements [14–17]. In
this context, it is important to note that the Lagrangian associated with the gauge theory
governing the color interactions of quarks and gluons exhibits invariance under local color
transformations. This property ensures that the physical implications remain unchanged
when the colors of quarks and gluons undergo transformation. Conversely, the interactions
themselves do not depend on the flavor. In the effective QCD eLSM, the global chiral
symmetry is explicitly broken due to the presence of nonzero quark masses and quantum
effects, as discussed in the literature [18]. Additionally, this symmetry is spontaneously
broken by the nonzero expectation value of the quark condensate within the QCD vacuum.

The eLSM is utilized when exploring various QCD symmetries. This includes
(i) isospin symmetry, which is characterized as a global transformation linked to SU(2)
rotations in the flavor space of up and down quarks, where the Lagrangian remains in-
variant for equal or negligible masses [19–21]. Moreover, (ii) global chiral symmetry is
maintained in the chiral limit of massless QCD, where left- and right-handed components
exhibit symmetry. Nonetheless, this symmetry is violated due to the properties of the QCD
vacuum, including the Higgs mechanism, which leads to pions being recognized as the
lightest Goldstone bosons resulting from the broken symmetry [22,23]. The eLSM investi-
gation also addresses (iii) discrete symmetries, such as charge conjugation (C), parity (P),
and time reversal (T) [24], along with (iv) classical dilatation (scale) symmetry [25].

Before the establishment of QCD, which serves as the theoretical foundation for strong
interactions, Gell–Mann and Levy proposed the sigma model to introduce a field associated
with a point particle. This field is restricted to a defined manifold and characterizes the
interactions of pions [26]. The field corresponds to a spinless sigma, referred to as the
scalar meson. A variety of studies utilized the LSM, including the O(4) LSM [26]. The
implementation of the LSM, which incorporates quark degrees of freedom, is enabled by an
extension that realizes the dynamic nature of pseudoscalar and scalar mesons as a linear rep-
resentation of chiral symmetry, which experiences weak breaking due to the current quark
masses. This study was dedicated to exploring the low-energy phenomenology of quantum
chromodynamics (QCD) [27], emphasizing mesons and their interactions as the relevant
degrees of freedom, in contrast to the fundamental elements of quarks and gluons. Thus,
the model can be regarded as an effective representation of nonperturbative QCD [28–32]
that helps in understanding the emergence of hadron masses and structures [33].

Chiral symmetry is commonly viewed as a foundational approximation for under-
standing the structure of hadrons. Approximately forty years ago, calculations of the
spin-zero mass spectrum and leptonic decay constants were performed using the one-loop
approximation of the SU(4) linear sigma model [32]. The extended linear sigma model
(eLSM) investigates the phenomenological aspects of charmed mesons [24]. More recently,
the quark–hadron phase diagram was examined at constrained temperatures and den-
sities through the mean-field approximation of the SU(4) Polyakov linear sigma model
(PLSM) [34,35]. It was proposed that the N f = 4 Lagrangian bears similarities to the N f = 3
Lagrangian. In a thorough investigation, one of the contributing authors, A.T., utilized the
SU(3) PLSM to analyze the thermodynamic behavior, phase structure, and meson masses
of QCD across a range of finite temperatures, densities, and magnetic fields. This extensive
research [19,36–45] provided critical insights into various fundamental features of QCD.

The present study utilized an eLSM that featured two configurations. The first con-
figuration included three flavors of quarks, while the second configuration incorporated
an additional charm quark flavor. Each configuration was combined with scalar and
pseudoscalar meson fields [34,35,46,47]. To simplify our discussion, we analyzed the contri-
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butions of each configuration to the meson potential. The quark sets enabled an analytical
evaluation of various meson states, expressed as ⟨q̄q⟩ = ⟨q̄ℓqr − q̄ℓqr⟩ ̸= 0 [48]. Meson
states, which exhibit distinct chiral structures, were organized according to certain quantum
numbers, including the orbital angular momentum J, parity P, and charge conjugation
C. This organization resulted in the classification of scalar mesons as JPC = 0++, pseu-
doscalar mesons as JPC = 0−+, vector mesons as JPC = 1−−, and axial vector mesons
as JPC = 1++ [37,43]. We compiled analytical results for seventeen noncharmed meson
states and twenty-nine charmed meson states at finite temperature. The focus of this study
was to undertake an analytical comparison of the noncharmed and charmed meson states
at different temperatures. The analysis of density dependence could be addressed in a
separate manuscript. The fundamental argument suggests that density should be depicted
in a manner comparable with that of temperature.

This manuscript is structured in the following manner: Section 2 introduces the un-
derlying formalism. The details of the SU(3) configuration and the seventeen noncharmed
meson states are provided in Section 2.1. Section 2.2 presents the SU(4) configuration, along
with the twenty-nine charmed meson states. Lastly, Section 3 is devoted to the conclusions
and an outlook on future research.

2. Mesonic Potential of Extended Linear Sigma Model
The sigma model integrates chiral symmetry through a linear representation [26].

Unlike the nonlinear representation, which addresses only the Goldstone bosons and omits
vector mesons, the linear representation permits a comprehensive study of both Goldstone
bosons and scalar mesons. This expansion into the vector sector allows for the inclusion of
vector and axial vector mesons. The eLSM acknowledges chiral symmetry in conjunction
with other QCD symmetries [49]. In Section 2.1, we introduce the SU(3) mesonic potential.
Comprehensive information regarding the complete Lagrangian is available in Ref. [50].
Amendments to specific expressions found in Ref. [50] are detailed in the Appendix A.
Moreover, we introduce an analytical description for seventeen meson states, expanding our
discussion to encompass finite-temperature considerations. This analysis aimed to assess
the influence of finite temperature on the analytical expressions related to meson states.

2.1. SU(3) Configuration

Let us start by introducing the SU(3) mesonic potential:

U(σx, σy) =
m2

2

(
σ2

x + σ2
y

)
− C

2
√

2
σ2

x σy +
ℓ1

2
σ2

x σ2
y +

1
8
(2ℓ1 + ℓ2)σ

4
x

+
1
4
(ℓ1 + ℓ2)σ

4
y − hxσx − hyσy. (1)

The minimal global minimization of the grand potential allows for the deduction of the
light quark condensates, denoted as σx and σy, which represent the light and strange quark
condensates, respectively.

All condensates and parameters in the effective mesonic potential equation (Equation (1))
shall be regarded as functions of temperature. The temperature dependence of T, m, hx,
and hy are explicitly given in (2), (3), (5), and (6), respectively. To examine the temperature
dependence of the various quantities associated with eLSM, we begin with
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m2(T) = m2

(
1 − T2

T2
0

)
, where T0 ≃ ΛQCD, (2)

TNc(T) =
T0√

1 + T2

2 f 2
π

3
Nc

, where lim
Nc→∞

TNc = T0, (3)

where T0 is the deconfinement critical temperature [22,39,51] and Nc refers to the color
degrees of freedom found in non-Abelian SU(Nc) gauge theory [52]. Additionally, TNc(T)
is the critical temperature that characterizes gauge QCD, which includes color degrees of
freedom, and ΛQCD denotes the energy scale associated with QCD [53].

The anomaly-breaking term C associated with U(1)A is constrained by the function
ℓ2(T), alongside the mass difference observed between pions and kaons:

C(T) =
m2

K(T)− m2
π(T)

fK − fπ
− ℓ2(2 fK − fπ). (4)

Under the conditions where ∂U
∂σx

= 0 and ∂U
∂σy

= 0, the quantities hx(T) and hy(T) can
be analytically determined:

hx(T) = m2(T)σx(T)−
C√
2

σx(T)σy(T)− ℓ1(T)σx(T)σ2
y (T) +

1
2
[2ℓ1(T) + ℓ2(T)]σ3

x (T), (5)

hy(T) = m2(T)σx(T)−
C

2
√

2
σ2

x (T)− ℓ1(T)σ2
x (T)σy(T) + [ℓ1(T) + ℓ2(T)]σ3

y (T). (6)

The dependence of ℓ1 and ℓ2 on temperature is represented as follows:

ℓ1(T) =
m2

σ(T)− m2
π(T)− m2

a0
(T) + m2

η(T)

3 f 2
π

, (7)

ℓ2(T) =
3[2 fK − fπ ]m2

K(T)− 3[2 fK − fπ ]m2
π(T)− 2[ fK − fπ ]

[
m2

η′(T) + m2
η(T)

]
[ fK − fπ ]

[
3 f 2

π + 8 fK( fK − fπ)
] , (8)

where fπ is the pion decay constant [54] and fK is the kaon decay constant [55]. Moreover,
within this configuration, the masses corresponding to the meson states, namely, mπ(T),
mK(T), mσ(T), ma0(T), mη(T), and mη′(T), were calculated.

Now, the formulation of analytical expressions regarding the masses of seventeen
noncharmed mesons, emphasizing their relationship with finite temperatures, shall be
outlined. The grand potential can be derived in the mean field approximation. Given the
assumption of thermal equilibrium, the grand partition function is expressed via a path
integral that includes the quark, antiquark, and meson fields:

Z = Tr exp[−Ĥ/T] =
∫

∏
a
DσaDπa

∫
DψDψ̄exp

[∫
x
L
]

, (9)

where
∫

x ≡ i
∫ 1/T

0 dt
∫

V d3x, and t is the time for which the system with volume V
evolves. The present analysis assumed a vanishing density, which corresponds to a van-
ishing chemical potential. The partition function can be derived using the mean field
approximation [56–58]. In this context, the meson fields are substituted with their expec-
tation values, specifically σ̄x and σ̄y, within the action [59,60]. By employing standard
techniques [60], we can perform the integration over the fermionic contributions, leading
to the derivation of the effective potential for the mesons:
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Ω(T) =
−TlnZ

V
= U(σx, σy) + U (Φ, Φ∗, T) + Ωψ̄ψ, (10)

where the fields Φ and Φ∗ are defined (Equation (38)) as a complex matrix of dimensions
N f × N f , which includes the scalar σa with quantum numbers JPC = 0++, pseudoscalar
πa with JPC = 0−+, vector mesons that possess JPC = 0−−, and axial vector mesons that
share the quantum numbers JPC = 0++. The mesonic potential is explicitly elaborated
herein. Additional information on the other potentials U (Φ, Φ∗, T) and Ωψ̄ψ can be found
in previously published works [19,36–45].

By taking the second derivative of the grand potential evaluated at its minimum with
respect to the corresponding fields, the masses of various states can be obtained. In the
present calculations, the minima were estimated by vanishing expectation values of all the
scalar, pseudoscalar, vector, and axial vector fields:

m2
i,ab =

∂2Ω(T)
∂βi,a∂βi,b

∣∣∣∣
min

, (11)

where βi,a and βi,b are the corresponding mass fields of the i-th hadron state. a, b ∈ [0, 1, · · · , 8].

• Scalar noncharmed mesons:

m2
σN
(T) = m2

0

(
1 − T2

T2
0

)
+

3
2
ℓ2(T)σ2

x(T), (12)

m2
K∗

0
(T) = Z2

K∗
0
(T)

[
m2

0

(
1 − T2

T2
0

)
+

ℓ2(T)
2

σ2
x(T)

+
ℓ2(T)√

2
σx(T)σy(T) + ℓ2(T)σ2

y (T)
]

, (13)

m2
a0
(T) = m2

0

(
1 − T2

T2
0

)
+

3
2
ℓ2(T)σ2

x(T), (14)

m2
σS
(T) = m2

0

(
1 − T2

T2
0

)
+ 3ℓ2(T)σ2

y (T). (15)

• Pseudoscalar noncharmed mesons:

m2
π(T) = Z2

π(T)

[
m2

0

(
1 − T2

T2
0

)
+

ℓ2(T)
2

σ2
x(T)

]
, (16)

m2
K(T) = Z2

K(T)

[
m2

0

(
1 − T2

T2
0

)
+

ℓ2(T)
2

σ2
x(T)

− ℓ2(T)√
2

σx(T)σy(T) + ℓ2(T)σ2
y (T)

]
, (17)

m2
ηN
(T) = Z2

π(T)

[
m2

0

(
1 − T2

T2
0

)
+

ℓ2(T)
2

σ2
x(T) +Dσ2

x(T)σ
2
y (T)

]
, (18)

m2
ηS
(T) = Z2

ηS
(T)

[
m2

0

(
1 − T2

T2
0

)
+ ℓ2(T)σ2

y (T) +
D

4
σ4

x(T)

]
, (19)

m2
ηNS

(T) = Zπ(T)Zπ3(T)
D

2
σ3

x(T)σy(T). (20)
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• Axial vector noncharmed mesons:

m2
a1
(T) = m2

1(T)− m2
0

T2

T2
0
+

1
2

(
2g2

1(T) + h2(T)− h3(T)
)

σ2
x (T), (21)

m2
K1
(T) = m2

1(T)− m2
0

T2

T2
0
+

1
4

(
g2

1(T) + h2(T)
)

σ2
x (T)−

1√
2

σx(T)σy

(
h3(T)− g2

1(T)
)

+
1
2

(
h2(T) + g2

1(T)
)

σ2
y (T) + δs(T), (22)

m2
f1S
(T) = m2

1(T)− m2
0

T2

T2
0
+
(

2g2
1(T) + h2(T)− h3(T)

)
σ2

y (T) + 2δs(T), (23)

m2
f1N

(T) = m2
a1
(T). (24)

• Vector noncharmed mesons:

m2
ρ(T) = m2

1(T)− m2
0

T2

T2
0
+

1
2
(h2(T) + h3(T))σ2

x (T), (25)

m2
K∗ (T) = m2

1(T)− m2
0

T2

T2
0
+

1
4

(
g2

1(T) + h2(T)
)

σ2
x (T) +

1√
2

σx(T)σy

(
h3(T)− g2

1(T)
)

+
1
2

(
h2(T) + g2

1(T)
)

σ2
y (T) + δs(T), (26)

m2
ωS

(T) = m2
1(T)− m2

0
T2

T2
0
+ (h2(T) + h3(T))σ2

y (T) + 2δs(T), (27)

m2
ωN

(T) = m2
ρ(T). (28)

The different quantities present in the mass expressions are outlined as follows:

g2
1(T) =

m2
a1
(T)

f 2
πZ2

π

(
1 − 1

Z2
π

)
, (29)

D(T) =
1
2

(
m2

η(T)− m2
π(T)

)
, (30)

δs(T) =
1
2

{
m2

ωS
(T)− m2

1(T) + m2
0

T2

T2
0
−
[

h2
1(T)
2

+ h2(T) + h3(T)

]
σ2

y (T)

− h1(T)
2

σ2
x(T)

}
, (31)

m2
1(T) = m2

ωS
(T)−

[
h1(T)

2
+ h2(T)− h3(T)

]
σ2

s (T)−
h1(T)

2
σs(T)− 2δs(T), (32)

Zπ(T) = ZηN (T) =
ma1(T)√

m2
a1
(T)− g2

1(T)σ
2
x(T)

, (33)

ZK(T) =
2mK1(T)

4m2
K1
(T)− g2

1(T)
[
σx(T) +

√
2σy(T)

]2 , (34)

ZηS(T) =
m f1S(T)

m2
f1S
(T)− 2g2

1(T)σ
2
y (T)

, (35)

ZK∗
0
(T) =

2mK∗
0
(T)

4m2
K∗

0
(T)− g2

1(T)
[
σx(T)−

√
2σy(T)

]2 . (36)

Section 2.2 introduces further analytical representations of meson states. This dis-
cussion specifically emphasizes the charmed meson states, which exhibit variations in
response to changes in temperature.



Particles 2025, 8, 9 7 of 16

2.2. SU(4) Configuration

It is assumed that the Lagrangian for N f = 4, which maintains global chiral
invariance [34], is similar to that of N f = 3 [61]. In the context of N f = 4, the mass
term −2 Tr[ϵΦ†Φ] must be integrated into the eLSM Lagrangian [18]. The corresponding
mesonic grand potential is given as

USU(4)
m (Φ) =

m2

2

(
σ2

x + σ2
y + σ2

15

)
+ ℓ1

[
4
(

σx +
σ15√

6

)4
+

(√
2σy +

σ15√
6

)4

+

(√
2
3

σ0 −
√

3
2

σ15

)4

+ 4
(

σx +
σ15√

6

)2(√
2σy +

σ15√
6

)2

+4
(

σx +
σ15√

6

)2
(√

3
2

σ0 −
√

3
2

σ15

)2

+ 2
(√

2σy +
σ15√

6

)2
(√

2
3

σ0 −
√

3
2

σ15

)2


+ ℓ2

2
(

σx +
σ15√

6

)4
+

(√
2σy +

σ15√
6

)4
+

(√
2
3

σ0 −
√

3
2

σ15

)4


− c
8

[
2
3

σ2
x σyσ0 +

σyσ2
15σ0

3
√

3
+

2
√

2
3

σxσyσ15σ0 +
1
3

σ2
x σ15σ0 +

σ3
15σ0

8

+

√
2σxσ15σ2

0

3
√

3
−
√

3σ2
x σyσ15 −

σ3
15σy

2
√

3
−
√

2σxσyσ2
15 −

σ2
x σ2

15
2

−
σ4

15
12

−
σxσ3

15√
6

]
. (37)

The field Φ is given as

Φ =

N2
f −1

∑
a=0

Ta(σa + iπa), (38)

where the scalar mesons are given as

Taσa =
1√
2

σ0
2 + σ3√

2
+ σ8√

6
+ σ15

2
√

3
σ1−iσ2√

2
σ4−iσ5√

2
σ9−iσ10√√

2
σ1+iσ2√

2
σ0√

2
− σ3√

2
+ σ8√

6
+ σ15

2
√

3
σ6−iσ7√

2
σ11−iσ12√

2
σ4+iσ5√

2
σ6+iσ7√

2
σ0
2 −

√
2
3 σ8 +

σ15
2
√

3
σ13−iσ14√

2
σ9+iσ10√

2
σ11+iσ12√

2
σ13+iσ14√

2
σ0
2 −

√
3

2 σ15

. (39)

In a similar manner, the pseudo-scalar mesons are given as

Taπa =
1√
2

π0
2 + π3√

2
+ π8√

6
+ π15

2
√

3
π1−iπ2√

2
π4−iπ5√

2
π9−iπ10√√

2
π1+iπ2√

2
π0√

2
− π3√

2
+ π8√

6
+ π15

2
√

3
π6−iπ7√

2
π11−iπ12√

2
π4+iπ5√

2
π6+iπ7√

2
π0
2 −

√
2
3 π8 +

π15
2
√

3
π13−iπ14√

2
π9+iπ10√

2
π11+iπ12√

2
π13+iπ14√

2
π0
2 −

√
3

2 π15

. (40)
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It is apparent that the global minima, defined by the absence of partial derivatives
related to σx, σy, and σc, give rise to

hx = m2σx −
C

2
σxσyσc + ℓ1σxσ2

y + ℓ2σxσ2
c +

1
2
(2ℓ1 + ℓ2)σ

2
x , (41)

hy = m2σy −
C

2
σ2

x σc + ℓ1σ2
x σy + ℓ2σyσ2

c + (ℓ1 + ℓ2)σ
2
y , (42)

hc = m2σc −
C

2
σ2

x σy + ℓ1σ2
x σc + ℓ2σ2

y σc + (ℓ1 + ℓ2)σ
3
c , (43)

When considering an external field ∆, represented by the Lagrangian term Tr[∆(Lµν +

Lµν)], we arrived at the following result:

∆ =

N2
f −1

∑
a=0

haδa = h0δ0 + h8δ15 + haδ15, (44)

=


δu 0 0 0
0 δd 0 0
0 0 δs 0
0 0 0 δc

, (45)

from which we deduced that 
δu

δd

δs

δc

 =


m2

u
m2

d
m2

s
m2

c

. (46)

N f gives the number of quark flavors.
Through the application of the electromagnetic field Aµ = gAa

µλa/2, we derived
vector and axial vector meson nonets:

Lµν = δµLν − ieAµ[T3, Lν]− {δνLµ − ieAν[T3, Lµ]}, (47)

Rµν = δµRν − ieAµ[T3, Rν]− {δνRµ − ieAν[T3, Rµ]}, (48)

where Lµ = ∑
N2

f −1
a=0 Ta(V

µ
a + Aµ

a ) and Rµ = ∑
N2

f −1
a=0 Ta(V

µ
a − Aµ

a ). The nonvanishing external
field matrices H and ϵ clearly break chiral symmetry:

H =

N2
f −1

∑
a=0

haTa = h0T0 + h8T8 + h15T15, (49)

ϵ = ϵc = m2
c =

1
2

[
m2

χc0
− m2

0 − ℓ1

(
σ2

x + σ2
y

)
− 3σ2

c (ℓ1 + ℓ2)
]
. (50)

Generators of the group U(N f ) are Ta = λa/2, where λa are the Gell–Mann matrices.
In the isospin-symmetric approximation, it is possible to assign the values δu = δd = 0.

Consequently, for the parameters δx, δy, and δc, one may utilize the mass equations of
vector mesons, such as m2

ωN
, m2

ωS
, and m2

χc1
. Then, we obtained

δx =
1
2

[
m2

ωN
− m2

1 + m2
0 −

σ2
x

2
(h1 + h2 + h3)−

h1

2

(
σ2

y + σ2
c

)]
, (51)

δy =
1
2

[
m2

ωS
− m2

1 + m2
0 −

σ2
y

2

(
h1

2
+ h2 + h3

)
− h1

2

(
σ2

x + σ2
c

)]
, (52)

δc =
1
2

[
m2

χc1
− m2

1 + m2
0 − 2g2

1σ2
c − σ2

c

(
h1

2
+ h2 − h3

)
− h1

2

(
σ2

y + σ2
y

)]
. (53)



Particles 2025, 8, 9 9 of 16

The other mass parameters are given as follows:

m2 = m2
π − f 2

π

2
ℓ2 + C

[
fK −

fϕ

2

]
− ℓ1

[
fK − fπ

2

]2
, (54)

m2
0 =

1
2

[
m2

a0
+ m2

σs − ℓ2

(
3
2

σ2
x + 3σ2

y

)]
. (55)

It is important to note that the parameters h1, h2, and h3 are connected to the quark
condensates σu, σd, and σs, which can be formulated in relation to σ0, σ3, and σ8:

σu =
√

2σ0 + σ3 + σ8, (56)

σd =
√

2σ0 − σ3 + σ8, (57)

σs = σ0 −
√

2σ8. (58)

Accordingly, h0, h3, and h8 are specified as

h0 =
1√
6

[
fπm2

π + 2 fKm2
k

]
, (59)

h3 =

[
m2 +

C√
6

σ0 −
C√
6

σ8 + ℓ1

(
σ2

0 + σ2
3 + σ2

8

)
+ℓ2

(
σ2

0 +
σ2

3
2

+
σ2

8
2

+
√

2σ0σ8

)]
σ3, (60)

h8 =
2
3

[
fπm2

π − 2 fKm2
k

]
. (61)

In the SU(4)ℓ × SU(4)r model, the quark condensates are given as

σx =
σ0√

2
+

σ8√
3
+

σ15√
6

, (62)

σy =
σ0

2
−
√

2
3

σ8 +
1

2
√

3
σ15, (63)

σc =
σ0

2
−

√
3

2
σ15, (64)

where σx refers to the condensate of light quarks, i.e., nondegenerate up and down quarks,
whereas σy (σc) represents the strange (charm) quark condensate. The complex matrix of
dimensions N f × N f is associated with the scalar JPC = 0++, pseudoscalar JPC = 0−+,
vector JPC = 0−−, and axial vector JPC = 0++ mesons [50]. By applying the formula
m0 = (g/2)Φ, where g represents the Yukawa coupling, it is possible to relate the quark
masses to the quark condensates:

mu =
g
2

[
σ0√

2
+

σ8√
3
+

σ15√
6

]
=

g
2

σx, (65)

md =
g
2

[
σ0√

2
+

σ8√
3
+

σ15√
6

]
=

g
2

σx, (66)

ms =
g
2

[
σ0√

2
− 2σ8√

3
+

σ15√
6

]
=

g√
2

σy, (67)

mc =
g
2

[
σ0√

2
−
√

3
2

σ15

]
=

g√
2

σc. (68)

At finite temperature, σx → σx(T), σy → σy(T), and σc → σc(T). Additionally,
it is required that all eLSM parameters be formulated as functions of temperature. As
elaborated in Section 2.1, the masses of different meson states can be obtained from the
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second derivative of the grand potential with respect to their respective mass fields (11).
For SU(4), a, b ∈ [0, 1, · · · , 15]. Below is a compilation of the masses associated with the
noncharmed meson states.

• Pseudoscalar charmed mesons:

m2
π(T) = Z2

π(T)

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T) + ℓ1(T)σ2
y (T)

+ℓ1(T)σ2
c (T)

]
, (69)

m2
K(T) = Z2

K(T)

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T)−
ℓ2(T)√

2
σx(T)σy(T)

+ℓ1(T)
[
σ2

y (T) + σ2
c (T)

]
+ ℓ2(T)σ2

y (T)
]
, (70)

m2
ηN

(T) = Z2
π(T)

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T) + ℓ1(T)
[
σ2

y (T) + σ2
c (T)

]
+
C

2
σ2

x (T)σ
2
y (T)σ

2
c (T)

]
, (71)

m2
ηS
(T) = Z2

ηS
(T)

[
m2

0

(
1 +

T2

T2
0

)
+ ℓ1(T)

(
σ2

x (T) + σ2
c (T)

)
+ [ℓ1(T) + ℓ2(T)]σ2

y (T)

+
C
8

σ2
x (T)σ

2
c (T)

]
. (72)

• Scalar charmed mesons:

m2
a0
(T) = m2

0

(
1 +

T2

T2
0

)
+ ℓ1(T)

[
σ2

x (T) + σ2
y (T) + σ2

c (T)
]
+

3ℓ2(T)
2

σ2
x (T), (73)

m2
k∗0
(T) = Z2

k∗0
(T)

[
m2

0

(
1 +

T2

T2
0

)
+

[
ℓ1(T) +

ℓ2(T)
2

]
σ2

x (T) +
ℓ2(T)√

2
σx(T)σy(T)

+ℓ1(T)
[
σ2

y (T) + σ2
c (T)

]
+ ℓ2(T)σ2

y (T)
]
, (74)

m2
σN
(T) = m2

0

(
1 +

T2

T2
0

)
+ 3
[
ℓ1(T) +

ℓ2(T)
2

]
σ2

x (T) + ℓ1(T)
[
σ2

y (T) + σ2
c (T)

]
, (75)

m2
σS
(T) = m2

0

(
1 +

T2

T2
0

)
+ ℓ1(T)

[
σ2

x (T) + σ2
c (T)

]
+ 3[ℓ1(T) + ℓ2(T)]σ2

y (T). (76)

• Vector charmed mesons:

m2
ωN

(T) = m2
1(T)− m2

0
T2

T2
0
+

1
2
[h1(T) + h2(T) + h3(T)]σ2

x (T)

+
h1(T)

2

[
σ2

y (T) + σ2
c (T)

]
+ 2δx(T), (77)

m2
ωS
(T) = m2

1(T)− m2
0

T2

T2
0
+

h1(T)
2

[
σ2

x (T) + σ2
c (T)

]
+

[
h1(T)

2
+ h2(T) + h3(T)

]
σ2

y (T) + 2δx(T), (78)

m2
K∗ (T) = m2

1(T)− m2
0

T2

T2
0
+

σ2
x (T)
4

[
g2

1(T) + 2h1(T) + h2(T)
]

+
σx(T)√

2
σx(T)σy(T)

[
h3(T)− g2

1(T)
]
+

σ2
y (T)

2

[
g2

1(T) + h1(T) + h2(T)
]

+h1(T)
σ2

c (T)
2

+ δx(T) + δy(T), (79)

m2
ρ(T) = m2

ωN
(T). (80)



Particles 2025, 8, 9 11 of 16

• Axial vector charmed mesons:

m2
a1
(T) = m2

1(T)− m2
0

T2

T2
0
+

h1(T)
2

[
σ2

y (T) + σ2
c (T)

]
+

σ2
x (T)
2

[h1(T) + h2(T)− h3(T)] + 2δx(T), (81)

m2
f1s
(T) = m2

1(T)− m2
0

T2

T2
0
+

h1(T)
2

[
σ2

x (T) + σ2
c (T)

]
+

[
h1(T)

2
+ h2(T)− h3(T)

]
σ2

y (T) + 2δy(T), (82)

m2
k1
(T) = m2

1(T)− m2
0

T2

T2
0
+

1
4

σ2
x (T)

[
g2

1(T) + 2h1(T) + h2(T)
]

+
σ2

y (T)
2

[
g2

1(T) + h1(T) + h2(T)
]
− 1√

2
σx(T)σy(T)

[
g2

1(T)− h3(T)
]

+
h1(T)

2
σ2

c (T) + δx(T) + δy(T), (83)

m2
1N(T) = m2

a1
(T). (84)

These sixteen meson states can be systematically analyzed in relation to the non-
charmed meson states outlined in Section 2.1. We now introduce the analytical expressions
that describe the masses associated with charmed meson states.

• Pseudoscalar charmed mesons:

m2
D(T) = Z2

D(T)

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T) + ℓ1(T)σ2
y (T)

+[ℓ1(T) + ℓ2(T)]σ2
c (T)−

ℓ2(T)√
2

σx(T)σc(T) + ϵc(T)
]

, (85)

m2
ηc (T) = Z2

ηc (T)

[
m2

0

(
1 +

T2

T2
0

)
+ λ1

[
σ2

x (T) + σ2
y (T)

]
+ (ℓ1(T) + ℓ(T)2)σ

2
c (T)

+
C

8
σ2

x (T)σ
2
y (T) + 2ϵc(T)

]
, (86)

m2
Ds
(T) = Z2

Ds

[
m2

0

(
1 +

T2

T2
0

)
+ ℓ1(T)σ2

x (T) + [ℓ1(T) + ℓ2(T)]σ2
y

+[ℓ1(T) + ℓ2(T)]σ2
c (T)− ℓ2(T)σy(T)σc(T) + ϵc(T)

]
. (87)

• Scalar charmed mesons:

m2
χc0

(T) = m2
0

(
1 +

T2

T2
0

)
+ ℓ1(T)

[
σ2

x (T) + σ2
y (T)

]
+ 3[ℓ1(T) + ℓ2(T)]σ2

c (T)

+2ϵc(T), (88)

m2
D∗

0
(T) = Z2

D∗
0

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T) + ℓ1(T)σ2
y (T)

+
ℓ2(T)√

2
σx(T)σc(T) + [ℓ1(T) + ℓ2(T)]σ2

c (T) + ϵc(T)
]

, (89)

m2
D∗0

0
(T) = Z2

D∗0
0

[
m2

0

(
1 +

T2

T2
0

)
+

(
ℓ1(T) +

ℓ2(T)
2

)
σ2

x (T) + ℓ1(T)σ2
y (T)

+
ℓ2(T)√

2
σx(T)σc(T) + [ℓ1(T) + ℓ2(T)]σ2

c (T) + ϵc(T)
]

, (90)

m2
D∗

s0
(T) = Z2

D∗
s0

[
m2

0

(
1 +

T2

T2
0

)
+ ℓ1(T)σ2

x (T) + [ℓ1(T) + ℓ2(T)]σ2
y (T)

+ℓ2(T)σy(T)σc(T) + [ℓ1(T) + ℓ2(T)]σ2
c (T) + ϵc(T)

]
. (91)
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• Vector charmed mesons:

m2
D∗ (T) = m2

1(T)− m2
0

T2

T2
0
+

(
g2

1(T)
2

+ h1(T) +
h2(T)

2

)
σ2

x (T)
2

+
1√
2

σx(T)σc(T)
[

h3(T)− g2
1(T)

]
+

1
2

(
g2

1(T) + h1(T) + h2(T)
)

σ2
c (T)

+h1(T)
σ2

y (T)
2

+ δx(T) + δc(T), (92)

m2
J/ψ(T) = m2

1(T)− m2
0

T2

T2
0
+

h1(T)
2

[
σ2

x (T) + σ2
y (T)

]
+

(
h1(T)

2
+ h2(T) + h3(T)

)
σ2

c (T) + 2δc(T), (93)

m2
D∗

s
(T) = m2

1(T)− m2
0

T2

T2
0
+

1
2

(
g2

1(T) + h1(T) + h2(T)
)[

σ2
y (T) + σ2

c (T)
]

+
h1(T)

2
σ2

x (T) +
(

h3(T)− g2
1(T)

)
σy(T)σc(T) + δy(T) + δc(T). (94)

• Axial vector charmed mesons:

m2
Ds1

(T) = m2
1(T)− m2

0
T2

T2
0
+

1
2

(
g2

1(T) + h1(T) + h2(T)
)[

σ2
y (T)− σ2

c (T)
]

−σy(T)σc(T)
(

g2
1(T) + h3(T)

)
+

h1(T)
2

σ2
x (T) + δy(T) + δc(T), (95)

m2
D1
(T) = m2

1(T)− m2
0

T2

T2
0
+

1
4

(
g2

1(T) + 2h1(T) + h2(T)
)

σ2
x (T)

+
1
2

(
g2

1(T) + h1(T) + h2(T)
)

σ2
c (T)−

1√
2

(
g2

1(T) + h3(T)
)

σx(T)σc(T)

+h1(T)
σ2

y (T)
2

+ δx(T) + δc(T), (96)

m2
χc1

(T) = m2
1(T)− m2

0
T2

T2
0
+

h1(T)
2

[
σ2

x (T) + σ2
y (T)

]
+

[
h1(T)

2
+ h2(T)− h3(T)

]
σ2

c (T) + 2δc(T). (97)

The wavefunction renormalization factors found in the previous expressions are given
as follows:

Zks(T) =
2mK(T)√

4m2
K(T)− g2

1(T)
[
σx(T) +

√
2σy(T)

]2
, (98)

Zηc(T) =
mχc1(T)√

m2
χc1

(T)− 2g2
1(T)σ

2
c (T)

, (99)

ZD(T) =
2mD1(T)√

4mD1(T)− g2
1(T)

[
σc(T) +

√
2σc(T)

]2
, (100)
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ZDs(T) =

√
2mDs1

(T)√
2m2

Ds1
(T)− g2

1(T)
[
σ2

y (T) + σc(T)
]2

, (101)

ZD∗
0
(T) =

2mD∗(T)√
4mD∗(T)− g2

1(T)
[
σ2

x(T)−
√

2σc(T)
]2

, (102)

ZD∗0
0
(T) =

2mD∗0(T)√
4m2

D∗0(T)− g2
1(T)

[
σx(T)−

√
2σc(T)

]2
, (103)

ZD∗
s0
(T) =

√
2mD∗

s (T)√
2m2

D∗
s
(T)− g2

1(T)
[
σy(T)− σc(T)

]2 . (104)

The section that follows is devoted to the final conclusions and outlook.

3. Conclusions and Outlook
Through the incorporation of mesonic contributions within the eLSM potential, con-

sidering both three and four quark flavors, we introduce an analytical methodology for the
evaluation of the masses associated with diverse meson states. We derived meson states
expressed as ⟨q̄q⟩ = ⟨q̄ℓqr − q̄ℓqr⟩ ̸= 0 from the effective Lagrangian of the extended linear
sigma model, considering scenarios both with and without charm quarks. In terms of
their quantum numbers, including the orbital angular momentum J, parity P, and charge
conjugation C, these meson states could be classified into several categories: pseudoscalar
states with quantum numbers JPC = 0−+, scalar states with JPC = 0++, vector states with
JPC = 1−−, and axial vector states with JPC = 1++. We introduce analytical expressions
for the mass spectrum of seventeen noncharmed and twenty-nine charmed meson states at
finite temperature.

The present analytical analyses serve to establish a groundwork for the modification
of meson masses in a thermal medium. This investigation was dedicated to the thermal
environment and considered the dependence of forty-six mesons, both with and without
charm quarks, on finite temperature. As a future direction, we aim to assess the temperature
dependence of meson masses through numerical methods. Furthermore, the impact of a
finite chemical potential on these meson states could be the subject of subsequent research.
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Appendix A. Amendments to [50]
The publication [50] was released in the MDPI Particles journal. It includes a number

of printing mistakes. Here is a summary of corrections:

Equation (16) → σ0

2
−

√
3

s
σ15,

Equation (30) → Z2
K

[
m2

0 +

(
λ1 +

λ2

2

)
σ2

x −
λ2√

2
σxσy + λ1

(
σ2

y + σ2
c

)
+ λ2σ2

y

]
,

Equation (34) → Z2
K∗

0

[
m2

0 +

(
λ1 +

λ2

2

)
σ2

x +
λ2√

2
σxσy + λ1

(
σ2

y + σ2
c

)
+ λ2σ2

y

]
,

Equation (41) → m2
1 − m2

0 +�
��Z
ZZ

g2
1σ2

x +
1
2

h1

[
σ2

y + σ2
c

]
+

1
2

σ2
x [h1 + h2 + h3] + 2δx,

Equation (42) → m2
1 − m2

0 +
1
2

h1

[
σ2

x + σ2
c

]
+�

��H
HH2g2
1σ2

c +
1
2
[h1 + 2h2 − 2h3]σ

2
y + 2δy,

Equation (43) → m2
1 − m2

0 +
1
4

σ2
x

(
g2

1 + 2h1 + h2

)
+

1
2

σ2
y

(
g2

1 + h1 + h2

)
− 1√

2
σxσy

(
g2

1 + h3

)
+

1
2

h1σ2
c + δx + σy,

Equation (45) → Z2
D

[
m2

0 +

(
λ1 +

λ2

2

)
σ2

x + λ1σ2
y + (λ1 + λ2)σ

2
c − λ2

2
σxσc + ϵc

]
,

Equation (52) → m2
1 − m2

0 +
1
4

(
g2

1 + 2h1 + h2

)
σ2

x +
1√
2

σxσc

(
h3 − g2

1

)
+

1
2

(
g2

1 + h1 + h2

)
σ2

c

+
1
2

h1σ2
y + δx + δc,

Equation (55) → m2
1 − m2

0 +
1
2

(
g2

1 + h1 + h2

)(
σ2

y + σ2
c

)
− σyσc

(
h3 + g2

1

)
+

1
2

h1σ2
x + δy + δc,

Equation (56) → m2
1 − m2

0 +
1
4

(
g2

1 + 2h1 + h2

)
σ2

x +
1
2

(
g2

1 + h1 + h2

)
σ2

c − 1√
2

σxσc

(
h3 + g2

1

)
+

1
2

h1σ2
y + δy + δc,

Equation (57) → m2
1 − m2

0 +
1
2

h1

[
σ2

x + σ2
y

]
+���HHH2g2

1σ2
c +

1
2
(h1 + 2h2 − 2h3)σ

2
c + 2δc.
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