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Abstract

:

Toeplitz matrix–vector products are used in many digital signal processing applications. Direct methods for calculating such products require   N 2   multiplications and   N ( N − 1 )   additions, where N denotes the order of the Toeplitz matrix. In the case of large matrices, this operation becomes especially time intensive. However, matrix–vector products with small-order Toeplitz matrices are of particular interest because small matrices often serve as kernels in modern digital signal processing algorithms. Perhaps reducing the number of arithmetic operations when calculating matrix–vector products in the case of small Toeplitz matrices gives less effect than of large ones, but this problem exists, and it needs to be solved. The traditional way to calculate such products is to use the fast Fourier transform algorithm. However, in the case of small-order matrices, it is advisable to use direct factorization of Toeplitz matrices, which leads to a reduction in arithmetic complexity. In this paper, we propose a set of reduced-complexity algorithms for calculating matrix–vector products with Toeplitz matrices of order   N = 3 , 4 , 5 , 6 , 7 , 8 , 9  . The main emphasis will be on reducing multiplicative complexity since multiplication in most cases is more time-consuming than addition. This paper also provides assessments of the implementation of the developed algorithms on FPGAs.
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1. Introduction


Structured matrices possess some inherent structure or pattern, which can be exploited to develop faster and more efficient algorithms for computing with them. Computing with structured matrices typically involves developing specialized algorithms that take advantage of the underlying structure of the matrix to reduce the computational complexity of matrix operations. Many fast algorithms have been developed for computing with structured matrices [1,2,3,4,5]. These algorithms can significantly reduce the computation complexity when implementing operations with such matrices. The Toeplitz matrix occupies a special place among structured matrices. This is due to the widespread use of matrix–vector transforms associated with these matrices when solving various applied problems. They appear in many areas, like in approximation theory [6], compressive sensing [7], image processing [8,9,10], filtering and estimating [11,12], signal processing [7,13,14,15], statistics [16,17], time series analysis [18], acoustic echo cancellation and active noise control [19,20,21], cryptography [22,23,24], deep neural networks [25,26,27,28,29,30,31], and many other areas [32,33,34,35,36,37,38]. As for the operations of matrix–vector multiplication with small-order Toeplitz matrices, they are, among other things, used in organizing the structures and computational processes of high-performance binary multipliers [22,39].



At present, a sufficient number of publications describe efficient methods for fast calculation of Toeplitz matrix–vector products [40,41,42]. Known fast algorithms are based on embedding such a matrix in a   2 N × 2 N   circulant matrix and calculating the matrix–vector product with the resulting matrix. Therefore, Toeplitz matrix–vector multiplication can be calculated as the product of a circulant matrix by a vector. This product can be computed using fast Fourier transform (FFT) algorithms [43]. These algorithms lead to data redundancy and require   O ( N l o g N )   operations [44]. However, this approach involves rather complicated housekeeping and a relatively large number of multiplications and additions. What is more, these operations are performed on complex numbers.



Alternative efficient algorithms for multiplying a Toeplitz/Hankel matrix by a vector not based on FFT were discussed in [45,46]. Both of these methods, based on the Karatsuba multiplication method [47], have a computational complexity of   O (  N  l o  g 2  3   )   multiplications and use only real arithmetic. One way or another, well-known publications mainly describe general approaches to rationalizing the computations of Toeplitz matrix–vector products and practically do not consider examples of constructing such algorithms for specific N. At the same time, developing such algorithms for specific N is of independent interest since such algorithms can be used as building blocks, contributing to unification in designing more complex algorithms.



In this article, we propose and describe in detail new rationalized algorithms for matrix–vector multiplication for Toeplitz matrices of orders   N = 3 , 4 , 5 , 6 , 7 , 8 , 9  , which minimize the multiplication complexity compared to the conventional direct method, at the cost of some increase in additions. We emphasize that the reduced-complexity algorithm for the product of a matrix and a vector with a Toeplitz matrix for   N = 2   is well-known in the literature and therefore is not considered here.



The remainder of this paper is organized as follows. Section 2 explains the preliminary information about Toeplitz matrices. Section 3 describes the proposed algorithms for orders from   N = 3   to   N = 9  . Section 4 evaluates our algorithms in terms of computational cost. Section 5 concludes this paper.




2. Preliminary Remarks


The Toeplitz matrix is a structural one and has the same values on each diagonal:


   T N  =      t  N − 1     …    t 1     t 0       t N    ⋯    t 2     t 1      ⋮   ⋱   ⋱   ⋮      t  2 N − 2     ⋯    t N     t  N − 1       .  



(1)







The Toeplitz matrix–vector product can be represented as follows:


   Y  N × 1   =  T N   X  N × 1   ,  



(2)




where    X  N × 1   =   [  x 0  ,  x 1  , … ,  x  N − 1   ]  T   ,    Y  N × 1   =   [  y 0  ,  y 1  , … ,  y  N − 1   ]  T   .



A direct application of the mathematical definition of matrix–vector multiplication (2), based on the multiplication of a dense matrix by a vector, yields an algorithm that, for real values, requires   N 2   multiplications and   N ( N − 1 )   additions. In the remainder of this article, such an algorithm will be referred to as the direct method, and the designated number of arithmetic operations will refer to the case where real values are used. In the general case of complex value calculations, the corresponding quantities correspond to complex multiplications and additions. The problem is to find a way to factorize the matrix that will lead to a reduction in computation, which has been undertaken using the relationships presented in the paper ([48]).




3. Algorithms for Toeplitz Matrix–Vector Multiplication


3.1. Algorithm for   N = 3  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2      =      t 2     t 1     t 0       t 3     t 2     t 1       t 4     t 3     t 2           x 0       x 1       x 2      .  



(3)







The direct method of calculating the base matrix–vector product (3) requires 9 multiplications and 6 additions.



Proposition 1. 

To calculate the product (3), no more than 6 multiplications are required.





Proof. 

Let us introduce auxiliary matrices: the matrix   P  3 × 6   ( 3 )    with the final summation operations performed to obtain the   Y  3 × 1    signals and the matrix   T  6 × 3   ( 3 )    with the initial summation operations to prepare the corresponding signals to be multiplied by the diagonal matrix   D 6  ( 3 )   , in which the entries are the algebraic sums of entries of the Toeplitz matrix   T 3  . In this paper, in matrices containing summation, such as   P  3 × 6   ( 3 )    and   T  6 × 3   ( 3 )   , all zeros are omitted to improve readability.


   P  3 × 6   ( 3 )   =     1          1   1         1   1   1      1   1   1          ,  










   T  6 × 3   ( 3 )   =     1      1     1         1   1       1       1   1         1     ,  








and


   D 6  ( 3 )   = diag       s 0  ( 3 )   ,      s 1  ( 3 )   ,     ⋯ ,     s 5  ( 3 )       ,  



(4)






   s 0  ( 3 )   =  t 2  ,   s 1  ( 3 )   = −  t 2  −  t 3  +  t 4  ,  










   s 2  ( 3 )   =  t 3  ,   s 3  ( 3 )   = −  t 1  +  t 2  −  t 3  ,   










   s 4  ( 3 )   =  t 1  ,   s 5  ( 3 )   =  t 0  −  t 1  −  t 2  .  











Taking into account the introduced matrix constructions, expression (2) can be written in the following form:


   Y  3 × 1   =  P  3 × 6   ( 3 )    D 6  3    T  6 × 3   ( 3 )    X  3 × 1   ,  



(5)




where


      X  3 × 1   =   [  x 0  ,  x 1  ,  x 2  ]  T  ,      Y  3 × 1   =   [  y 0  ,  y 1  ,  y 2  ]  T  .     











It is easy to see that the multiplicative complexity of calculating expression (5) is 6.



The correctness of expression (5) is confirmed by the truth of the expression


   T 3  =  P  3 × 6   ( 3 )    D 6  3    T  6 × 3   ( 3 )   ,  








where   T 3   is a   3 × 3   Toeplitz matrix (1). Expression (5) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a third-order Toeplitz matrix. □





Remark 1. 

The proposed algorithm (5) requires only 6 multiplications and 15 additions. In a number of practical applications, the entries of the Toeplitz matrix, i.e.,    t 0  ,  t 1  , … ,  t 4   , are constant numbers. Then, the entries of the matrix   D  6   ( 3 )    (4) can be calculated in advance and stored in the calculator’s memory. For this case, the number of additions in the algorithm is reduced to 9. Thus, the proposed algorithm (5) applied to the calculation of the matrix–vector product (3) reduces 3 multiplication at the expense of 3 extra additions compared to the direct method.





Figure 1 shows the data flow diagram of the proposed algorithm (5). The initial and final additions follow from the matrices   P  3 × 6   ( 3 )    and   T  3 × 6   ( 3 )   . The coefficients   s i   are derived from the entries   s i  ( 3 )    of the matrix   D 6  3   . For simplicity, superscripts on variables are omitted in all figures, as it is self-evident which variable is referenced in each case. This paper presents data flow diagrams in a left-to-right orientation, where straightforward lines within the illustrations represent data transfer operations. Circles in these diagrams represent multiplication operations, with the respective numerical factors inscribed inside. Points of convergence, marked with a bold dot, indicate summation. Additionally, dashed lines indicate data transfer operations with a simultaneous sign change. To maintain visual clarity, standard lines without arrows are employed.




3.2. Algorithm for   N = 4  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2       y 3      =      t 3     t 2     t 1     t 0       t 4     t 3     t 2     t 1       t 5     t 4     t 3     t 2       t 6     t 5     t 4     t 3           x 0       x 1       x 2       x 3      .  



(6)







The direct method of calculating this product requires 16 multiplications and 12 additions.



Proposition 2. 

To calculate the product (6), no more than 9 multiplications are required.





Proof. 

Let us introduce some auxiliary matrices, pre- and postaddition matrices:


   P  4 × 6   ( 4 )   =        1   1          1       1               1       1            1   1      ,  










      P  6 × 9   ( 4 )   =  I 3  ⊗  P  2 × 3   ( 4 )   ,      P  2 × 3   ( 4 )   =     1   1       1   1     ,     










      T  9 × 6   ( 4 )   =  I 3  ⊗  T  3 × 2   ( 4 )   ,      T  3 × 2   ( 4 )   =     1      1   1      1     ,     










   T  6 × 4   ( 4 )   =           1           1      1      1     1      1      1           1         ,  








and a diagonal matrix of multiplication factors   D 9  ( 4 )   , in which the entries are the algebraic sums of entries of the Toeplitz matrix   T 4  :


   D 9  ( 4 )   = diag       s 0  ( 4 )   ,      s 1  ( 4 )   ,    ⋯    s 8  ( 4 )       ,  



(7)






   s 0  ( 4 )   =  w 0  ( 4 )   +  w 1  ( 4 )   ,   s 1  ( 4 )   = −  w 0  ( 4 )   ,   










   s 2  ( 4 )   =  t 0  −  t 2  +  w 0  ( 4 )   ,   s 3  ( 4 )   =  t 2  −  t 3  ,   s 4  ( 4 )   =  t 3  ,   










   s 5  ( 4 )   =  t 4  −  t 3  ,   s 6  ( 4 )   = −  t 4  +  t 6  +  w 2  ( 4 )   ,   s 7  ( 4 )   = −  w 2  ( 4 )   ,   










   s 8  ( 4 )   = −  w 1  ( 4 )   +  w 2  ( 4 )   ,  








where


   w 0  ( 4 )   = −  t 1  +  t 3  ,   w 1  ( 4 )   =  t 2  −  t 4  ,   w 2  ( 4 )   =  t 3  −  t 5  ,   








and the sign ⊗″ denotes the Kronecker product [49].



Considering the matrices that have been introduced, expression (6) can be represented as follows:


   Y  4 × 1   =  P  4 × 6   ( 4 )    P  6 × 9   ( 4 )    D 9  4    T  9 × 6   ( 4 )    T  6 × 4   ( 4 )    X  4 × 1   ,  



(8)




where


      X  4 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ]  T  ,        Y  4 × 1   =   [  y 0  ,  y 1  ,  y 2  ,  y 3  ]  T  .     











It is easy to see that the multiplicative complexity of expression (8) is 9.



The correctness of expression (8) is confirmed by the truth of the following expression:


   T 4  =  P  4 × 6   ( 4 )    P  6 × 9   ( 4 )    D 9  4    T  9 × 6   ( 4 )    T  6 × 4   ( 4 )   ,  








where   T 4   is a   4 × 4   Toeplitz matrix (1). Expression (8) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a fourth-order Toeplitz matrix. □





Remark 2. 

The proposed algorithm requires only 9 multiplications and 26 additions. This gives, relative to the direct method, a reduction of 7 multiplications at the cost of an additional 14 additions. Suppose the entries of the matrix   D  9   ( 4 )    (7) are constant values that can be precomputed and stored in the memory of a calculator. In that case, the implementation of the algorithm can be accomplished with only 15 additions, significantly reducing the computational requirements. Finally, we obtain a reduction in multiplications by 7 at the cost of 3 extra additions.





Figure 2 shows a data flow diagram of the proposed algorithm.




3.3. Algorithm for   N = 5  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2       y 3       y 4      =      t 4     t 3     t 2     t 1     t 0       t 5     t 4     t 3     t 2     t 1       t 6     t 5     t 4     t 3     t 2       t 7     t 6     t 5     t 4     t 3       t 8     t 7     t 6     t 5     t 4           x 0       x 1       x 2       x 3       x 4      .  



(9)







The direct method of calculating this product requires 25 multiplications and 20 additions.



Proposition 3. 

To calculate the product (9), no more than 14 multiplications are required.





Proof. 

Let us introduce some auxiliary matrices, pre- and postaddition matrices:


      P  11 × 14   ( 5 )   =  I 4  ⊕  I 3  ⊗  P  2 × 3   ( 4 )   ⊕ 1 ,     










   T  14 × 11   ( 5 )   =  I 4  ⊕  I 3  ⊗  T  3 × 2   ( 4 )   ⊕ 1 ,  










      T  11 × 5   ( 5 )   =     1             1          1     1      1         1   1           1      1          1      1      1              1              1              1     1       1      ,     








and a diagonal matrix of multiplication factors:


   D  14   ( 5 )   = diag       s 0  ( 5 )   ,      s 1  ( 5 )   ,     ⋯ ,     s  13   ( 5 )       ,  



(10)






   s 0  ( 5 )   = −  t 4  −  t 7  +  t 8  +  w 3  ( 5 )   ,   s 1  ( 5 )   =  t 4  ,   s 2  ( 5 )   =  t 6  ,   










   s 3  ( 5 )   =  t 7  ,   s 4  ( 5 )   =  w 0  ( 5 )   ,   s 5  ( 5 )   =  t 3  ,   s 6  ( 5 )   =  w 2  ( 5 )   ,  










   s 7  ( 5 )   =  t 6  −  t 5  −  t 4  +  t 3  −  t 7  ,   s 8  ( 5 )   =  t 5  −  t 3  ,   










   s 9  ( 5 )   =  t 4  −  w 2  ( 5 )   +  w 3  ( 5 )   ,   s  10   ( 5 )   =  t 2  −  t 5  +  w 1  ( 5 )   ,   










   s  11   ( 5 )   =  t 1  −  t 3  ,   s  12   ( 5 )   =  t 0  −  t 2  +  w 1  ( 5 )   ,   s  13   ( 5 )   =  t 5  ,  








where


   w 0  ( 5 )   = −  t 3  +  t 4  ,   w 1  ( 5 )   = −  t 1  −  w 0  ( 5 )   ,   w 2  ( 5 )   =  t 2  −  t 3  ,   










   w 3  ( 5 )   = −  t 5  −  t 6  ,  








and the sign ⊕″ denotes the direct sum of matrices [50].



Considering the matrix constructions introduced earlier, expression (9) can be reformulated as follows:


   Y  5 × 1   =  P  5 × 11   ( 5 )    P  11 × 14   ( 5 )    D  14   ( 5 )    T  14 × 11   ( 5 )    T  11 × 5   ( 5 )    X  5 × 1   ,  



(11)




where


      X  5 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ,  x 4  ]  T  ,        Y  5 × 1   =   [  y 0  ,  y 2  ,  y 3  ,  y 3  ,  y 4  ]  T  .     











It is easy to see that the multiplicative complexity of computing expression (11) is 14.



The correctness of expression (11) is confirmed by the truth of the following expression:


   T 5  =  P  5 × 11   ( 5 )    P  11 × 14   ( 5 )    D  14   ( 5 )    T  14 × 11   ( 5 )    T  11 × 5   ( 5 )   ,  








where   T 5   is a   5 × 5   Toeplitz matrix. Expression (11) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a fifth-order Toeplitz matrix. □





Remark 3. 

The proposed algorithm requires only 14 multiplications and 45 additions. This gives, relative to the direct method, a reduction of 11 multiplications at the cost of an additional 25 additions. When the entries of the matrix   D  14   ( 5 )    (10) are constant numbers that can be precalculated and stored in the calculator’s memory, the implementation of the algorithm (11) requires only 27 additions, effectively reducing the computational complexity. Finally, we obtain a reduction in multiplications by 11 at the cost of 7 extra additions.





Figure 3 shows a data flow diagram of the proposed algorithm.




3.4. Algorithm for   N = 6  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2       y 3       y 4       y 5      =      t 5     t 4     t 3     t 2     t 1     t 0       t 6     t 5     t 4     t 3     t 2     t 1       t 7     t 6     t 5     t 4     t 3     t 2       t 8     t 7     t 6     t 5     t 4     t 3       t 9     t 8     t 7     t 6     t 5     t 4       t 10     t 9     t 8     t 7     t 6     t 5           x 0       x 1       x 2       x 3       x 4       x 5      .  



(12)







The direct method of calculating this product requires 36 multiplications and 30 additions.



Proposition 4. 

To calculate the product (12), no more than 18 multiplications are required.





Proof. 

Let us introduce auxiliary matrices:


       P  6 × 9   ( 6 )   =      0 3     I 3     I 3       I 3     I 3     0 3      ,      P  9 × 18   ( 6 )   =  I 3  ⊗  P  3 × 6   ( 3 )       ,  








and


   T  18 × 9   ( 6 )   =  I 3  ⊗  T  6 × 3   ( 3 )   ,  










   T  9 × 6   ( 6 )       1                 1                   1          1       1            1       1            1       1            1                   1                 1     ,  










   D  18   ( 6 )   = diag       s 0  ( 6 )   ,      s 1  ( 6 )   ,     ⋯ ,     s  17   ( 6 )       ,  



(13)






   s  0   ( 6 )   =  w 0  ( 6 )   ,   s  1   ( 6 )   =  t 10  −  w 0  ( 6 )   +  w 2  ( 6 )   ,   










   s  2   ( 6 )   = −  t 6  +  t 9  ,   s  3   ( 6 )   =  t 4  +  w 0  ( 6 )   +  w 2  ( 6 )   ,   










   s  4   ( 6 )   = −  t 4  +  t 7  ,   s  5   ( 6 )   = −  t 8  +  w 3  ( 6 )   −  w 4  ( 6 )   ,   s  6   ( 6 )   =  t 5  ,   










   s  7   ( 6 )   = −  w 3  ( 6 )   ,   s  8   ( 6 )   =  t 6  ,   s  9   ( 6 )   = −  t 4  +  t 5  −  t 6  ,   










   s  10   ( 6 )   =  t 4  ,   s  11   ( 6 )   = −  w 5  ( 6 )   ,   s  12   ( 6 )   =  w 6  ( 6 )   ,   










   s  13   ( 6 )   = −  t 2  −  w 4  ( 6 )   +  w 3  ( 6 )   ,   s  14   ( 6 )   =  t 3  −  t 6  ,   










   s  15   ( 6 )   = −  t 1  +  t 6  −  w 4  ( 6 )   +  w 6  ( 6 )   ,   s  16   ( 6 )   =  t 1  −  t 4  ,   










   s  17   ( 6 )   =  t 0  −  t 1  −  t 2  +  w 5  ( 6 )   ,  








where


   w 0  ( 6 )   = −  t 5  +  t 8  ,   w 1  ( 6 )   =  t 6  −  t 7  ,   










   w 2  ( 6 )   = −  t 9  +  w 1  ( 6 )   ,   w 3  ( 6 )   =  t 5  +  w 1  ( 6 )   ,   w 4  ( 6 )   =  t 3  −  t 4  ,   










   w 5  ( 6 )   =  t 5  +  w 4  ( 6 )   ,   w 6  ( 6 )   =  t 2  −  t 5  .  











Taking into account the introduced matrix constructions, expression (12) can be written in the following form:


   Y  6 × 1   =  P  6 × 9   ( 6 )    P  9 × 18   ( 6 )    D  18   ( 6 )    T  18 × 9   ( 6 )    T  9 × 6   ( 6 )    X  6 × 1   ,  



(14)




where


      X  6 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ]  T  ,        Y  6 × 1   =   [  y 0  ,  y 2  ,  y 3  ,  y 3  ,  y 4  ,  y 5  ]  T  .     











It is easy to see that the multiplicative complexity of calculating expression (14) is 18.



The correctness of expression (14) can be checked by a simple substitution:


   T 6  =  P  6 × 9   ( 6 )    P  9 × 18   ( 6 )    D  18   ( 6 )    T  18 × 9   ( 6 )    T  9 × 6   ( 6 )   ,  








where   T 6   is a   6 × 6   Toeplitz matrix. Expression (14) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a sixth-order Toeplitz matrix. □





Remark 4. 

The proposed algorithm (14) requires only 18 multiplications and 75 additions. Suppose the entries of the matrix   D  18   ( 6 )    (13) are constant values that can be precomputed and stored in the memory of a calculator. In that case, the implementation of the algorithm can be accomplished with only 33 additions, significantly reducing the computational requirements. Thus, the proposed algorithm (14) applied to the calculation of the matrix–vector product (12) reduces 18 multiplications at the expense of 3 extra additions compared to the direct method.





Figure 4 shows a data flow diagram of the proposed algorithm.




3.5. Algorithm for   N = 7  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2       y 3       y 4       y 5       y 6      =      t 6     t 5     t 4     t 3     t 2     t 1     t 0       t 7     t 6     t 5     t 4     t 3     t 2     t 1       t 8     t 7     t 6     t 5     t 4     t 3     t 2       t 9     t 8     t 7     t 6     t 5     t 4     t 3       t 10     t 9     t 8     t 7     t 6     t 5     t 4       t 11     t 10     t 9     t 8     t 7     t 6     t 5       t 12     t 11     t 10     t 9     t 8     t 7     t 6           x 0       x 1       x 2       x 3       x 4       x 5       x 6      .  



(15)







The direct method of calculating this product requires 49 multiplications and 42 additions.



Proposition 5. 

To calculate the product (15), no more than 25 multiplications are required.





Proof. 

Let us introduce auxiliary matrices:


   P  16 × 25   ( 7 )   =  I 4  ⊕  P  3 × 6   ( 3 )   ⊕  I 2  ⊕  P  3 × 6   ( 3 )   ⊕ 1 ⊕  P  3 × 6   ( 3 )   ,  










      P  7 × 16   ( 7 )   =        1       1                   1               1       1                   1                    1              1       1               1          1   1                            1      1       1                     1       1           1             1   1   1   1          1   1          1         ,     










       T  16 × 7   ( 7 )   =     1                 1              1     1           1      1   1                 1       1               1       1             1       1     1      1             1       1             1                    1                    1          1          1                   1                    1                    1         ,  










   T  25 × 16   ( 7 )   =  I 4  ⊕  T  6 × 3   ( 3 )   ⊕  I 2  ⊕  T  6 × 3   ( 3 )   ⊕ 1 ⊕  T  6 × 3   ( 3 )   ,  








and


   D  25   ( 7 )   = diag       s 0  ( 7 )   ,      s 1  ( 7 )   ,     ⋯ ,     s  24   ( 7 )       ,  



(16)






   s 0  ( 7 )   = −  t 6  −  t 10  +  t 12  +  w 0  ( 7 )   ,   s 1  ( 7 )   =  t 6  ,   s 2  ( 7 )   =  t 7  ,   










   s 3  ( 7 )   =  t 11  ,   s 4  ( 7 )   =  t 5  ,   s 5  ( 7 )   = −  w 1  ( 7 )   +  t 7  ,   










   s 6  ( 7 )   =  t 6  ,   s 7  ( 7 )   = −  t 4  +  t 5  −  t 6  ,   s 8  ( 7 )   =  t 4  ,   










   s 9  ( 7 )   = −  t 5  −  w 2  ( 7 )   ,   s  10   ( 7 )   =  t 10  ,   s  11   ( 7 )   =  t 9  ,   










   s  12   ( 7 )   = −  t 5  +  t 8  ,   s  13   ( 7 )   =  t 10  +  w 0  ( 7 )   +  w 1  ( 7 )   ,   










   s  14   ( 7 )   = −  t 6  +  t 9  ,   s  15   ( 7 )   = −  t 7  +  t 8  −  t 9  −  t 10  −  s 7  ( 7 )   ,   










   s  16   ( 7 )   = −  t 4  +  t 7  ,   s  17   ( 7 )   = −  t 9  +  w 3  ( 7 )   ,   s  18   ( 7 )   =  t 8  ,   










   s  19   ( 7 )   =  t 2  −  t 5  ,   s  20   ( 7 )   = −  t 2  +  w 3  ( 7 )   ,   s  21   ( 7 )   =  t 3  −  t 6  ,   










   s  22   ( 7 )   = −  t 1  +  t 2  −  t 3  −  t 7  −  s 7  ( 7 )   ,   s  23   ( 7 )   =  t 1  −  t 4  ,   










   s  24   ( 7 )   =  t 0  −  t 1  −  t 2  −  t 6  −  s 9  ( 7 )   ,  








where


   w 0  ( 7 )   = −  t 7  −  t 8  −  t 9  −  t 11  ,   w 1  ( 7 )   =  t 5  +  t 6  ,   










   w 2  ( 7 )   = −  t 3  +  t 4  ,   w 3  ( 7 )   = −  t 8  −  s 5  ( 7 )   +  w 2  ( 7 )   .  











Taking into account the introduced matrix constructions, expression (3) can be written in the following form:


   Y  7 × 1   =  P  7 × 16   ( 7 )    P  16 × 25   ( 7 )    D  25   ( 7 )    T  25 × 16   ( 7 )    T  16 × 7   ( 7 )    X  7 × 1    



(17)




where


      X  7 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ,  x 6  ]  T  ,        Y  7 × 1   =   [  y 0  ,  y 2  ,  y 3  ,  y 3  ,  y 4  ,  y 5  ,  y 6  ]  T  .     











It is easy to see that the multiplicative complexity of calculating expression (17) is 25.



The correctness of expression (17) can be checked by a simple substitution:


   T 7  =  P  7 × 16   ( 7 )    P  16 × 25   ( 7 )    D  25   ( 7 )    T  25 × 16   ( 7 )    T  16 × 7   ( 7 )   ,  








where   T 7   is a   7 × 7   Toeplitz matrix. Expression (17) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a seventh-order Toeplitz matrix. □





Remark 5. 

The proposed algorithm (17) requires only 25 multiplications and 87 additions. When the entries of the matrix   D  25   ( 7 )    (16) are constant numbers that can be precalculated and stored in the calculator’s memory, the implementation of the algorithm (17) requires only 51 additions, effectively reducing the computational complexity. Finally, we obtain a reduction in multiplications by 24 at the cost of 9 extra additions.





Figure 5 shows a data flow diagram of the proposed algorithm.




3.6. Algorithm for   N = 8  


Let it be necessary to calculate the matrix–vector product of the following form:


       y 0       y 1       y 2       y 3       y 4       y 5       y 6       y 7      =      t 7     t 6     t 5     t 4     t 3     t 2     t 1     t 0       t 8     t 7     t 6     t 5     t 4     t 3     t 2     t 1       t 9     t 8     t 7     t 6     t 5     t 4     t 3     t 2       t 10     t 9     t 8     t 7     t 6     t 5     t 4     t 3       t 11     t 10     t 9     t 8     t 7     t 6     t 5     t 4       t 12     t 11     t 10     t 9     t 8     t 7     t 6     t 5       t 13     t 12     t 11     t 10     t 9     t 8     t 7     t 6       t 14     t 13     t 12     t 11     t 10     t 9     t 8     t 7           x 0       x 1       x 2       x 3       x 4       x 5       x 6       x 7      .  



(18)







The direct method of calculating this product requires 64 multiplications and 56 additions.



Proposition 6. 

To calculate the product (18), no more than 27 multiplications are required.





Proof. 

Let us introduce auxiliary matrices:


      P  8 × 12   ( 8 )   =  P  2 × 3   ( 4 )   ⊗  I 4  ,      P  12 × 18   ( 8 )   =  I 3  ⊗  P  4 × 6   ( 8 )   ,     










      P  4 × 6   ( 8 )   =  P  2 × 3   ( 4 )   ⊗  I 2  ,      P  18 × 27   ( 8 )   =  I 9  ⊗  P  2 × 3   ( 4 )   ,     








and


      T  27 × 18   ( 8 )   =  I 9  ⊗  T  3 × 2   ( 4 )   ,      T  18 × 12   ( 8 )   =  I 3  ⊗  T  6 × 4   ( 8 )   ,     










   T  6 × 4   ( 8 )   =  T  3 × 2   ( 4 )   ⊗  I 2  ,  










      T  12 × 8   ( 8 )   =                    1                   1                 1                   1                 1          1           1          1         1          1         1          1                 1                   1                 1                 1                  ,     










   D  27   ( 8 )   = diag       s 0  ( 8 )   ,      s 1  ( 8 )   ,     ⋯ ,     s  26   ( 8 )       ,  



(19)






   s 0  ( 8 )   =  t 0  +  w 0  ( 8 )   −  w 1  ( 8 )   ,   s 1  ( 8 )   =  t 1  −  t 3  −  s  10   ( 8 )   ,   










   s 2  ( 8 )   =  t 8  +  w 0  ( 8 )   +  w 1  ( 8 )   ,   s 3  ( 8 )   =  w 1  ( 8 )   −  s 4  ( 8 )   ,   










   s 4  ( 8 )   =  t 3  −  t 7  ,   s 5  ( 8 )   = −  s 4  ( 8 )   +  w 2  ( 8 )   ,   










   s 6  ( 8 )   = −  t 2  +  s 4  ( 8 )   +  w 2  ( 8 )   +  w 4  ( 8 )   ,   s 7  ( 8 )   = −  s 4  ( 8 )   −  w 3  ( 8 )   ,   










   s 8  ( 8 )   = −  t 10  −  s 5  ( 8 )   +  w 4  ( 8 )   ,   s 9  ( 8 )   =  t 4  −  t 5  −  s  12   ( 8 )   ,   










   s  10   ( 8 )   =  t 5  −  t 7  ,   s  11   ( 8 )   =  t 6  −  t 8  −  s  10   ( 8 )   ,   










   s  12   ( 8 )   =  t 6  −  t 7  ,   s  13   ( 8 )   =  t 7  ,   s  14   ( 8 )   =  t 8  −  t 7  ,   










   s  15   ( 8 )   = −  s  12   ( 8 )   +  w 5  ( 8 )   ,   s  16   ( 8 )   =  t 9  −  t 7  ,   










   s  17   ( 8 )   =  t 7  −  t 8  +  w 6  ( 8 )   ,   s  18   ( 8 )   = −  t 4  +  t 6  −  t 10  +  w 5  ( 8 )   +  w 7  ( 8 )   ,   










   s  19   ( 8 )   =  t 9  −  w 7  ( 8 )   ,   s  20   ( 8 )   = −  s  11   ( 8 )   +  w 6  ( 8 )   +  w 8  ( 8 )   ,   










   s  21   ( 8 )   =  t 10  −  t 11  −  s  12   ( 8 )   ,   s  22   ( 8 )   =  t 11  −  t 7  ,   










   s  23   ( 8 )   = −  s  14   ( 8 )   −  w 8  ( 8 )   ,   s  24   ( 8 )   =  t 12  −  t 13  −  s  21   ( 8 )   −  w 5  ( 8 )   ,   










   s  25   ( 8 )   = −  t 11  +  t 13  −  s  16   ( 8 )   ,   










   s  26   ( 8 )   = −  t 13  +  t 14  +  s  14   ( 8 )   −  w 6  ( 8 )   +  w 8  ( 8 )   ,   








where


   w 0  ( 8 )   = −  t 1  +  t 3  −  t 4  +  s  10   ( 8 )   ,   w 1  ( 8 )   =  t 2  −  t 6  ,   










   w 2  ( 8 )   =  t 4  −  t 8  ,   w 3  ( 8 )   = −  t 5  +  t 9  ,   w 4  ( 8 )   =  t 6  +  w 3  ( 8 )   ,   










   w 5  ( 8 )   =  t 8  −  t 9  ,   w 6  ( 8 )   = −  t 9  +  t 10  ,   w 7  ( 8 )   =  t 11  +  s  10   ( 8 )   ,   










   w 8  ( 8 )   =  t 11  −  t 12  .   











Taking into account the introduced matrix constructions, expression (18) can be written in the following form:


   Y  8 × 1   =  P  8 × 12   ( 8 )    P  12 × 18   ( 8 )    P  18 × 27   ( 8 )    D  27   ( 8 )    T  27 × 18   ( 8 )    T  18 × 12   ( 8 )    T  12 × 8   ( 8 )    X  8 × 1   ,  



(20)




where


      X  8 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ,  x 6  ,  x 7  ]  T  ,        Y  8 × 1   =   [  y 0  ,  y 2  ,  y 3  ,  y 3  ,  y 4  ,  y 5  ,  y 6  ,  y 7  ]  T  .     











It is easy to see that the multiplicative complexity of calculating expression (20) is 27.



The correctness of expression (20) can be checked by a simple substitution:


   T 8  =  P  8 × 12   ( 8 )    P  12 × 18   ( 8 )    P  18 × 27   ( 8 )    D  27   ( 8 )    T  27 × 18   ( 8 )    T  18 × 12   ( 8 )    T  12 × 8   ( 8 )   ,  








where   T 8   is an   8 × 8   Toeplitz matrix. Expression (20) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with an eighth-order Toeplitz matrix. □





Remark 6. 

The proposed algorithm (20) requires only 27 multiplications and 114 additions. Suppose the entries of the matrix   D  27   ( 8 )    (19) are constant values that can be precomputed and stored in the memory of a calculator. In that case, the implementation of the algorithm can be accomplished with only 57 additions, significantly reducing the computational requirements. Finally, we obtain a reduction in multiplications by 37 at the cost of one extra addition compared to the direct method.





Figure 6 shows a data flow diagram of the proposed algorithm.




3.7. Algorithm for   N = 9  


Let it be necessary to calculate the matrix–vector product of the following form:


          y 0       y 1       y 2       y 3       y 4       y 5       y 6       y 7       y 8      =      t 8     t 7     t 6     t 5     t 4     t 3     t 2     t 1     t 0       t 9     t 8     t 7     t 6     t 5     t 4     t 3     t 2     t 1       t 10     t 9     t 8     t 7     t 6     t 5     t 4     t 3     t 2       t 11     t 10     t 9     t 8     t 7     t 6     t 5     t 4     t 3       t 12     t 11     t 10     t 9     t 8     t 7     t 6     t 5     t 4       t 13     t 12     t 11     t 10     t 9     t 8     t 7     t 6     t 5       t 14     t 13     t 12     t 11     t 10     t 9     t 8     t 7     t 6       t 15     t 14     t 13     t 12     t 11     t 10     t 9     t 8     t 7       t 16     t 15     t 14     t 14     t 12     t 11     t 11     t 9     t 8           x 0       x 1       x 2       x 3       x 4       x 5       x 6       x 7       x 8      .     



(21)







The direct method of calculating this product requires 81 multiplications and 72 additions.



Proposition 7. 

To calculate the product (21), no more than 36 multiplications are required.





Proof. 

Let us introduce auxiliary matrices:


   T  18 × 9   ( 9 )   =     1              1            1              1            1              1     1       1                 1       1                   1       1          1                        1                        1                        1                        1                        1                 1       1                   1       1                 1       1                   1                        1                        1     ,  










       T  36 × 18   ( 9 )   =  I 6  ⊗  T  6 × 3   ( 3 )   ,      T  6 × 3   ( 3 )   =     1      1     1         1   1       1       1   1         1         ,  










   P  18 × 36   ( 9 )   =  I 6  ⊗  P  3 × 6   ( 9 )   ,  










   P  3 × 6   ( 9 )   =     1          1   1         1   1   1      1   1   1          ,  










         P  9 × 18   ( 9 )   =     1                          1       1            1                          1       1            1                          1       1            1              1       1                        1              1       1                        1              1       1          1       1       1                                1       1       1                                1       1       1                        ,        








and


   D  36   ( 9 )   = diag       s 0  ( 9 )   ,      s 1  ( 9 )   ,     ⋯ ,     s  35   ( 9 )       ,  



(22)






   s  0   ( 9 )   =  t 8  ,   s  1   ( 9 )   = −  t 8  −  w  0   ( 9 )   ,   s  2   ( 9 )   =  t 9  ,   










   s  3   ( 9 )   = −  t 7  +  t 8  −  t 9  ,   s  4   ( 9 )   =  t 7  ,   s  5   ( 9 )   = −  t 8  +  w  1   ( 9 )   ,   










   s  6   ( 9 )   =  t 11  ,   s  7   ( 9 )   = −  t 11  −  w  2   ( 9 )   ,   s  8   ( 9 )   =  t 12  ,   










   s  9   ( 9 )   = −  t 10  +  t 11  −  t 12  ,   s  10   ( 9 )   =  t 10  ,   










   s  11   ( 9 )   = −  t 11  +  w  0   ( 9 )   ,   s  12   ( 9 )   = −  t 11  +  t 14  −  t 8  ,   










   s  13   ( 9 )   = −  t 15  +  t 16  −  s  1   ( 9 )   +  w  3   ( 9 )   ,   s  14   ( 9 )   = −  t 12  +  t 15  −  t 9  ,   










   s  15   ( 9 )   = −  t 13  +  t 14  −  t 15  −  s  3   ( 9 )   −  s  9   ( 9 )   ,   










   s  16   ( 9 )   = −  t 10  +  t 13  −  t 7  ,   s  17   ( 9 )   = −  w  0   ( 9 )   −  s  5   ( 9 )   +  w  3   ( 9 )   ,   










   s  18   ( 9 )   =  t 8  −  w  4   ( 9 )   ,   s  19   ( 9 )   = −  w  0   ( 9 )   +  s  5   ( 9 )   +  w  2   ( 9 )   +  w  4   ( 9 )   ,   










   s  20   ( 9 )   = −  t 6  +  t 9  −  t 12  ,   s  27   ( 9 )   =  t 5  −  t 4  −  t 6  ,   










   s  21   ( 9 )   =  s  3   ( 9 )   −  s  9   ( 9 )   −  s  27   ( 9 )   ,   s  22   ( 9 )   = −  t 4  +  t 7  −  t 10  ,   










   s  23   ( 9 )   = −  w  0   ( 9 )   +  s  5   ( 9 )   +  w  4   ( 9 )   −  w  5   ( 9 )   ,   s  24   ( 9 )   =  t 5  ,   










   s  25   ( 9 )   = −  t 5  −  t 6  +  t 7  ,   s  26   ( 9 )   =  t 6  ,   s  28   ( 9 )   =  t 4  ,   










   s  29   ( 9 )   = −  t 5  +  w  5   ( 9 )   ,   s  30   ( 9 )   = −  t 8  −  w  6   ( 9 )   ,   










   s  31   ( 9 )   = −  s  1   ( 9 )   +  w  1   ( 9 )   −  w  5   ( 9 )   +  w  6   ( 9 )   ,   s  32   ( 9 )   =  t 3  −  t 6  −  t 9  ,   










   s  33   ( 9 )   =  t 2  −  s  3   ( 9 )   −  s  27   ( 9 )   +  w  7   ( 9 )   ,   s  34   ( 9 )   =  t 1  −  t 4  −  t 7  ,   










   s  35   ( 9 )   =  t 0  +  t 4  −  s  5   ( 9 )   +  w  6   ( 9 )   +  w  7   ( 9 )   ,   








where


   w  0   ( 9 )   =  t 9  −  t 10  ,   w  1   ( 9 )   =  t 6  −  t 7  ,   w  2   ( 9 )   =  t 12  −  t 13  ,   










   w  3   ( 9 )   = −  t 14  −  s  7   ( 9 )   ,   w  4   ( 9 )   =  t 5  +  t 11  ,   w  5   ( 9 )   =  t 3  −  t 4  ,   










   w  6   ( 9 )   = −  t 2  +  t 5  ,   w  7   ( 9 )   = −  t 1  −  t 3  .   











Taking into account the introduced matrix constructions, expression (21) can be written in the following form:


   Y  9 × 1   =  P  9 × 18   ( 9 )    P  18 × 36   ( 9 )    D  36   ( 9 )    T  36 × 18   ( 9 )    T  18 × 9   ( 9 )    X  9 × 1   ,  



(23)




where


      X  9 × 1   =   [  x 0  ,  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ,  x 6  ,  x 7  ,  x 8  ]  T  ,        Y  9 × 1   =   [  y 0  ,  y 2  ,  y 3  ,  y 3  ,  y 4  ,  y 5  ,  y 6  ,  y 7  ,  y 8  ]  T  .     











It is easy to see that the multiplicative complexity of calculating expression (23) is 36.



The correctness of expression (23) can be checked by a simple substitution:


   T 9  =  P  9 × 18   ( 9 )    P  18 × 36   ( 9 )    D  36   ( 9 )    T  36 × 18   ( 9 )    T  18 × 9   ( 9 )   ,  








where   T 9   is a Toeplitz matrix (1) of the 9th order. Expression (5) defines a reduced multiplicative complexity algorithm for calculating the matrix–vector product with a ninth-order Toeplitz matrix. □





Remark 7. 

The proposed algorithm (5) requires only 36 multiplications and 144 additions. In a number of practical applications, the entries of the Toeplitz matrix are constant numbers. Then the entries of the matrix   D  36   ( 9 )    (22), i.e.,    t 0  ,  t 1  , … ,  t 16   , can be calculated in advance and stored in the calculator’s memory. For this case, the number of additions in the algorithm is reduced to 81. Thus, the proposed algorithm (23) applied to the calculation of the matrix–vector product (21) reduces 45 multiplications at the expense of 9 extra additions, compared to the direct method.





Figure 7 shows a data flow diagram of the proposed algorithm.





4. Computational Cost Analysis


Compared to the direct method, the proposed algorithms achieve a notable reduction in the number of multiplications at the expense of an increase in elementary additions. Table 1 summarizes this reduction. As multiplication operations typically require more resources than additions, the proposed method offers resource savings in application-specific integrated circuits (ASICs) and enables the use of more straightforward and cheaper field-programmable gate arrays (FPGAs).



The number of additions is reduced when constant coefficient values are present in the Toeplitz matrix. In such a situation, it becomes possible to precalculate the multipliers appearing in matrices   D  6   ( 3 )    (4),   D  9   ( 4 )    (7),   D  14   ( 5 )    (10),   D  18   ( 6 )    (13),   D  25   ( 7 )    (16),    D  27   ( 8 )    ( )   , or   D  36   ( 9 )    (22). As a result, there is a notable reduction in the number of additions, as included in Table 2.



The proposed algorithm was exemplified in FPGAs on Xilinx’s Spartan 3, the most straightforward possible device of the Spartan series, containing the number of inputs and outputs required by the algorithm. The 8-bit   x i   inputs, 16-bit   y i   outputs, and fixed 8-bit coefficients in the Toeplitz matrix were assumed. Table 3 shows the number of slices and Table 4 the four-input LUTs used in the Spartan 3 FPGA implementation. Both algorithms took full advantage of the available multipliers MULT 18 × 18 on each FPGA chip, as shown in Table 3. A significant reduction in the logic blocks used was achieved in the example applications shown.




5. Conclusions


In this paper, we proposed the algorithms for calculating matrix–vector products with Toeplitz matrices with order N equal to 3, 4, 5, 6, 7, 8, and 9. The algorithms we proposed aim to decrease the number of multiplications, albeit at the cost of additional additions compared to the direct algorithm. This trade-off is advantageous due to the additions’ relatively lower resource requirements compared with multiplications.



Further reduction can be achieved when the entries in the Toeplitz matrix are constants. In such instances, a preprocessing step allows certain additions to be performed outside the algorithm. This approach effectively reduces the number of additions required during the algorithm’s execution. Consequently, the overall count of arithmetic operations is lower than the conventional direct method.
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Figure 1. Data flow diagram of the algorithm (5) for   N = 3  . 
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Figure 2. Data flow diagram of the algorithm (8) for   N = 4  . 
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Figure 3. Data flow diagram of the algorithm (11) for   N = 5  . 
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Figure 4. Data flow diagram of the algorithm (14) for   N = 6  . 
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Figure 5. Data flow diagram of the algorithm (17) for   N = 7  . 
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Figure 6. Data flow diagram of the algorithm (20) for   N = 8  . 
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Figure 7. Data flow diagram of the algorithm (23) for   N = 9  . 
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Table 1. The comparison of the number of multiplications and additions in the direct method and the proposed algorithm in the general case.






Table 1. The comparison of the number of multiplications and additions in the direct method and the proposed algorithm in the general case.





	
Order of

	
Multiplications

	
Additions

	
Arithmetic Operations






	
Matrix

	
Direct

	
Prop.

	
Reduct.

	
Direct

	
Prop.

	
Incr.

	
Direct

	
Prop.

	
Incr.




	
3

	
9

	
6

	
3

	
6

	
15

	
9

	
15

	
21

	
6




	
4

	
16

	
9

	
7

	
12

	
26

	
14

	
28

	
35

	
7




	
5

	
25

	
14

	
11

	
20

	
45

	
25

	
45

	
59

	
14




	
6

	
36

	
18

	
18

	
30

	
60

	
30

	
66

	
78

	
12




	
7

	
49

	
25

	
24

	
42

	
87

	
45

	
91

	
112

	
21




	
8

	
64

	
27

	
37

	
56

	
114

	
58

	
120

	
141

	
21




	
9

	
81

	
36

	
45

	
72

	
144

	
72

	
153

	
180

	
27











 





Table 2. The comparison of the number of multiplications and additions in the direct method and the proposed algorithm, assuming a constant value of the elements of the Toeplitz matrix.






Table 2. The comparison of the number of multiplications and additions in the direct method and the proposed algorithm, assuming a constant value of the elements of the Toeplitz matrix.





	
Order of

	
Multiplications

	
Additions

	
Arithmetic Operations






	
Matrix

	
Direct

	
Prop.

	
Reduct.

	
Direct

	
Prop.

	
Incr.

	
Direct

	
Prop.

	
Reduct.




	
3

	
9

	
6

	
3

	
6

	
9

	
3

	
15

	
15

	
0




	
4

	
16

	
9

	
7

	
12

	
15

	
3

	
28

	
24

	
4




	
5

	
25

	
14

	
11

	
20

	
27

	
7

	
45

	
41

	
4




	
6

	
36

	
18

	
18

	
30

	
33

	
3

	
66

	
51

	
15




	
7

	
49

	
25

	
24

	
42

	
51

	
9

	
91

	
76

	
15




	
8

	
64

	
27

	
37

	
56

	
57

	
1

	
120

	
84

	
36




	
9

	
81

	
36

	
45

	
72

	
81

	
9

	
153

	
117

	
36











 





Table 3. The number of available multipliers and used slices in implementations of algorithms on Spartan 3 FPGAs.
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Order of

	

	

	
Slices






	
Matrix

	
Devices

	
MULT 18 × 18

	
Direct

	
Proposed

	
Reduction




	
3

	
xc3s50-4pq208

	
4

	
136

	
76

	
44.1%




	
4

	
xc3s50-4pq208

	
4

	
292

	
210

	
28.1%




	
5

	
xc3s200-4pq208

	
12

	
384

	
249

	
35.2%




	
6

	
xc3s400-4fg456

	
16

	
542

	
332

	
38.7%




	
7

	
xc3s400-4fg456

	
16

	
934

	
634

	
32.1%




	
8

	
xc3s1000-4fg456

	
24

	
1011

	
553

	
45.3%




	
9

	
xc3s1000-4fg676

	
24

	
1519

	
890

	
41.4%











 





Table 4. The number of 4-input LUTs used in implementations of algorithms on Spartan 3 FPGAs.
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Order of

	

	
4 Input LUTs






	
Matrix

	
Devic