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Abstract: The global agriculture sector faces many challenges in its mission to meet the increasing
demand for food and fiber. Climate change, increasing population growth, emergence of crop diseases,
damage to crops from rodents and critters, and shrinking farming land in some regions are among
these challenges. Application of agrochemicals has proven to be an efficient answer to some of these
challenges. However, the impacts of these products on human health and the environment combined
with the increased requirement for sustainable farming requires the development of optimal spraying
practices that would balance out all interests and concerns. In this paper, a mathematical model is
developed to jointly minimize spraying time and drift losses. The obtained bi-objective mixed integer
nonlinear programming model is solved for a case study example published in the crop protection
literature. Optimal solutions are obtained using the weighted sum method and the epsilon-constraint
approach. The results showed that valid and reasonable solutions can be obtained by selecting the
appropriate combination of boom height, nozzle spacing, nozzle type, and tractor travel speed. Useful
insights are obtained through various computational experiments.

Keywords: bi-objective model; drift losses; mathematical model; optimal combination of spraying
time and drift; weighted sum; ε-constraint methods

1. Introduction

Sustainable agriculture aims at placing the agricultural inputs in such way to reduce the
environmental degradation along with optimizing the operational efficiency and reduce the cost
of operation. According to the US Farm Bill [1], “sustainable agriculture is an integrated system of
plant and animal production practices having a site-specific application that will, over the long term:
(a) satisfy human food and fiber needs; (b) enhance environmental quality; (c) make efficient use of
non-renewable resources and on-farm resources and integrate appropriate natural biological cycles and
controls; (d) sustain the economic viability of farm operations; and (e) enhance the quality of life for
farmers and society as a whole”. In traditional farming, a blanket of treatment is applied throughout
the field instead of treating only the problematic locations [2] without consideration for human health
and contamination of the environment.

The increasing trend of applying agrochemicals in field crops is an integral part of the advance
of agriculture. According to one study, in the United States, 3 million kg of agrochemicals costing
40 million US dollars are used annually [3,4]. Agrochemicals can save 45% of the world food
supply by protecting crops from different insects and pests [5]. On other hand, this heavy use of
agrochemicals has increased the risk of air, soil, and water pollution. During the application of these
chemicals in the field, small spray particles move away from the intended areas (spray drift) and
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cause contamination [6]. Almost 30% of agricultural chemicals are wasted due to off-target spray
drift [7,8]. This off-target spray drift could create health issues for animals and humans, damage
nearby sensitive crops, and contaminate water sources and soils. However, Nuyttens [9] noted that
reduction of the dosage of these chemicals may unfortunately reduce their effectiveness and could
result in loss of money and chemicals. The increasing demand for food and fiber has forced farmers to
apply agrochemicals. Therefore, spray drift became an important issue not only for public health but
also for the scientific community. Spraying time is another important factor during the farm operation.
In the modern agriculture world, timely execution of farming operations is required to ensure the
efficiency of the activities by reducing activity durations, energy (fuel) use, labour hired, and overall
cost (which is one pillar of sustainable agriculture) [10].

There are several factors which have direct influence on spray drift. These factors can be
categorized into three major groups: (1) Sprayer related factors (boom height, driving speed, nozzle
angle, nozzle pressure); (2) Weather conditions (temperature, humidity, wind velocity); (3) Crop
conditions (crop type, crop height, crop stage) [9].

Different researchers studied the impact of these factors on spray drift individually.
For example, [11–14] studied the impact of boom height on spray drift. These studies concluded that
drift losses decreased by lowering the boom height. Drift losses can be decreased by 80% and 56%
when the boom height is decreased from 70 cm to 30 cm and 50 cm to 30 cm respectively. Boom height
has a significant impact on swath width (area covered by specific height and angle). Increasing the
boom height increases the swath width and more area can be covered (which is good when crop canopy
is fully developed) but on other hand, if the height is too high, then spray particles will be at more risk
of moving with the wind and more drift losses will be expected [14].

The next important factor is tractor driving speed, which is directly linked with time of operation
and has significant impact on spray drift [3,9,15–17] conducted experiments to see the impact of driving
speed on spray drift and concluded that spray drift increased by 90% when the tractor speed increased
from 7.0 km/h to 10 km/h. Nozzle type and its pressure are also important factors regarding the spray
drift [3,18].

Al-Heidary [3] studied the influence of wind velocity on spray drift and concluded that as the
wind velocity increases the drift losses increased. It is also recommended not to spray the field if wind
velocity is 2.77 m/s or above [19]. Temperature and humidity had their own significance in spray drift
study. High temperature and low humidity will increase the risk of spray drift due to high evaporation.
High temperature and high the humidity will cause the suspension of spray particles in the air which
will also contribute towards air contamination [3]. Crop type, crop height, and crop stage are also
important consideration in spray drift study. Most of the studies investigate the impact of these factors
on an individual basis.

Many researchers worked on the importance of drift by considering the sprayer related, weather
related and crop related factors [3,11–20] but very few studies dealt with spraying time. Spraying time
is another important factor, which is directly linked with drift losses and cost of spraying operation.
Tobi [19] showed that farmers have no means to select efficient spraying speed. Their main goal is
usually to finish as soon as possible given the labour and fuel costs. Thus, farmers usually opt for
the highest speed possible without consideration for the fact that the selected speed could increase
the hazardous effect of drift losses. Increased tractor speed will lead to the less spraying time but
ultimately increases the drift. Drift losses increased by 51% when the tractor speed increased from
4.0 km/h to 8.0 km/h and 144% when tractor is operated at 16 km/h speed [19]. Therefore, there is a
need for a trade-off between spraying time and drift.
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2. Materials and Methods

2.1. Problem Definition

In this study, a bi-objective mathematical model is developed to find the optimal solution that
minimizes both the spraying time and spraying drift proportion. Spraying time is affected by the
tractor speed, farm length and width, boom length, and number of passes required. As covered in the
literature review, multiple factors such as boom height, spray solution viscosity, spray angle, nozzle
pressure, temperature and moisture content, and evaporation affect the drift proportion [3]. In this
study, the following factors that affect spray drift will be considered: nozzle type, operating pressure,
tractor speed, boom height, wind velocity, etc. This study deals with only these factors because these
are the only ones for which drift proportion data was available from the field experiments ran by
Nuyttens [20]. The proposed model can easily be extended to include all other factors enumerated
by Al-Heidary [3], whenever full experimental data becomes available. It is also assumed that the
factors considered in this study are independent and uncorrelated. This is reasonable as the data used
to run the numerical experiments come from a field study that varied all these factors and corrected for
correlation (See Nuyttens [20]). Figure 1 presents the drift causing factors along with the parameters
that affect the spraying time. In general, drift amounts monotonously decrease as the measurement
points get away from the point of application [9,20]. Therefore, in this study all drift measurements are
considered to be made at a reference point set to a predetermined distance from the end of the field.
Minimizing the drift amounts at the reference point is equivalent to minimizing the drift amounts at
any other point or minimizing the total drift amounts.

The first objective function is the minimization of the spraying time. The second is the minimization
of the spray drift proportion at a reference point. The optimization model aims at finding the best set
up that will result in the best trade-offs between spraying time and drift generated.
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Figure 1. Drift-causing factors and spraying-speed parameters under consideration.

This study focussed on the development of a mathematical model which provides a trade-off

between spraying time and drift so that farmers can select the optimal settings for different parameters
to reduce the spraying time along with drift. Our goals are:

1. To develop a formula to calculate the spraying time by considering the farm width, farm length,
boom length, number of passes and tractor speed.
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2. To develop the spray drift model by considering the external conditions and spray pattern
related factors.

3. To build a model to determine spray settings that trades off the travel time and drift.

2.2. Model Formulation

2.2.1. Notation (Indices and Parameters)

The notation (indices and parameters) used for the formulation of the bi-objective model are
presented in nomenclature section of this manuscript.

2.2.2. Decision Variables

XS
i =

1, i f tractor speed level i is selected

0, otherwise

XH
j =

1, i f boom height level j is selected

0, otherwise

XN
n =

1, i f nozzle type n is selected

0, otherwise

Xθ
o =

1, i f spraying angle level o is selected

0, otherwise

XP
k =

1, i f pressure level k is selected

0, otherwise

A = Nozzle spacing (multiples of attachment spacing: A = m × l. where m = 1, 2, ...)
θ = Selected spray angle in degrees (◦) (θ =

∑
o θoXθ

o )
Ov = Overlapping of nozzle sheets (m) calculated as a function of A, Hj and θ.

2.3. Formulation of the Spraying Time

A field with a surface area of WF × LF (m2) is considered as pictured in Figure 2. A spraying
tractor moves at a constant speed along the length (longest side) of the farm. The tractor is assumed
to turn in semicircles when it reaches one end of the field to switch direction and start spraying in
opposite direction without a gap in spray coverage as illustrated on Figure 2.

The total distance D traveled by the tractor is given by

D = c·WF + (c− 1)π·
LB

2
(1)

For c, direction changes (passes), there are (c − 1) half circles to change direction. Distances
traveled to and from the beginning or end of the field are not included in the optimization model.

The total spraying time is then obtained by dividing the total distance by the tractor speed S.

Ts =
2k WFS′ + (k− 1)π LBS

2SS′
(2)

where S is given by the selected speed level S =
∑

i SiXS
i , and S′ is the turning speed.
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2.4. Formulation of the Drift Proportion

The assessment of drift is divided into two based on the involved factors according to Figure 1
under ‘external conditions’ (weather factors) and ‘operational aspects’ (sprayer related factors).

2.4.1. External Conditions

Humidity, temperature, wind velocity, and distance (travel distance of droplets from the outer
nozzle) were considered as weather related factors. All these factors are considered as independent
and non-correlated and combined in a single formula by Nuyttens [9] which constitutes a baseline
drift (DB) given by

DB = dd
−1.05(13.00 + 0.5V3.25m + 0.4T − 1.74ζH2O) (3)

where:
DB = Fraction of applied spray which is lost during spraying and/or after application
dd = Distance travelled by the spray particles in wind direction (m) (1 m, our study)
V3.25m = Average wind velocity at height of 3.25 m above the ground level (m/s)
T = Average air temperature (◦C)
ζH2O = Absolute humidity (weight of water vapours in grams per kg of dry air).

2.4.2. Operational or Spray Related Factors

The second component of the drift formulation relates to the drift proportion incurred by each
of the spray related factors under consideration: speed of tractor (Si), height of boom (Hj), nozzle
pressure (Pk), and nozzle type (Nn). Using the field experiments carried out by Nuyttens et al., (2007b),
a drift proportion value (∆F

u) is measured for each level u of each factor F. Illustrative examples of ∆F
u

are given in Table 1.
Thus, the total specific drift proportion (DS) due to the four operational factors under consideration

are given by
DS =

∑
n

∆N
n XN

n +
∑

k
∆P

k XP
k +

∑
i
∆S

i XS
i +

∑
j
∆H

j XH
j (4)
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Table 1. Relative drift proportion values for each level and each factor. Values are relative to the
minimum value obtained by Nuyttens et al. 2017b.

Nozzle Pressure Height of Boom

K Pk (bars) ∆P
k (%) j Hj (m) ∆H

j (%)

1 P1 = 2 0 1 H1 = 0.3 0
2 P2 = 3 3.5 2 H2 = 0.5 3
3 P3 = 4 6.5 3 H3 = 0.75

Speed of tractor Nozzle type 8

I Si (km/h) ∆S
i (%) n Nn ∆N

n (%)

1 S1 = 4 0.6 1 N1 = F110 04 ∆N
n (%)

2 S2 = 6 0 2 N2 = F110 06 18.5
3 S3 = 8 2.7 3 N3 = F110 03 4
4 S4 = 10 2.1 4 N4 = F110 02 1.5

5 N5 = LD110 02 2
6 N6 = LD110 03 6.5
7 N7 = LD110 04 3.5

0

2.4.3. Total Drift Formulation

The total drift (Td) is obtained as the sum of the baseline drift and specific drift.

Td = DB + DB × DS (5)

Td = DB

(
1 +

∑
n

∆N
n XN

n +
∑

k
∆P

k XP
k +

∑
i
∆S

i XS
i +

∑
j
∆H

j XH
j

)
(6)

From Equations (4) and (6), it can be seen that the baseline drift (DB) is not affected by the decision
variables (XN

n , XP
k , XS

i , XH
j ), therefore this term will be dropped from the optimization model and

only the specific drift proportion (DS) will be optimized. The following subsection deals with the
constraints that are included in the formulation.

2.5. Constraints: Levels Selection, Nozzle Spacing, and Overlapping of Spray Sheets

Of all the speed levels available, only one has to be selected for a given spray application, therefore,
the following constraint is added to the formulation∑

i

XS
i = 1 (7)

Similarly, one and only one level has to be chosen for the nozzle type, the nozzle pressure, the boom
height, and the spray angle. Thus, the following other constraints are obtained.∑

n
XN

n = 1 (8)

∑
k

XP
k = 1 (9)

∑
j

XH
j = 1 (10)

∑
o

Xθ
o = 1 (11)
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Uniform application of agrochemicals is an important quality requirement for spraying systems.
Overlapping of spray sheets has significant impact on the uniformity of the spray applied to the crop
canopy. Furthermore, nozzles spacing can be selected to control spray overlap depending on boom
height. On a typical boom, there are by design locations where nozzles can be attached. For example,
the operator can attach nozzles at each location (m = 1) or skip one location (m = 2) depending on the
desired spacing A = m× l. The constraint then is to select at least one location for the nozzle

m ≥ 1 (12)

Once the nozzle spacing, spray angle and boom height are set, the spray sheet overlap can be
calculated using the formulas developed below and based on the relationships depicted in Figure 3.

For a single nozzle (Figure 3a), the half swath width (b) is given by

b = (H − h) tan
(
θ
2

)
where H is the boom height, h is the plant canopy height, θ =

∑
o θoXθ

o and H =
∑

j ∆H
j XH

j .
The overlap between two consecutive spray sheets (Figure 3b) is given by

Ov = 2b−A

Ov = 2(H − h) tan
(
θ
2

)
−A (13)
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The overlap constraint, which is given as follows, ensures that the achieved overlap is between
the minimum and maximum overlapping values set by the farmer or any other subject matter expert.

Omin ≤ Ov ≤ Omax

2.6. Bi-Objective Mathematical Model

The goal of the mathematical model developed in this paper is to investigate the trade-offs between
the two-objective functions: spraying time (Ts called objective Z1) and the specific drift proportion (Ds

called objective Z2). The full mathematical formulation is given below.

Minimize Z1 =
2k WFS′ + (k− 1)π LBS

2SS′
(14)

Minimize Z2 =
∑

n
∆N

n Nn +
∑

k
∆P

k Pk +
∑

n
∆S

i Si +
∑

j
∆H

j H j (15)
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Subject to ∑
i

XS
i = 1 (16)

∑
n

XN
n = 1 (17)

∑
k

XP
k = 1 (18)

∑
j

XH
j = 1 (19)

∑
o

Xθ
o = 1 (20)

m ≥ 1 (21)

Omin ≤ Ov ≤ Omax (22)

XS
i , XN

n , XP
k , XH

j , Xθ
o ∈ {0, 1} (23)

Constraint (23) states the binary variables and required m to be non-negative. The obtained
formulation is a bi-objective mixed integer nonlinear programming model. The following section will
present the approaches used to solve the mathematical model.

2.7. Solution Approaches

Both objective functions have different units: spraying time Z1 is in hours (h) while drift proportion
Z2 is measured in percentage (%). To solve this kind of models, several approaches are available
in the literature (see [21,22]). Here, we will use the weighted sums method and the ε-constraint
(epsilon-constraint) method as done by Ghayebloo [22].

2.7.1. Weighted Sum Method

The weighted sum method combines both objective functions into a single function by assigning
appropriate weights to each objective depending on the preference of the decision maker. Equation (24)
shows the weighted sum formulation for our problem. The single objective function is normalized to 1
by dividing each objective function by its minimum possible value (Z1min and Z2min).

Minimize Z = w
Z1

Z1min
+ (1−w)

Z2

Z2min
(24)

s.t.: Equations (16)–(23).

2.7.2. ε-Constraint Method

In this method, the multi-objective (bi-objective in our case) optimization problem is converted
into single or mono objective optimization problem by retaining the objective function with highest
priority (or preference) as the sole objective function and the other objective functions are rewritten
and incorporated as constraints in the formulation. In this study, drift reduction is considered as the
most important objective function and is retained as the sole objective function while spraying time is
constrained to be less than or equal to a specific value ε (Z1 ≤ ε). The ε-constraint formulation for our
problem is shown below.

Minimize Z = Z2 (25)

s.t.: Equations (16)–(23).
Z1 ≤ ε
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3. Results and Discussion

In this section, a series of numerical experiments using parameter values from the field study
conducted by Nuyttens [20] will be run and discussed to demonstrate the validity and applicability of
the proposed mathematical model. Managerial insights will also be drawn to guide decision making
by farmers and stakeholders. All experiments are run on an Intel™i5 3.4 GHz desktop computer with
16 GB of RAM running Windows 7™. The model is programmed in the optimization software MPL 5.0
(Maximal Software) and solved using the nonlinear solver LINGO Release 9.0 [23].

3.1. Experiment 1: Effects of Minimum Overlap in the Weighted Sums Method

In this experiment, seven different nozzle types (Nn), three different nozzle pressures (Pk),
four different tractor driving speeds levels (Si), and three different boom height levels (Hj) are used.
The nozzle spacing was constant at l = 0.508 m while WF = 0.4 km, LF = 0.9 km and LB = 0.02 km,
h = 0.01 m. Table 2 shows the results obtained for three values of the minimum overlap: 0, 0.40,
and 0.95 m. The results are obtained by varying the values of the weight (w) from 0 to 1. When w = 0
then spraying time is not important and only drift reduction matters. Conversely when w = 1, then only
minimizing spraying time matters. Intermediate values of w represent the preference expressed by the
farmer or decision-maker between spraying time and drift reduction.

Table 2. Results of the weighted sums method for minimum overlapping of 0, 0.4, and 0.95 m.

Case # 1: 0 m Minimum Overlap

w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Z 1.00 1.07 1.13 1.20 1.27 1.33 1.40 1.47 1.53 1.60 1.00
TS 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 1.32
H 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
OV 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349
A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8
n LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 F110.02
P 2 2 2 2 2 2 2 2 2 2 2
s 6 6 6 6 6 6 6 6 6 6 10

Case # 2: 0.40 m Minimum Overlap

w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Z 1 1.07 1.13 1.20 1.27 1.33 1.28 1.21 1.14 1.07 1
TS 2.20 2.20 2.20 2.20 2.20 2.20 1.32 1.32 1.32 1.32 1.32
H 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
OV 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201
A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8
n LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04
P 2 2 2 2 2 2 2 2 2 2 2
s 6 6 6 6 6 6 10 10 10 10 10

Case # 3: 0.95 m Minimum Overlap

w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Z 1 1.07 1.13 1.20 1.16 1.13 1.11 1.08 1.05 1.03 1
TS 2.20 2.20 2.20 2.20 1.32 1.32 1.32 1.32 1.32 1.32 1.32
H 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75
OV 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63
A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8
n LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04 LD110.04
P 2 2 2 2 2 2 2 2 2 2 2
s 6 6 6 6 6 10 10 10 10 10 10

w = weight, Z = normalized objective function, TS = spraying/travel time (h), A = nozzle spacing (m), H = boom
height (m), OV = overlap (m), n = nozzle type, P = nozzle pressure (bars), s = speed (km/h).

3.1.1. Weighted Sum Results for 0 m Overlapping (Case 1)

When w = 1, all the weight is given to spraying time and the value of the normalized objective
function is 1. The optimal solution is then to set m = 1 (one nozzle at each position), use a flat fan
nozzle F110 02 at a pressure of 2 bars with a boom height of 0.30 m and a tractor speed of 10 km/h,
which will result in a spraying time of 1.32 h. Recall that when w = 1, drift reduction is not considered.
These settings yield the fastest spraying in this study. This spray setting is very useful for row crops in
their early stage when plants typically grow at a specific distance with no to little canopy. This setting
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is useful when applying the spray only on specific rows with less overlapping. This setting is useful
only to finish the spraying operation very quickly or when the row distance equals the nozzle spacing.
The boom height (0.3 m) will remain the same throughout this case due to less overlapping. It should
be noted that running a 30 cm boom height at 10 km/h is only feasible for a relatively flat land as was
the case for the experiments that generated the dataset being used here. On rougher terrain, the boom
height will be raised from the optimal value to the nearest operationally viable height. Ideally, a dataset
should be obtained for each type of terrain. Furthermore, it should be noted that any nozzle type
other than F110 02 would work because drift reduction has a weight of 0. The result displayed in
Table 2 is the first one that the mathematical model finds and reports. Other nozzle types are found on
subsequent runs of the model and yield the same value of the objective function.

When the value of w is reduced to 0.9, the model suggests using a tractor speed of 6 km/h and
nozzle LD 110 04 while maintaining the other parameters as before. As soon as drift reduction comes
into play, the model reduces the traveling speed and uses a low drift nozzle to reduce drift. The same
solution is obtained for the remaining values of w in Table 2. The model suggests that drift reduction is
considered then there is a need to reduce tractor speed and to choose an appropriate nozzle.

3.1.2. Weighted Sum Results for 0.4 m Overlapping (Case 2)

In this case, the minimum overlap between spray sheets is increased from 0 to 0.40 m.
Now changing the constraints of overlapping from 0 to 0.4 m. At w = 1, the optimal solution
is: nozzle spacing of 0.508 m, nozzle type LD 110.04, pressure of 2 bars, tractor speed of 10 km/h,
and boom height of 0.50 m. As expected, the boom height is increased to account for the need for more
overlap. The switch from a 10 km/h to 6 km/h tractor speed occurs when w = 0.5 instead of 0.9 in Case
1. Raising the boom higher generates more drift than the change in speed so the model waits for the
spraying time to be less important before reducing the speed to 6 km/h.

In this second case, the model also suggests the same nozzle type (LD110.04) for all values of w.
The reason for this result is that the increase in drift due to the increased boom height is substantial,
therefore the model suggests the nozzle with the lowest drift: LD110.04.

3.1.3. Weighted Sum Results for 0.95 m Overlapping (Case 3)

In this case, the minimum overlap between spray sheets is increased from 0.4 to 0.95 m. To achieve
this required minimum overlap of 0.95 m, the model suggests raising the boom height to its highest
position (0.75 m). All other settings remain the same as in Case 2. The switch from a 10 km/h to
6 km/h tractor speed occurs when w = 0.4 instead of 0.5 in Case 2. Increasing boom height will lead
to the higher overlapping and increase the spray uniformity. This is useful when the crop canopy is
fully-grown and covers the whole farm field. The spray sheet has maximum volume and velocity in its
central part [24]. Therefore, higher overlap may be needed for uniform application [14,25,26].

Figure 4 shows a sensitivity analysis of the weight used in the normalized objective function.
For low weight values (i.e., spraying time is less valuable), the normalized objective function is
similar for all three minimum overlapping values. For high weight values (i.e., spraying time is
more valuable), the normalized objective function is lowest for the highest minimum overlap. Across
all weight values, the normalized objective function is lowest for the highest minimum overlap,
meaning that this is the setting that gives the best trade-off between speed and drift regardless of the
decision-maker’s preferences.

In the experiments above, the model almost exclusively selected the low drift nozzle LD110.04
yielding results with low variability in the spray settings. In the following experiment, the three
low drift nozzles are removed from the data and only the seven standard flat fan nozzles F80.02,
F80.03, F80.04, F80.06, F65.03, F65.04, and F65.06 are added to the existing four 110 degree flat fan
nozzles. Using the observations from Al-Heidary [3] that drift losses were reduced by factors of 2 and
5 when going from 110-degree spray nozzle to 80- and 65-degree nozzles respectively, we estimated
the drift proportions for the new nozzles based on the values available for the 110-degree nozzles.
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The corresponding drift proportions are given in Table 3. Furthermore, linear interpolation is used to
find the drift proportions for boom heights at 35, 45, 55, and 65 cm. The results obtained are displayed
in Table 4 for minimum overlap values of 0, 0.1, and 0.4 m and l = 10 cm.AgriEngineering 2019, 2 427 

 

 
Figure 4. Sensitivity analysis on the weights of objective function. 

Table 2. Results of the weighted sums method for minimum overlapping of 0, 0.4, and 0.95 m 

Case # 1: 0 m Minimum Overlap 
w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Z 1.00 1.07 1.13 1.20 1.27 1.33 1.40 1.47 1.53 1.60 1.00 
TS 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 2.20 1.32 
H 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 
O
V 

0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 0.349 

A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 

n 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
F110.02 

P 2 2 2 2 2 2 2 2 2 2 2 
s 6 6 6 6 6 6 6 6 6 6 10 

Case # 2: 0.40 m Minimum Overlap 
w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Z 1 1.07 1.13 1.20 1.27 1.33 1.28 1.21 1.14 1.07 1 
TS 2.20 2.20 2.20 2.20 2.20 2.20 1.32 1.32 1.32 1.32 1.32 
H 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 
O
V 

0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 0.9201 

A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 

n 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
P 2 2 2 2 2 2 2 2 2 2 2 
s 6 6 6 6 6 6 10 10 10 10 10 

Case # 3: 0.95 m Minimum Overlap 
w 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Z 1 1.07 1.13 1.20 1.16 1.13 1.11 1.08 1.05 1.03 1 
TS 2.20 2.20 2.20 2.20 1.32 1.32 1.32 1.32 1.32 1.32 1.32 
H 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 
O
V 

1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 1.63 

A 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 50.8 

n 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
LD110.

04 
P 2 2 2 2 2 2 2 2 2 2 2 
s 6 6 6 6 6 10 10 10 10 10 10 

w = weight, Z = normalized objective function, TS = spraying/travel time (h), A = nozzle spacing (m), 
H = boom height (m), OV = overlap (m), n = nozzle type, P = nozzle pressure (bars), s = speed (km/h). 

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

0 0.2 0.4 0.6 0.8 1

N
or

m
al

iz
ed

 o
bj

ec
tiv

e 
fu

nc
tio

n

Weight of spraying time (from low to high)

Min Overlap is 0 cm
Min Overlap is 40 cm
Min Overlap is 95 cm

Figure 4. Sensitivity analysis on the weights of objective function.

Table 3. Relative drift proportion values.

Nozzle Type Height of Boom

n Nn ∆N
n (%) j Hj (m) ∆H

j (%)

1 N1 = F110 04 18 1 H1 = 0.30 0.0
2 N2 = F110 06 3.5 2 H2 = 0.35 0.8
3 N3 = F110 03 1.0 3 H3 = 0.40 1.5
4 N4 = F110 02 1.5 4 H4 = 0.45 2.3
5 N5 = F80 04 8.5 5 H5 = 0.50 3.0
6 N6 = F80 06 1.5 6 H6 = 0.55 4.0
7 N7 = F80 03 0.3 7 H7 = 0.60 5.0
8 N8 = F80 02 0.5 8 H8 = 0.65 6.5
9 N9 = F65 04 3.5 9 H9 = 0.75 8.0

10 N10 = F65 06 0.5
11 N11 = F65 03 0.0

Table 4. Results of the weighted sums method for minimum overlapping of 0, 0.1, 0.4 m.

Case # 4: 0 m Minimum Overlap

w 0 0.2 0.4 0.6 0.8 1
Z 1.00 1.13 1.27 1.40 1.53 1.00
TS 2.20 2.20 2.20 2.20 2.20 1.32
H 0.30 0.30 0.30 0.30 0.30 0.35

OV 0.055 0.055 0.055 0.055 0.055 0.02
A 0.1 0.1 0.1 0.1 0.1 0.4
n F65.03 F65.03 F65.03 F65.03 F65.03 F110.04
s 6 6 6 6 6 10
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Table 4. Cont.

Case # 5: 0.1 m minimum overlap

w 0 0.2 0.4 0.6 0.8 1
Z 1 1.13 1.27 1.4 1.53 1
TS 2.202 2.202 2.202 2.202 2.202 1.3212
H 0.3 0.3 0.3 0.3 0.3 0.75

OV 0.136 0.136 0.136 0.136 0.136 0.157
A 0.2 0.2 0.2 0.2 0.2 1.7
n F80.03 F80.03 F80.03 F80.03 F80.03 F110.04
s 6 6 6 6 6 10

Case # 6: 0.4 m minimum overlap

w 0 0.2 0.4 0.6 0.8 1
Z 1.00 1.13 1.27 1.28 1.14 1.00
TS 2.202 2.202 2.202 1.321 1.321 1.321
H 0.5 0.5 0.5 0.5 0.5 0.75

OV 0.5 0.5 0.5 0.5 0.5 0.86
A 0.5 0.5 0.5 0.5 0.5 1
n F110.03 F110.03 F110.03 F110.03 F110.03 F110.04
s 6 6 6 10 10 10

w = weight, Z = normalized objective function, TS = spraying/travel time (h), A = nozzle spacing (m), H = boom
height (m), OV = overlap (m), n = nozzle type, s = speed (km/h).

The results in Table 4 show how the model moves from flat fan nozzle with the smallest top spray
angle (65◦) (Figure 5) when there is no overlap required to the medium spray angle (80◦) (Figure 6) and
finally to the highest spray angle (110◦) (Figure 7) when high overlap is required. Similar behaviour is
seen with the boom height. Trade-offs between speed and drift minimization appear in Case #6 at
w = 0.6.
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3.2. Trade-Off between Drift Reduction and Spraying Time Using the ε-Constraint Method

In the epsilon constraint model, drift minimization is retained as the sole objective function and
spraying time is constrained to be less than or equal to a specific value ε (Z1 ≤ ε). Table 5 presents the
results obtained with the epsilon-constraint method with the dataset with seven nozzles used at the
beginning of Section 3.1 above and for three values of ε: 1, 2, 3 h.

Table 5. Results obtained with the ε-constraint method.

Ovmin = 0.0 m Ovmin = 0.4 m

Epsilon (h) 3.0 2.0 1.0 3.0 2.0 1.0

Z2 0.00 2.1 Infeasible 3.00 5.1 Infeasible
TS 2.20 1.32 2.20 1.32
H 0.30 0.30 0.50 0.50

OV 0.35 0.35 0.92 0.92
A 0.508 0.508 0.508 0.508
n LD110.04 LD110.04 LD110.04 LD110.04
P 2 2 2 2
s 6 10 6 10

Z2 = normalized objective function, TS = spraying/travel time (h), A = nozzle Spacing (m), H = boom height (m),
OV = overlap (m), n = nozzle type, P = nozzle pressure (psi), s = speed (km/h).

The maximum speed available is 10 km/h which allows to spray the farm in 1.32 h. Thus, the model
is infeasible when ε = 1. When the spraying time is constrained to be equal or less than 2 h, the speed
of 10 km/h is chosen with boom heights of 0.3 m and 0.5 m for minimum overlaps of 0 and 0.4 m,
respectively. When ε = 3, the travel speed is reduced to 6 km/h which yields the lowest drift
proportion values.

The above results show that the proposed mathematical model is capable of selecting the
appropriate operating configuration given the farmer’s preference level between minimizing drift losses
and reducing spraying time. The parameters used in our numerical experiments are extracted from the
field study conducted by Nuyttens [20], which involved 27 separate experiments. Thus, the number
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of combinations of settings that the mathematical model can choose from is limited resulting in low
variation between solutions. However, these solutions are reasonable and valid: all selections made are
explained above. Given the low computation times observed and the known efficiency of mathematical
optimization, it is reasonable to assume that the model would easily run on larger datasets.

4. Conclusions

In this paper, a mathematical model was developed to select settings for spraying operations with
the dual goal of jointly minimizing spraying time and drift proportions. The obtained bi-objective
mixed integer nonlinear programming model was solved for a case study example published in the
crop protection literature. Optimal solutions were obtained using the weighted sums method and the
epsilon-constraint approach. The results showed that valid and reasonable solution can be obtained by
selecting the appropriate combination of boom height, nozzle spacing, nozzle type, operating pressure,
and tractor travel speed. The mathematical model developed in this study could be extended to
include more factors such as evaporation, spray run-offs, and integrated into a mobile phone app to
assist farmers in selecting the settings for their spraying operations.

The current mathematical model does not consider any specific crop and other drift factors such
as evaporation and droplet sizes. Future research initiatives should target the integration of these
factors. It would also be useful to conduct extensive field experiments with the goal of obtaining more
granular data to feed into the bi-objective model to test its behavior on larger datasets. Furthermore,
recent developments in the field of numerical simulation of drift losses can be leveraged to build
joint simulation-optimization models to help farmers and decision makers in the selection of their
spraying parameters.
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Nomenclature

A Nozzle spacing (multiples of attachment spacing: A = m× l where m = 1, 2, ...)
c Number of tractor direction changes (passes) c = [WF/LB]
DB Fraction of applied spray which is lost during spraying and/or after application
dd Distance travelled by the spray particles in wind direction (m) (1 m, our study)
DS Total specific drift proportion
F110 Flat fan nozzle with spray angle of 110◦

h Plant height from ground to canopy (m)
Hj Boom height level j from the ground (m) (H1 = 0.3, H2 = 0.5, H3 = 0.75)
i Index for tractor speed levels
j Index for boom height levels
k Index for nozzle pressure levels
l Spacing between consecutive nozzle attachments
LB Boom length (m)
LD 110 Low drift nozzle with spray angle of 110◦

LF Farm length (m)
n Index for nozzle types
m Nozzles are positioned at each m attachment location(s) with m = 1, 2, 3, . . .
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Nn Nozzle type n (F110 02, F110 03, F110 04, F110 06, LD110 02, LD110 03, LD110 04)
o Index for spray angle levels
Omax Maximum spray sheet overlap allowed
Omin Minimum spray sheet overlap required
Ov Overlapping of nozzle sheets (m) calculated as a function of A, Hj and θ.
Si Tractor driving speed level i (km/h) (S1 = 4, S2 = 6, S3 = 8, S4 = 10)
S’ Tractor speed while turning and not spraying (reduced speed)
T Average air temperature (◦C)
Td Total drift (%)
Ts Total spraying time (h)
V 3.25m Average wind velocity at height of 3.25 m above the ground level (m/s)
WF Farm width (m)
Z Objective function
ζH2O Absolute humidity (weight of water vapours in grams per kg of dry air)
θo Spray angle level o in degrees (◦) (θ1 = 110,θ2 = 110)
ε Epsilon
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