
Academic Editor: Jian Kang

Received: 9 December 2024

Revised: 13 January 2025

Accepted: 15 January 2025

Published: 17 January 2025

Citation: Naqvi, S.B.; Ayton, L.J. A

Periodic Extension to the Fokas

Method for Acoustic Scattering by an

Infinite Grating. Acoustics 2025, 7, 5.

https://doi.org/10.3390/

acoustics7010005

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

A Periodic Extension to the Fokas Method for Acoustic Scattering
by an Infinite Grating
Shiza B. Naqvi * and Lorna J. Ayton *

Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Wilberforce Road,
Cambridge CB3 0WA, UK
* Correspondence: sn522@cam.ac.uk (S.B.N.); l.j.ayton@damtp.cam.ac.uk (L.J.A.)

Abstract: The Fokas method (also known as the unified transform method) is used to
investigate acoustic scattering by thin, infinite grating by extending the methodology to
apply to spatially periodic domains. Infinite grating is used to model a perforated screen, a
material of interest in aeroacoustics and noise reduction. Once the method is established, its
numerical results are verified against the Wiener–Hopf (WH) technique, which has solved
the problem only for a special case. A key benefit of the novel approach is that the scatterer,
modelled as an infinitely repeating unit cell consisting of a thin, rigid plate, can take any
length. This is in contrast to the WH method, where the plate length is restricted to half the
width of the unit cell (for this method, no such restriction exists). The numerical method is
an over-sampled collocation method of the integral equation resulting from applying the
Fokas method: the global relation. The only increase in complexity in adapting the Fokas
method to more complicated cell geometries is a higher number of terms in the global
relation. The proportion of energy transmitted and reflected by the grating structure is
assessed for varying incident wave angles, frequencies, and plate lengths.

Keywords: unified transform; wave scattering; Fokas method; diffraction grating

1. Introduction
Acoustic scattering by periodic gratings is motivated, in part, by an interest in manip-

ulating noise emission from turbulence–structure interactions. For example, turbulence–
aerofoil interaction noise is a large contributor to overall broadband jet noise and environ-
mental sound pollution concerns [1]. Some engineering research aims to investigate the
properties of fluid structures and whether they may be specially chosen to reduce noise
production, creating novel devices known as metamaterials. These artificial materials are
engineered to perform a highly specific function. Acoustic metamaterials are inspired by
photonic crystals and are designed to control sound waves by manipulating parameters of
the medium or boundary, such as densities, permeabilities, and pressure differences [2,3] in
order to achieve desired effects. The effect explored in this work is the ability to redirect or
trap sound waves within a structure, leading to the possession of band gaps to act as filters
for certain frequencies of sound [4,5]. Moreover, experimental work has shown that the
introduction of porosity in otherwise rigid surfaces decreases sound propagation into the
far field [6–8]. Overall, this forms the basis of this work’s mathematical interest in acoustic
scattering by infinite, periodic arrays of screens (a grating in two dimensions) of varying
lengths and spacings.
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Acoustic scattering, governed by the Helmholtz equation,

∂2 p
∂x2 +

∂2 p
∂y2 + k2 p = 0, (1)

an equation for the time-harmonic acoustic pressure p, has a rich literature for both analyti-
cal and numerical advances. Gratings, which in this work are understood to be permeable
structures, give rise to mixed boundary value problems (BVPs), where the boundary condi-
tion changes discontinuously to that of the material (for example, zero-normal velocity on
a rigid surface) to a continuity condition across the zero-streamline. A famous example of
a mixed BVP in acoustic scattering is the Sommerfeld half-plane diffraction problem [9].
Here, there is only one point at which the boundary condition changes; therefore, the exact
solution is achieved using the Wiener–Hopf (WH) technique [10]. This method has formed
the standard for acoustic scattering problems using complex methods. Another closely
related family of problems involve acoustic wedge diffraction [11]. These also involve scat-
tering by faces where the boundary condition may change at the corner and are applicable
to both acoustic and elastic waves [12,13].

In situations where there are multiple points at which the boundary condition changes,
the WH method produces a matrix equation for which a desired matrix factorisation
is often difficult to compute. Indeed, for perforated screen grating (for which there are
infinitely many such points), the WH method is applied by reducing it to a periodic problem
formulated in a unit cell and produces a 4 × 4 matrix equation [14,15], for which a closed-
form analytic expression of the matrix factorisation is only found when the plate length
and the gap length (the spacing between two neighbouring plates) are equal. As well as the
method being difficult to generalise for differing ratios of hole size and spacing, if we were
to consider gratings with, say, multiple holes of different sizes within one period window,
the dimension of the matrix Wiener–Hopf equation would only grow larger and even more
difficult to wield. This lack of easy generalisability to more boundary conditions prompts
us to explore alternative methods.

Another classical family of techniques popular in fluid dynamics are boundary ele-
ment methods (BEMs). These are robust in that they are compatible with many kinds of
boundaries, particularly those exhibiting mixed boundary conditions. The solution to the
boundary-value problem (BVP) is expressed in terms of a boundary integral equation (BIE)
via Green’s identities. This reduces the problem to that of the values of the solution and its
normal derivative only on the boundaries of the domain, that is, its Dirichlet and Neumann
values, respectively. Often, as only one of these values is known a priori, the bulk of the
problem is shifted to finding a suitable Dirichlet-to-Neumann (DtN) map, for which there is
currently no general procedure and is specific to the problem. A semi-analytical BEM was
developed in [16] for two-dimensional infinite grating. The quasi-periodic Green’s function
was computed using images as an infinite sum of point sources. As is typical for BEMs,
a singular integral equation is formed for the unknown jump in the solution across the
rigid screen, which is solved using a polynomial expansion. This technique also extends
into three dimensions [17].

The approach put forth in this work is related to the above boundary integral methods,
providing an analogue of their procedures in spectral space. In this sense, it can be seen as
a fusion of Fourier transform methods (of which the WH method is based) and Green’s
identity representations. The method, based on the unified transform method (commonly
also known as the Fokas method [18]), produces a BIE in spectral space linking the Dirichlet
and Neumann values of the solution, giving an alternative characterisation of the DtN map.
Hence, this paper serves as an extension of the Fokas method to spatially periodic domains
with mixed boundary conditions. For periodic rough surfaces, i.e., surfaces described by a
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continuous periodic function, a similar method was developed independently, with these
problems being discussed in [19–22]. Moreover, an extensive review of acoustic scattering
in continuous periodic media is available in [23]. The main novelty put forth in this
work is that the periodic surface considered here has discontinuous boundary conditions,
allowing it to be modelled as a perforated screen. Therefore, sharp-edge diffraction must
be accounted for at the point where the boundary condition changes from Neumann (the
plate condition) to Dirichlet (a continuity condition).

The Fokas method is a novel boundary integral technique for solving integrable
partial differential equations. It serves as a unified method for linear and non-linear initial-
boundary value problems (IBVPs), with connections to multiple classical PDE techniques
by its formulation of the so-called global relation, a spectral analogue of Green’s identity
coupling transforms of known and unknown boundary values [24]. Literature specific
to elliptic equations emerged in [25,26]. Certain simplifications are shown to arise when
these equations are considered in convex polygons [27]. Numerical implementations of
the method are successful, leading to solutions that achieve spectral accuracy [28–30].
Lastly, the Fokas method has shown promising results when applied to acoustic scattering
problems in unbounded domains [31].

In this work, we focus on the application of the Fokas method’s global relation to
the Helmholtz equation in two dimensions to the unit cell problem. While the canonical
problem will be formulated under the assumption of a rigid screen, a large advantage of the
Fokas method is its applicability to a large set of boundary conditions. The novel method,
as an advantage over classical Green’s integral techniques, produces a non-singular integral
equation in spectral space in terms of integral transforms of the known and unknown
boundary data (the global relation). Analytically manipulating the global relation using
symmetries of the domain (if they exist) allows one to then explicitly express the solution
in terms of known boundary values only.

The layout of the rest of the paper is as follows. The grating problem is conceptualised,
formally stated, and non-dimensionalised in Section 2 with a formulation in the unit cell.
The radiation condition is discussed. In Section 3, the Fokas method for the Helmholtz
equation is reviewed and applied to the grating problem. The global relations (that is,
the integral equation coupling Dirichlet and Neumann boundary values of the scattered
pressure) are derived and reduced to a single integral equation of two unknown equations.
The discretisation of the spectral parameter is found in Section 3.2.2. In Section 4, the nu-
merical method to approximately solve the integral equation is formulated, where it is
reduced to an over-sampled linear system by approximating the unknown functions as
series expansions in appropriate basis functions. The endpoint singularities are discussed.
These approximate solutions are then fed back into Green’s integral representation in
Section 5 to obtain an expression for the full pressure in the form of a modal decomposition.
Lastly, results are plotted and discussed in Section 6.

2. Statement of the Diffraction Grating Problem
We consider a homogeneous acoustic medium in R2 with sound speed c0 and an

infinite screen, perforated periodically, occupying the plane of ỹ = 0 in dimensional
coordinates (x̃, ỹ). Grating is represented by an infinite tessellation of a unit cell Ω̃ = [0, L]×
R. In the cell, a rigid plate occupies ỹ = 0, 0 ≤ x̃ ≤ ã , where 0 < ã < L. There is a pressure
wave incident from above of the form p̃ince−iωt = p0 exp(ik̃x̃ cos θ0 − ik̃ỹ sin θ0)e−iωt̃, where
k̃ > 0 is a wavenumber, θ0 ∈ (0, π/2] is the angle of incidence, and p0 ∈ C is a constant with
units of pressure. As this is a linear problem, the time-harmonic term e−iωt̃ is henceforth
suppressed. The scattered acoustic pressure field, denoted as the total field with the incident
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wave subtracted, p̃(x̃, ỹ) = ptot(x̃, ỹ)− pinc(x̃, ỹ), satisfies the Helmholtz Equation (1) with
k̃ = ω/c0 along with the relevant boundary condition on the scattering surface.

In this paper, we assume the plate to be a sound-hard surface, but the method is not
restricted by the choice of boundary condition. To ensure consistency with the periodicity
of the domain, a periodicity condition is also imposed. Indeed, the incident wave satisfies
(x̃, ỹ) : p̃inc(x̃ + L, ỹ) = eik̃L cos θ0 p̃inc(x̃, ỹ). This quasi-periodicity condition is therefore
inherited by p̃(x̃, ỹ) and, by continuity, its x-derivative. Lastly, an appropriate radiation
condition must be discussed. Because the scattering surface is of infinite extent in the
x̃-axis, the traditional two-dimensional Sommerfeld radiation condition does not hold;
therefore, its one-dimensional variant is used instead. This is equivalent to the assumptions
of Rayleigh [32], further expanded on by Kirsch [33], that state that any two-dimensional
acoustic wave under such quasi-periodic conditions may be decomposed into a linear
combination of incoming, outgoing, and evanescent plane waves in the form of Bloch
modes [34]. This is the Rayleigh expansion radiation condition (RERC). Let ∆̃ := ∂2

x̃ + ∂2
ỹ

be the dimensionalised Laplacian. The boundary-value problem satisfied by p̃(x̃, ỹ) is
described below.

∆̃p + k̃2 p̃ = 0, in Ω̃,
∂ p̃
∂y = − ∂ p̃inc

∂y , on ỹ = 0, 0 ≤ x̃ < ã,

[[ p̃]] := p̃(x̃, 0+)− p̃(x̃, 0−) = 0, on ỹ = 0, ã < x ≤ L,

p̃(x̃ + L, ỹ) = eik̃L cos θ0 p̃(x̃, ỹ),
∂ p̃
∂x̃ (x̃ + L, ỹ) = eik̃L cos θ0 ∂ p̃

∂x̃ (x̃, ỹ),

p̃ outgoing.

(2)

Problem (2) is non-dimensionalised via a typical length L and typical pressure p0.
Under this rescaling, the transformed unit cell Ω has a width of 1 with a plate length of
a := ã/L, as illustrated in Figure 1. The equivalent boundary-value problem for p(x, y) is

∆p + k2 p = 0, in Ω,

∂p
∂y (x, 0) = − ∂pinc

∂y (x, 0) = ik sin θ0eikx cos θ0 , 0 ≤ x ≤ a,

[[p]] = 0, a ≤ x ≤ 1,

p(x + 1, y) = eik cos θ0 p(x, y),
∂p
∂x (x + 1, y) = eik cos θ0 ∂p

∂x (x, y),

p outgoing.

(3)

The non-dimensionalised incident wave is pinc(x, y) = exp(ikx cos θ0 − iky sin θ0). In
order to apply the Fokas method to the doubly-infinite unit cell, Ω is split into convex
subdomains [35]. The method is applied in each subdomain separately and recombined
afterwards. The subdomains we will consider, as highlighted in Figure 1, are the upper and
lower half-strips, Ω+ = [0, 1]× [0,+∞) and Ω− = [0, 1]× (−∞, 0]. In this grating prob-
lem, the boundary condition changes discontinuously from an inhomogeneous Neumann
condition to a zero Dirichlet condition (from deducing the oddness of the scattered field).
Implicitly imposing a finite pressure condition on the corners x = 0, a and 1, a sufficiently
regular solution exists with a singularity no worse than the square root [35].
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∆p + k2 p = 0Ω+

Ω−

Figure 1. Geometry of the non-dimensionalised problem (3). The wave pinc is incident from above.
Grating at y = 0 consists of thin plates of length a spaced equally apart. The unit cell is the shaded
region of unit width.

The RERC is imposed under this framework by requiring that, for sufficiently large y,
the form for the scattered field p is as follows [33]:

p(x, y) ∼ ∑
m∈Z

c±mei(αmx+γm |y|), (4)

where c±m are arbitrary complex constants, αm = k cos θ0 − 2mπ, and γm =
√

k2 − α2
m such

that Im γm ≥ 0. Hence, p is a linear combination of plane waves of wavenumber k, which
all satisfy the same quasi-periodicity relation. The modes satisfying the inequality

|k cos θ0 − 2mπ| < k

=⇒ − k
2π (1 − cos θ0) < m < k

2π (1 + cos θ0), (5)

are waves propagating to |y| → ∞ and are finitely many. All the other modes in the
expansion are evanescent waves that decay exponentially and whose influence is not
communicated to the far field.

3. The Fokas Method
3.1. Integral Formulation

In this subsection, we review the derivation of the global relation of the Fokas method,
specific to the Helmholtz Equation (1) in the interior of a convex polygon Ω. We start by
applying Green’s second identity to p and v, where v is a solution to the adjoint equation
(in this case, also the Helmholtz equation).

∫
∂Ω

(
v

∂p
∂n

− p
∂v
∂n

)
ds = 0. (6)

As per convention, ∂
∂n is understood to be the derivative in the normal direction

pointing outward from ∂Ω, and s is the arclength parametrisation of ∂Ω. The novelty of
the Fokas method comes from the choice of v. Indeed, the ingenuity of the Fokas method
comes from the choice of a particular solution v. Rather than a tailored Green’s function,
we choose a one-parameter family of solutions of the form v = eik(x cos ζ+y sin ζ), where
ζ ∈ C is a free parameter. Using this form for v in (6), we obtain the Cartesian coordinate
global relation ∫

∂Ω
eik(x cos ζ+y sin ζ)

(
∂p
∂n

− ikp

(
cos ζ

sin ζ

)
· n

)
ds = 0, (7)
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where n is the outward normal vector to ∂Ω. In the literature, the global relation (7) is
also expressed in complex coordinates where it takes a simpler form. Indeed, for z =

x + iy, z̄ = x − iy and v = exp
(
− ik

2
(
λz + z̄

λ

))
, where the free parameter ζ is replaced with

an equivalent λ. Then, we obtain the following formulation of the global relation for the
Helmholtz equation.

∫
∂Ω

e−iβ
(

λz+ z̄
λ

)(
∂p
∂n

+ β

(
λ

dz
ds

− 1
λ

dz̄
ds

)
p
)

ds = 0; β = k/2. (8)

The above form for the global relation also comes with some restrictions for the domain.
Strictly speaking, the convexity of Ω is assumed to ensure the uniqueness of the novel
integral representation [25] (or the “inverse transform”). However, it was shown in [28]
that this is not a restrictive requirement. Non-convex domains may be considered without
a large loss of numerical accuracy by decomposing the domain into convex sub-polygons
and applying appropriate interface conditions on the artificial boundaries. A full algebraic
detail of the derivation of the global relation, along with rigorous discussion on so-called
fundamental k-forms relating to the following analysis, is available in [18] (Part III) and [36].

We remark that (8) represents many equations for any λ in the complex plane for
bounded Ω. For unbounded domains, λ is restricted to regions of the complex plane where
the exponential takes the negative real part to ensure convergence of the integrals. Hence,
the relation is valid for λ so that Re

[
− iβ

(
λz + z̄

λ

)]
< 0. The constraints on λ that produce

a valid global relation are particularly important, as the numerical solution of the DtN
map induced by the global relation relies on a (pseudo-) spectral collocation method [31].
Therefore, by choosing a subset of λ, we can extract a finite system for our unknown
boundary value functions, and thus begins the procedure of solving the DtN map. Once
the unknown boundary values are determined, either analytically or numerically, the full
solution p in the interior of Ω may then be found either by the classical solution formula
via the associated fundamental solution, or the solution formula associated with the Fokas
method itself.

3.2. Global Relation of the Unit Cell
3.2.1. Convex Decomposition

The global relation for the unit cell of the grating problem (3) is derived by decom-
posing the full domain Ω = [0, 1]×R into two half-strips, including Ω± with a shared
boundary at y = 0, as depicted in Figure 1. Although, for this specific problem, the scattered
field is known to be odd, the procedure is detailed in both halves of the strip to demonstrate
the applicability of the method to problems where such symmetries do not exist.

We begin by applying the global relation (8) to the truncated upper half-strip ΩH
+ =

[0, 1]× [0, H], where H > 0 is arbitrarily large. Explicitly, we have

∫ 1

0
e−

ikx
2

(
λ+ 1

λ

)(
− ∂p

∂y
(x, 0) + k

2

(
λ − 1

λ

)
p(x, 0+)

)
dx

+
∫ H

0
e

ky
2

(
λ− 1

λ

)(
−∂p

∂x
(0, y)− ik

2

(
λ + 1

λ

)
p(0, y)

)
dy

+ e−
ik
2

(
λ+ 1

λ

) ∫ H

0
e

ky
2

(
λ− 1

λ

)(
∂p
∂x

(1, y) + ik
2

(
λ + 1

λ

)
p(1, y)

)
dy

+ e
kH
2

(
λ− 1

λ

) ∫ 1

0
e−

ikx
2

(
λ+ 1

λ

)(
∂p
∂y

(x, H)− k
2

(
λ − 1

λ

)
p(x, H−)

)
dx = 0. (9)
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The first term is the transform of the boundary values at z = x, equivalently y = 0
(with 0 < x < 1). The second and third terms are the transforms of the boundary values
for the vertical boundaries of the unit cell, corresponding to z = iy and z = 1 + iy, y > 0,
respectively. Lastly, the fourth term is the transform of the boundary values at the artificial
boundary z = H, the contribution from which we will show tends to zero as H → ∞.
Indeed, substituting the RERC form for p into the final term, the quantity we are interested
in is

c+m lim
H→∞

e
kH
2

(
λ− 1

λ

)
+iHγm

(
iγm − k

2

(
λ + 1

λ

)) ∫ 1

0
e−

ikx
2

(
λ− 1

λ

)
+iαmx dx.

Restricting consideration to λ ∈ C such that Re
(

k
2

(
λ − 1

λ

))
< 0 provides exponential

decay of all terms, regardless of whether the m-th mode of p is propagating or evanescent.
This domain corresponds to

λ ∈ Λ+ := {|λ| > 1, arg λ ∈ (π
2 , 3π

2 )} ∪ {|λ| < 1, arg λ ∈ (−π
2 , π

2 )}.

The unit circle {|λ| = 1} may also be included by introducing dissipation to the system
by writing k = k1 + iϵ, where ϵ > 0 is small and taken to zero at the end of the analysis.
The equivalent analysis also applies to the global relation in the truncated lower half-strip
Ω− = [0, 1]× [−H, 0], where the required constraint is now Re

(
− k

2

(
λ − 1

λ

))
< 0, i.e.,

λ ∈ Λ− := {|λ| < 1, arg λ ∈ (π
2 , 3π

2 )} ∪ {|λ| > 1, arg λ ∈ (−π
2 , π

2 )}.

This difference in the domains of validity of the global relations also highlights why the
doubly infinite unit cell had to be decomposed in this way. Hence, for λ in the appropriate
regions of the complex plane, we are able to take the H → ∞ limit, and we have the
hlfollowing global relations for each half-strip:

∫ 1

0
e−

ikx
2

(
λ+ 1

λ

)(
− ∂p

∂y
(x, 0) + k

2

(
λ − 1

λ

)
p(x, 0+)

)
dx

+
∫ ∞

0
e

ky
2

(
λ− 1

λ

)(
−∂p

∂x
(0, y)− ik

2

(
λ + 1

λ

)
p(0, y)

)
dy

+ e−
ik
2

(
λ+ 1

λ

) ∫ ∞

0
e

ky
2

(
λ− 1

λ

)(
∂p
∂x

(1, y) + ik
2

(
λ + 1

λ

)
p(1, y)

)
dy = 0, λ ∈ Λ+; (10a)

∫ 1

0
e−

ikx
2

(
λ+ 1

λ

)(
∂p
∂y

(x, 0) + k
2

(
λ − 1

λ

)
p(x, 0−)

)
dx

+
∫ 0

−∞
e

ky
2

(
λ− 1

λ

)(
−∂p

∂x
(0, y)− ik

2

(
λ + 1

λ

)
p(0, y)

)
dy

+ e−
ik
2

(
λ+ 1

λ

) ∫ 0

−∞
e

ky
2

(
λ− 1

λ

)(
∂p
∂x

(1, y) + ik
2

(
λ + 1

λ

)
p(1, y)

)
dy = 0, λ ∈ Λ−. (10b)

In order to be able to combine the two global relations, they must be defined for the
same values λ, requiring a procedure analogous to symmetry relations analysed in the
classical unified transform method [18]. We note that the domains Λ± are symmetries of
each other and related through the transform λ ∈ Λ+ → 1

λ ∈ Λ−. Hence, applying this
transform to one of the global relations will allow it to be valid in the opposing region.
Before doing this, however, we exploited the periodicity of the problem to obtain a great
simplification of the method.
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3.2.2. Quasi-Periodic Collocation Points

In this subsection, a specific discretisation of parameters is found to impose upon
global relations. Up to this point, the parameter λ is still free to be chosen as we wish,
provided it is in the continuous regions Λ± for each integral equation. We fix the choice of
λ as follows. First, we use the quasiperiodicity condition in (10a,b) so that the second and
third integrals become one. The global relations read∫ 1

0
e−

ikx
2

(
λ+ 1

λ

)(
− ∂p

∂y
(x, 0) + k

2

(
λ − 1

λ

)
p(x, 0±)

)
dx

+

(
−1 + e−

ik
2

(
λ+ 1

λ

)
eik cos θ0

) ∫ ∞

0
e

ky
2

(
λ− 1

λ

)(
∂p
∂x

(0, y) + ik
2

(
λ + 1

λ

)
p(0, y)

)
dy = 0, λ ∈ Λ±.

We choose λ such that the prefactor of the second term vanishes. That is, we consider
the global relation evaluated only for discrete values of λ = (λn)n∈Z, satisfying

λn +
1

λn
= 2 cos θ0 − 4nπ/k for any n ∈ Z. (11)

Interestingly, we have the relation λn + 1
λn

= 2αn/k. This sequence for λn is multi-
valued: solving the quadratic equation gives two values for each n. The choice of square
root is fixed by considering the radiation condition and reconciling the points inside their
respective domains Λ± for each global relation. Indeed, the corresponding representation
for λn − 1

λn
is

λn − 1
λ n = ±2i

√
1 − (cos θ0 − 2nπ/k)2 = ±2i

k
γn. (12)

Denote ξn to be the branch of λn that lies in Λ+ and ηn to be the branch of λn that
lies in Λ−. Importantly, this means we have ξn + 1

ξn
= ηn + 1

ηn
and ξn − 1

ξn
= 2i/k γn.

Imposing these sequences on our global relations (10a) and (10b), they simplify to the
following equations:

∫ 1

0
e
− ikx

2

(
ξn+

1
ξn

)(
− ∂p

∂y
(x, 0) + k

2

(
ξn − 1

ξn

)
p(x, 0+)

)
dx = 0, (13a)

∫ 1

0
e
− ikx

2

(
ηn+

1
ηn

)(
− ∂p

∂y
(x, 0) + k

2

(
ηn − 1

ηn

)
p(x, 0−)

)
dx = 0. (13b)

The two global relations (13a,b) are now combined to produce a single integral equa-
tion to be solved. Firstly, we use the aforementioned symmetry transform to bring both
integrals under consideration of the same discretisation of λ. Indeed, for λ = ηn ∈ Λ−,
the reciprocal value 1/ηn is an element of the sequence (ξn) ⊂ Λ+ and vice versa. Hence,
we apply this map to the parameters in (13b) so that it equivalently reads

∫ 1

0
e
− ikx

2

(
ξn+

1
ξn

)(
− ∂p

∂y
(x, 0)− k

2

(
ξn − 1

ξn

)
p(x, 0−)

)
dx = 0. (14)

The sum of Equations (13a) and (14) is as follows:

∫ 1

0
e
− ikx

2

(
ξn+

1
ξn

)(
− 2

∂p
∂y

(x, 0) + k
2

(
ξn − 1

ξn

)
[[p]](x, 0)

)
dx = 0, (15)

where we now see the emergence of the important quantity [[p]](x, 0), the pressure jump
across y = 0. It now remains to separate the integration over the two intervals 0 ≤ x ≤ a
and a ≤ x ≤ 1, substitute the boundary conditions, and evaluate any known terms. We
arrive at the final integral equation characterising the DtN map using the Fokas method.
This equation couples two unknown boundary values: the pressure jump across the plate
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and the pressure gradient in the space beside the plate. The aim of the following section is
to solve this integral equation for the pressure jump in order to formulate a representation
for the scattered pressure field.

k
2

(
ξn − 1

ξn

) ∫ a

0
e
− ikx

2

(
ξn+

1
ξn

)
[[p]](x, 0)dx − 2

∫ 1

a
e
− ikx

2

(
ξn+

1
ξn

)
∂p
∂y

(x, 0)d x

= Bn :=


k sin θ0

nπ (e2nπia − 1) n ̸= 0,

2ika sin θ0 n = 0.
(16)

4. Numerical Implementation
4.1. Approximate Global Relation and Choice of Basis Functions

The approximate solution to the generalised Dirichlet-to-Neumann (DtN) map gener-
ated by the global relation (16), first discussed in [37], is found via a collocation method
based on the complex parameter λn. The unknown functions are the pressure jump across
the rigid plate and the pressure gradient on the zero-streamline:[[p]](x, 0), 0 ≤ x ≤ a,

∂p
∂y (x, 0), a ≤ x ≤ 1,

which can be approximated by a truncated series expansion of N basis functions, each
reducing the problem of two unknown functions to 2N complex series coefficients. Follow-
ing [28], we choose the Legendre polynomials, Pj(t), as the basis functions in our series
expansions of the unknown functions. These are preferred due to their easy-to-compute
Fourier transform, which is given by

P̂j(z) :=
∫ 1

−1
eiztPj(t)dt =

√
2πiz
iz

Ij+1/2(iz), (17)

where Iα is the modified Bessel function of the first-kind with index α. The basis functions
undergo an affine transform to fit to the desired intervals of the unknown functions; the
composite Fourier transform P̂j(z; c1, c2) for c1 < c2 defined by

P̂j(z; c1, c2) :=
∫ c2

c1

eizxPj

(
2x − (c2 + c1)

c2 − c1

)
dx =

c2 − c1

2
e

iz
2 (c2+c1) P̂j

( z
2
(c2 − c1)

)
(18)

is used to compact notation. Hence, we seek solutions for the unknown functions in the
following approximate form:

[[p]](x, 0) ≈
N−1

∑
j=0

ajPj

(
2x − a

a

)
,

∂p
∂y (x, 0) ≈

N−1

∑
j=0

bjPj

(
2x − (1 + a)

1 − a

)
.

(19)

Substituting (19) into (16) gives a countable set of equations for the unknown complex
coefficients (aj) and (bj).

N−1

∑
j=0

[
k
2

(
ξn − 1

ξn

)
aj P̂j(−αn; 0, a)− 2 bj P̂j(−αn; a, 1)

]
= Bn, (20)
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where we used the equivalence k
2

(
ξn +

1
ξn

)
= αn. For the final collocative step, we choose

M numbers {n1, n2, . . . , nM} to evaluate (20) at, according to (11) and (12). Provided
M ≥ 2N, this results in an overdetermined linear system of size M × 2N for the 2N
unknowns of the form Av = B, where A ∈ CM×2N and

B = (Bn) ∈ CM×1, v =

aj

bj

 ∈ C2N×1,

Anj =
(

k
2

(
ξn − 1

ξn

)
P̂j(−αn; 0, a) −2 P̂j(−αn; a, 1)

)
.

4.2. Correcting for Endpoint Singularities

While a basis of orthogonal polynomials produces powerful results in terms of spectral
rates of convergence, for problems involving endpoint and corner singularities, their
performance suffers. Ultimately, a basis of smooth functions can never accurately fit into
singular behaviour. From considering the physics of plate scattering problems, it is a
priori known that the pressure jumps across a plate exhibits a square-root-type singularity
approach to the tip of the plate. We further expect the pressure gradient ∂y p to exhibit
an inverse square-root singularity in response. Because of this, the inherent exponential
convergence of a Legendre polynomial basis is reduced to algebraic convergence for
[[p]] [35].

To remedy the convergence of the method, we are able to supplement any suitable
basis with one or more global singular functions that capture the correct endpoint be-
haviour. For the pressure jump [[p]](x, 0), the square-root behaviour is captured by using a
Chebyshev-type basis, Cj(t), defined by

Cm(t) :=

cos(j arcsin(t)), j odd,

i sin(j arcsin(t)), j even.
(21)

This has the corresponding finite range Fourier transform

Ĉj(z) :=
∫ 1

−1
eiztCj(t)dt = − jπ

z
Jj(−z), (22)

where Jj is the first-kind Bessel function of index j. A similar expression for the composite
Fourier transform Ĉj(z; c1, c2) exists in the form of (18). Next, for the pressure gradient
across the aperture ∂y p(x, 0), we approximate it using an expansion of N − 2 Legendre
polynomials, supplemented by two inverse square roots. Explicitly, we seek an improved
solution of the form

∂p
∂y

(x, 0) ≈
N−3

∑
j=0

bjPj

(
2x − (1 + a)

1 − a

)
+

bN−2√
x − a

+
bN−1√
1 − x

.

These singular functions have finite range Fourier transforms given in terms of the
error function:

X̂L(z; c1, c2) :=
∫ c2

c1

eizx dx√
x − c1

=

√
−π

iz
eic1z Erf

(√
iz(a − b)

)
,

X̂R(z; c1, c2) :=
∫ c2

c1

eizx dx√
c2 − x

=

√
π

iz
eic2z Erf

(√
iz(b − a)

)
.
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These alternative ansatzes may be used to produce an equivalent linear system for its
series coefficients that is more accurate to the physical constraints of the problem.

4.3. Conditioning and Limiting Parameter Values

Although choosing M = 2N collocation points for a square system of equations is
sufficient, least-squares oversampling has been shown to dramatically decrease condition
numbers of collocation methods, facilitating more accurate numerical computation [38].
In the limit a → 1, the grating tends to that of one with infinitesimally small gaps between
rigid plates. The effect of such grating is naturally anticipated to only be felt at high
frequencies, where viscosity would also become significant, making this problem out of
the scope of the acoustical considerations of this paper. Indeed, for moderate frequencies
such as those in the audible range, the results of [39] investigating the effects of small holes
on bounded scatterers may be extrapolated to the infinite case by modelling the number
of holes to also tend to infinity at the same or faster rate as the size of the holes tends to
zero. As such, it is expected that the grating behaves as if it were rigid, and the waves are
expected to be totally reflected from the surface.

On the other hand, a → 0 represents the limit of acoustic scattering by colinear point
scatterers. This scenario has been considered for wedge-like configurations of scatterers
using the WH technique in [40]. In the small plate length limit, the acoustical behaviour
of the plate becomes that of a point scatterer, which scatters sound in such a way that can
be approximated by a Hankel function, i.e., waves produced by a point source. Therefore,
the scattered field we expect to see would no longer be a combination of plane waves
but radially propagating waves in two dimensions. This is also the rationale behind
approaches such as Foldy’s method [41].

For a treatment using the Fokas method, we can look at this limit from a different
perspective: for a moderately sized a with a comparatively large incoming wavelength
2π/k, the resulting problem can also be approximated as a grating of point scatterers that
are positioned very close together [42]. Since the numerical Fokas method encounters no
problems in the numerical integration of moderate values of a, this formulation of the limit
can be used to produce illustrative results. For geometries in which the point scatterers
are placed further apart, the width of the unit cell itself (which in this paper has been
normalised to 1) can be introduced as an independent parameter.

5. Reconstructing the Full Solution
5.1. Green’s Identity

The whole solution p(x, y) to the scattering problem (3) is now reconstructed using
the found boundary values obtained using the Fokas method in Section 3. A wholly ana-
lytical solution using this method is possible via an ‘inverse’ transform utilising complex
integral techniques and specially chosen integration contours [43] (Chapter 12). In this
paper, however, the chosen reconstruction method is that of the Green’s identity integral
representation. Due to the geometry of the unit cell in the grating problem being a simple
semi-infinite strip, Green’s function is known and easy to compute. Indeed, for the grat-
ing problem (3), its fundamental solution in (x, y) is the quasi-periodic two-dimensional
Green’s function, denoted Gqp(x, y; x′, y′). This solution for the Helmholtz equation in a
periodic domain was analysed extensively in [44,45]. It is defined as an infinite combination
of periodically spaced point sources on the x-axis:(

∆ + k2
)

Gqp
(
x, y; x′, y′

)
= −δ

(
y − y′

)
∑

m∈Z
eimk cos θ0 δ

(
x − x′ − m

)
,
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=⇒ Gqp
(

x, y; x′, y′
)
=

i
4 ∑

m∈Z
eikm cos θ0 H(1)

0

(
k
√
(x − x′ − m)2 + (y − y′)2

)
,

where H(1)
0 is the first-kind Hankel function. Green’s function satisfies the quasi-periodicty

conditions in both x and x′ (for the x′ coordinate, the phase shift is e−ik cos θ0 ). Using Green’s
second identity, the solution p(x, y) is

p(x, y) =
∫ a

0
[[p]](x′, 0)

∂Gqp

∂y′
(
x, y, x′, 0

)
dx′

≈
∫ a

0

(
∑

j
ajPj

(
2x − a

a

))
∂Gqp

∂y′
(
x, y; x′, 0

)
dx. (23)

This expression is an infinite sum of a slowly decaying function and hence is slowly
converging. For the purposes of numerical computation, it is advantageous to consider
Gqp using its equivalent spectral formulation [46], an infinite sum of the Bloch modes with
wavevectors (αm, γm).

Gqp
(
x, y; x′, y′

)
=

i
2 ∑

m∈Z

1
γm

eiαm(x−x′)+iγm |y−y′ |; (24)

hence, differentiating and evaluating at y′ = 0 gives

∂Gqp

∂y′
(

x, y; x′, 0
)
=

sgn(y)
2 ∑

m
eiαm(x−x′)+iγm |y|. (25)

This form is preferred for its exponential decay for non-zero y for certain values of γm.
Indeed, most of the contribution to the value of the sum is concentrated in terms within a
neighbourhood of m = 0, where γm is real and the terms are modal. Lastly, the exponential
term in x is identified with the Fourier transform of the Legendre polynomial. This gives
the following expression for the pressure (23):

p(x, y) ≈ sgn(y)
2 ∑

m
eiαmx+iγm |y|

N−1

∑
j=0

ajP̂j(−αm; 0, a). (26)

5.2. Effective Reflection and Transmission Coefficients

The scattered pressure (26) can be decomposed into propagating and evanescent
modes with amplitudes that can be determined. The modal representation of (26) in
y > 0 is

p(x, y) = ∑
m

1
2

(
∑

j
ajP̂j(−αm; 0, a)

)
eiαmx+iγmy,

=: ∑
m
P+

m eiαmx+iγmy.

From this, we see that the scattered pressure exists as a combination of propagating
and evanescent waves. Indeed, the propagating modes correspond to those m-terms for
which γm is real, i.e., those which satisfy (5). For a given incident angle θ0, this expression
can be used to obtain the cut-on and cut-off frequencies for the problem: the wavenumbers
k at which a certain term (mode) switches from being an evanescent wave that is trapped
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near the structure to a propagating wave. Let m satisfy the inequality (5) that lies in the
interval [M−, M+]. Then, the propagating part of the solution in y > 0, p+P (x, y) is

p+p (x, y) =
M+

∑
m=M−

P+
m eiαmx+iγmy.

Similarly, the transmitted wave, i.e., y < 0, is

p(x, y) = ∑
m

(
−1

2 ∑
j

ajP̂j(−αm; 0, a)

)
eiαmx−iγmy,

=: ∑
m
P−

m eiαmx−iγmy.

The modes that propagate in y < 0 are determined by the same inequality (5); therefore,
the propagating part of the solution in y < 0, p−P (x, y), is

p−p (x, y) =
M+

∑
m=M−

P−
m eiαmx−iγmy.

Crucially, we have the equivalence P−
m = −P+

m . Denoting P+
m = Pm, the total field

ptot is expressed in all space as follows:

ptot(x, y) =


eiα0x−iγ0y +

M+

∑
m=M−

Pmeiαmx+iγmy, y > 0,

(1 −P0) eiα0x−iγ0y −
M+

∑
m=M−\{0}

Pmeiαmx−iγmy, y < 0.

(27)

In order to investigate the effect of the grating on the incident wave, we analyse the
proportion of energy reflected and transmitted by the structure. Let I = pu be the acoustic
intensity, where u is the acoustic particle field velocity, linked to the pressure via u = − i

k∇p
for a homogeneous acoustic medium with unit density and wave speed. The time-averaged
energy flux of the grating is therefore given by the following divergence integral:

−
∫

V
∇ · ⟨I⟩dt,

where the time-averaging is understood to be over one period window T = 2π/ω. Ap-
plying this energy integral to our computed pressure (26), after some algebraic manipula-
tion [47], we obtain the following forms for the reflected and transmitted energy flux of the
periodic structure.

ER =
1
2k

M+

∑
m=M−

γm|Pm|2, (28)

ET =
1
2k

γ0|1 −P0|2 +
1
2k

M+

∑
m=M−

m ̸=0

γm|Pm|2. (29)

Note that we include only the propagating modes of the pressure field because we
are interested in the far-field effect of the grating on the incident sound wave. Evanescent
modes are ‘trapped’ within the grating, and their influence is not communicated to larger
distances from the structure. These, as they are defined by the inequality (5), exist in “band-
gap”-like configurations. They can suddenly switch from being evanescent to propagating
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with changes in frequency and play an important role in the noise reduction effect of
acoustic gratings. As will be discussed further in the conclusion, the Fokas method can also
be applied to stacks of gratings, for which evanescent modes are an important emergence
in imposing the relevant continuity conditions across the grating [48]. Now, we normalise
the expressions by the incident energy k

2 γ0 = 1
2 sin θ0. Hence, we have the following

three expressions: 
EI = 1,

ER = ∑m
γm
γ0
|Pm|2,

ET = |1 −P0|2 + ∑m ̸=0
γm
γ0
|Pm|2.

(30)

6. Results
In Section 4, we found an approximate solution to the global relation (16) using

a spectral collocation method. The unknown functions are approximated using either
a smooth Legendre polynomial basis or bases tailored to the edge singularities of the
problem. The found pressure jump is then used to reconstruct the full solution to the
grating problem (3) using Green’s integral representation (26). Given the robustness of the
MATLAB backslash solver \, the series coefficients (19) are easily obtained to an accuracy
close to 10−12, decreasing up to machine precision of 10−16 as the number of collocation
points is increased. All numerical experiments were run on a 3.2 GHz Apple M1 processor
in MATLAB.

Figure 2a plots the solutions [[p]](x, 0) and ∂y p(x, 0) on their respective intervals using
the tailored bases of Section 4.2, showing the expected singularity structure that emerges
within the unit cell. Figure 2b compares the endpoint behaviour of ∂y p(x, 0) computed
using a smooth Legendre basis with no added singular functions versus one that does.
The Legendre polynomial basis on its own is not sufficient to solve for the values close to
the endpoints for moderate numbers of terms N with suitable accuracy.

Next, the periodic Fokas method of this paper (referred to as PFM) is validated against
the equivalent problem as solved using the Wiener–Hopf (WH) technique by Erbaş and
Abrahams in [14]. We benchmark against the WH method as it is a classical and effective
method for thin-plate acoustic scattering problems [49]. The case considered by the WH
method is restricted to a = 0.5, for which a closed-form factorisation of the 4× 4 matrix WH
kernel exists and is found by reducing it to a size of 2 × 2. We consider the rates of energy
reflection and transmission (30) of the grating. After adjusting for differences in scales
between the novel method and the WH method (simply due to a difference in defining
the geometry of the unit cell and non-dimensionalising quantities), Figure 3 depicts the
superposition of the proportion of reflected energy ER as computed by both methods.
For the periodic Fokas method, the values used were N = 120 and M = 4N and chosen
such that any increases would lead to no changes in the quality of the figure within the
orders of magnitude we are interested. The plots are shown to be in excellent agreement,
showing the periodic Fokas method as a much simpler alternative than the matrix WH
method for acoustic scattering by grating.
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(a) Plot of solved boundary values. (b) Singularity of ∂y p at tip.

Figure 2. k = π, θ0 = π/2, a = 0.5, N = 100, M = 10N.

Figure 3. ER as calculated by the Wiener–Hopf method by Erbaş and Abrahams (E&A) overlaid with
the same problem computed using the periodic Fokas method (PFM). a = 0.5, N = 150, M = 4N,
θ0 = π/2.

Furthermore, Figure 4 expands upon the validation of the PFM by showing the
behaviour of ER and ET when a = 0.5, as the wavenumber k varies, for several angles of
incidence θ0. These results also agree with the WH technique of [14]. The characteristic
peaks and dips for each θ0 are clearly defined, and the largest proportion of energy that is
reflected occurs for normal incidence (θ0 = π/2).

The advantage of the PFM is its ability to be applied to gratings that are currently not
easily considered by the WH technique. Namely, those that are constructed of non-equal
plate lengths and plate spacings, i.e., a ̸= 0.5. To this end, Figures 5 and 6 all depict energy
plots for a = 0.3, 0.6 and 0.9 as k varies, for different angles of incidence θ0. In each figure,
the addition of extra propagating modes to the sums (30) as k increases is made apparent
by the spikes in energies. Indeed, the m-terms included in the sums are those defined
by (5), which give rise to cut-on and cut-off frequencies. When such a threshold is passed
as k increases, a new mode switches from being evanescent to propagating, which is what
causes the sudden peaks and dips in the figures. The effect of θ0 on the cut-off frequencies
is also apparent by the differing locations of the peaks for each θ0. This is also shown in
Figure 6, where θ0 = 0.1 is an almost-grazing incident wave that shows no propagating
reflected mode.
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Figure 4. Energy reflected and transmitted from the periodic structure for a = 0.5 and N = 100
as k varies.

(a) (b)

Figure 5. ER against k for a = 0.3 (a) and a = 0.6 (b).

(a) (b)

Figure 6. (a) ER and (b) ET against k for a = 0.9.

Next, we discuss and expand upon an observation found in [14,47] as wavenumber k
increases. For large k, in the a = 0.5 case, the proportion of energy reflected by the structure,
ER approaches 1/2. Similarly, for a = 0.3, it approaches 0.3 and, respectively, for a = 0.6
and 0.9. As expected, this is because, at small wavelengths, most of the incident wave is
either fully reflected by the rigid parts of the structure or fully passes through the gaps in
the structure without interacting with the edges. The part of the field that is diffracted by
the edges is small. This leads to a total reduction in the loss of energy from being ‘trapped’
within the structure in the form of evanescent waves, also corroborated by the values of the
cut-off frequencies in the large k limit.
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Lastly, Figure 7 shows the scattering pattern of the total acoustic field (that is, the so-
lution to (3) added to the incident wave pinc for two different incident waves and two
different plate lengths. For both we are able to observe that diffraction into the region below
the grating increases as the gap size increases and the incident angle decreases, which is
consistent with the discussion above.

Figure 7. Total field in the non-dimensional (x, y) plane when k = 2π with θ0 = π/3, a = 0.3 (left)
and θ0 = π/5, a = 0.75 (right).

Verification Using Homogenised Compliance

One application of the analysis performed in this paper is finding the effective com-
pliance of a homogenised surface exhibiting the same acoustical behaviour as the grating
in a limiting configuration of parameters. In this section, an effective interface condition
is found in the regime where the wavelength λ = 2π/k is small compared to the period
of the grating, and the length of the aperture is small compared to the length of the plate.
In the notation of this paper, this corresponds to the parameter a = 1 − ϵ, where ϵ > 0 is
small and ak ≪ 1. Using the effective compliance parameter derived by Leppington [50]
and Lamb [51], we seek to verify our results against the homogenised interface condition:

∂p
∂y

(x, 0) = µ [[p]](x, 0),

where µ ∼ π
2a

{
log
(

2a
π(1−a)

)}−1
. A unit amplitude plane wave of the form in (2), normally

incident on a homogeneous surface with the above boundary condition, induces a scattered
field with reflection and transmission coefficients R and T given by

R =
ik

ik − 2µ
,

T = − 2µ

ik − 2µ
.

For large wavelengths, i.e., small wavenumbers k, the inequality (5) implies only
the m = 0 mode of (27) propagate; hence, we evaluate the zero-order reflection and
transmission coefficients P0 and 1−P0, respectively. Figure 8 shows that the error |P0 − R|
between the reflection coefficient as computed by the unified transform and the effective
compliance generated in [50] is of the same order as the small parameter ak. This provides
a strong foundation to explore avenues of homogenisation via equivalent compliance
parameters popular in application, such as the Rayleigh conductivity [52], as well as a
route to homogenising more complicated grating structures, as can be considered by the
unified transform.
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Figure 8. ak vs. the error |P0 − R| in the small aperture limit for a normal incidence wave.

7. Conclusions
This paper presents an extension to the Fokas method, also called the unified transform

method, to periodic domains, in particular, to gratings representing perforated screens
exhibiting a discontinuous change in boundary condition. The extended method is capable
of tackling a wider range of problems efficiently, which could not be done with the Fokas
method before, such as acoustic gratings, multi-layered lattices, and periodic rough surfaces
with discontinuous boundary conditions [53,54]. Furthermore, it is a computationally and
algebraically simple method for problems that were previously approached with more
difficult methods such as WH.

The central idea for the periodic method is to take advantage of the fact that λ is a free
parameter along with the quasi-periodicity condition to remove the influence of the vertical
artificial boundaries of the unit cell. Then, an expansion of the unknown boundary values
in terms of a Legendre series is used in conjunction with the collocation method in the
spectral coordinate. This leads to an accurate numerical scheme for the series coefficients
found by solving an overdetermined linear system. Over-sampling the system by using
more collocation points M than basis functions N and solving the resulting linear system
via a least squares approach shows to improve conditioning.

The new approach recreates the existing solution obtained via existing methods, such
as the Wiener–Hopf technique, in the case of equal plate and gap spacings (corresponding
to a = 0.5 in the nomenclature of this paper). Crucially, a great advantage of the Fokas
method is that it is not restricted to this single value of a. As such, a wide range of grating
sizes have been analysed. From the engineering point of view, gratings with varying
gap lengths lend themselves to the investigation of more complex metamaterial building
blocks, which often comprise multiple scales. Furthermore, considering a noise reduction
application, this method can be easily employed for frequency-targeting noise reduction,
for which a specific a-value can be determined to minimise or maximise the energy flux
through the structure.

The specific choice of spectral parameters (11) in this paper is in further contrast to
non-periodic scattering problems also investigated using the Fokas method, such as in [31].
In non-periodic problems, the collocation parameter λ is free to be chosen in either the entire
or some region of the complex plane. The resulting numerical method employs a selection of
collocation points chosen on a semi-random basis. Indeed, for such problems, the acoustic
domain is some unbounded convex polygon (e.g., the upper half-plane or quarter plane).
The Fokas method applied to these geometries results in a continuous subset of the complex
plane in which the global relation evaluated at λ in that region is valid. Therefore, any
numerical discretisation involving points from this subset is permissible. For extra details
on the motivation of the collocation points in the non-periodic case, the reader is referred
to [55].
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Owing to the periodic structure of the perforated screen, the quasi-periodicity of the
solution is reminiscent of Bloch waves and the Floquet–Bloch theory of waves propagating
in periodic media or governed by periodic differential equations [34]. For the lattice struc-
tures usually encountered in these types of problems, the scattered wave decomposition
is often seen as a multi-pole expansion, which is distinct from the plane wave expansion
used in this paper [56]. Importantly, Bloch waves share the property of propagating waves
being governed by an inequality (5), giving rise to a discrete set of propagating modes.
This explains the “band-gap”-like structure seen in energy diagrams [57], as it is linked to
the evanescence we discuss next.

Moreover, this work shows how the Helmholtz scattering problem is solved using the
Fokas method in a unit cell exterior to a bounded scatterer, which here takes the form of
a finite plate. A property emerging uniquely from the periodic geometry is the existence
of evanescent waves (or surface waves) in the modal decomposition of the scattered field.
The effect of these surface waves can be maximised by considering geometries that consist
of stacked gratings [53]. This is increasingly promising as the periodic Fokas method is
not limited to the simple geometry present in this grating problem: the global relation can
indeed be applied to any unit cell, for example, multiple plates of varying sizes within
a unit cell or stacked gratings or rotated plates. Future work will focus on the method
being applied to these stacked gratings as well as different boundary conditions, such
as elastic plate scattering. The main obstacle in this setting would be a robust numerical
implementation of such a method. However, this paper provides groundwork for these
avenues of research.
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