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Abstract: The possible ways of dynamics of a homogeneous and isotropic space described by the
Friedmann–Lemaitre–Robertson–Walker metric in the framework of cubic in the Ricci scalar f (R)
gravity in the absence of matter are considered. This paper points towards an effective method for
limiting the parameters of extended gravity models. A method for f (R)-gravity models, based on
the metric dynamics of various model parameters in the simplest example is proposed. The influence
of the parameters and initial conditions on further dynamics are discussed. The parameters can be
limited by (i) slow growth of space, (ii) instability and (iii) divergence with the inflationary scenario.
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1. Introduction

Despite the success of experimental tests of the theory of general relativity (GR)
with excellent accuracy [1–3], the study of various modifications of the theory of gravity
continues to date. Historically, the first attempts at modifying GR were aimed towards the
unification of gravity with other interactions by adding higher dimensions [4,5]. Modern
interest in modified gravity has increased with the emergence of a large set of observational
cosmology data [6]. The rapid development of experimental cosmology has cast doubt
on the Big Bang theory. The standard cosmology of the Big Bang was described in the
framework of GR. In the case of a homogeneous and isotropic space, Einstein’s equations
lead to the Friedmann solutions [7], which describe the stages of dominance of radiation and
matter. However, modern observational data indicate the existence of stages of accelerated
expansion of the universe. The first is the inflation hypothesis, which is not only required
to solve flatness and horizon problems, but also to explain the nearly flat temperature
anisotropy spectrum observed in the cosmic microwave background [8]. The second is the
modern accelerated expansion stage [9,10]. These two stages of the accelerated expansion
of the universe can not be explained in terms of standard matter with the known equation
of state in the framework of GR. However, these phenomena can be explained in the
framework of modified gravity.

One of the simplest approaches to modified gravity is f (R) gravity, with f (R) be-
ing function of the Ricci scalar R. This class of theories is widely used in modern re-
search [11–14] and, in some cases, successfully solves particular problems and fits the
observational cosmology data [15–18]. The first one and most successful formulation
belonging to the f (R) class of theories was the Starobinsky model [19] containing only one
free parameter. In this model, the addition of the R2–term was made for elimination of
cosmological singularity and led to the inflationary stage. The Starobinsky’s inflationary
model is a particular solution to the class of theories of gravity with higher derivatives,
which are devoid of ghost degrees of freedom, perturbatively unitary and finite at the
quantum level [20]. This model has a “graceful exit” from inflation and provides a mecha-
nism for the subsequent creation and final thermalization of the standard matter. However,
adding a cubic term may provide a better agreement with inflationary data, as was recently
shown in [21].
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In this paper, a way of studying the possible ways of evolution of a homogeneous and
isotropic space in the framework of cubic f (R) gravity is proposed. Considering only the
gravitational component of the evolution, the influence of parameters and initial conditions
on further dynamics are discussed.

2. Basic Equations

Let us consider the theory with the following action:

S[gµν] =
m2

Pl
2

∫
d4x
√
|g| f (R) . (1)

The rationalized Planck units h̄ = c = kB = 8πG = 1 are used where h̄ is the reduced
Planck constant, kB is the Boltzmann constant, c is the speed of light, and G is the Newtonian
gravitational constant. Hence, the Planck mass mPl =

√
h̄c/8πG = 1. gµν is the metric

tensor with the metric signature (+,−,−,−). The indices denoted by Greek letters take on
the values 0, 1, 2, 3.

By varying this action with respect to the metric and using conventions for the curva-
ture tensor as Rβ

µνα = ∂αΓβ
µν − ∂νΓβ

µα + Γβ
σαΓσ

νµ − Γβ
σνΓσ

µα and the Ricci tensor is Rµν = Rα
µαν,

we obtain the equation of motion for the f (R) gravity theory

fR(R)Rµν −
1
2

f (R)gµν +
(
∇µ∇ν − gµν�

)
fR(R) = 0 . (2)

Here, ∂µ ≡ d/dxµ, � ≡ gµν∇µ∇ν and fR(R) ≡ d f (R)/dR.
Considering the metrics of homogeneous and isotropic spaces, namely,

ds2
+ = dt2 − e2α(t)

(
dx2 + sin2 x dy2 + sin2 x sin2 y dz2

)
, (3)

ds2
0 = dt2 − e2α(t)

(
dx2 + dy2 + dz2

)
, (4)

ds2
− = dt2 − e2α(t)

(
dx2 + sinh2 x dy2 + sinh2 x sin2 y dz2

)
, (5)

corresponding to spaces with positive (3), zero (4) and negative (5) curvatures, from
Equations (2), one obtains the nontrivial following equations:

6α̇Ṙ fRR(R)− 6
(

α̈ + α̇2
)

fR(R) + f (R) = 0 , (6)

2Ṙ2 fRRR(R) + 2
(

R̈ + 2α̇Ṙ
)

fRR(R)−
(

2α̈ + 6α̇2 + 4γe−2α(t)
)

fR(R) + f (R) = 0 , (7)

where the Ricci scalar for the metrics used is

R(t) = 12α̇2(t) + 6α̈(t) + 6 γe−2α(t) (8)

with γ = +1 for metric (3), γ = 0 for metric (4) and γ = −1 for metric (5). The dot denotes
the time derivative d/dt.

In order to find a solution, a system to be determined, consisting of Equation (7) and
the definition the Ricci scalar, Equation (8). Equation (6) to be used as a constraint on the
initial condition.

Let us choose the initial conditions for the unknown functions α(t) and R(t) of the
system of Equations (7) and (8) as

α(0) = α0 , α̇(0) = α1 , Ṙ(0) = R1 (9)

and then the initial value of the curvature R(0) = R0 to be obtained by solving Equation (6).
The choice of the initial conditions is the most difficult task. In the formulation of the

problem used here, the conditions (9) are free parameters that one introduces“by hand”.



Physics 2021, 3 381

In addition to the problem of choosing the initial conditions, some models contain the
possibility of several asymptotic values of the Ricci scalar for a particular form of the f (R)
function. Here, the simplest case when the chosen function has the form,

f (R) = a3R3 + a2R2 + R , (10)

is considred. In this case, the trace of Equations (2) at the constant curvature, Rc = const,
leads to

fR(Rc)Rc − 2 f (Rc) = 0 , (11)

which defines the asymptotic values of the Ricci scalar. For the simplest case, when more
than one asymptotic value is possible, from Equation (11), one obtains:

Rc = 0 , Rc =
1√
a3

, and Rc = −
1√
a3

. (12)

So what conditions lead to the realization of a particular asymptotics?

3. Analysis in the Einstein Frame

In this Section, the effect of the model parameter values and initial conditions on the
dynamics of the spaces are verified. The action (1) can be reduced to scalar-tensor (ST)
theory by introducing an auxiliary scalar field χ as a result of the Legendre transforma-
tion [22]:

SST =
1
2

∫
d4x
√
−g
[

f (χ) + f ′(χ)(R− χ)
]

, (13)

where f ′(χ) ≡ d f /dχ. Upon conformal transformation, gµν = | f ′(χ)|−1 ĝµν one obtains
this action in the Einstein (E) frame:

SE =
1
2

∫
d4x
√
−ĝ
[
R̂ + ĝµν∂µ ψ∂ν ψ− 2V(ψ)

]
, (14)

where the new variables are introduced, namely,

ψ =

√
3
2

ln f ′(χ) , V(ψ) =

(
χ f ′(χ)− f (χ)

)
2
(

f ′(χ)
)2

∣∣∣∣∣∣∣
χ=χ(ψ)

. (15)

To avoid the antigravity regime, the condition f ′(χ) > 0 [23], is set. One of the classical
equations of the action (13) is f ′′(χ)

(
R− χ

)
= 0 and, then, R = χ if f ′′(χ) 6= 0. Using the

form (15) of the potential V(ψ), a condition,

dV(ψ)

dχ
= −

f ′′(χ)
(

χ f ′(χ)− 2 f (χ)
)

2
(

f ′(χ)
)3

∣∣∣∣∣∣∣
χ=χ(ψ)

f ′′(χ) 6=0−−−−−→ χ f ′(χ)− 2 f (χ) = 0 , (16)

for a local extremum of an auxiliary scalar field can be found. The condition (16) is
exactly the condition (11) obtained above, which leads to a de Sitter space endowed with
constant curvature.

The existence of a stable minimum for a scalar field then follows from

d2V(ψ)

dχ2 =
f ′′(χ)

(
−χ f ′′(χ) + f ′(χ)

)
2
(

f ′(χ)
)3

∣∣∣∣∣∣∣
χ=χ(ψ)

> 0 → −χ +
f ′(χ)
f ′′(χ)

> 0 . (17)

From the condition (17) one gets for chosen form (10),
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−Rc +
3a3R2

c + 2a2Rc + 1
6a3Rc + 2a2

=


1

2a2
, for Rc = 0 ,

−
1

a2 ± 3
√

a3
, for Rc = ±

1
√

a3
.

(18)

One of the asymptotics corresponds to the maximum of the potential, while the
other one corresponds to its minimum depending on the values of the parameters of the
function (10). The potential is shown in Figure 1 for different signs of the parameters of the
function (10). It should be noted that the introduced value of ψ is related to the auxiliary
scalar field χ by Equation (15) with χ = R.

An unstable position is possible at large ψ values in the far left and far right plots
of Figure 1, where both coefficients a3 and a2 have the same sign. The initial conditions
in situation at the far left plot can play an important role leading to an unstable solution.
The chosen initial conditions (9) and values of the coefficients must lead to a value R0 <
Rc = 1/

√
a3 to ensure the stability of the solution. Instability in the far right plot arises

regardless of the choice of initial conditions. The dynamics for the other two cases of the
parameters values, as shown in the second and third plots of Figure 1, are quite predictable.
Regardless of the initial value of the curvature, the solutions will tend to and then reach a
stable minimum.

Figure 1. The potential V(ψ) (15) for different values of the parameters of the function (10): a3 = 0.01, a2 = 100 (first);
a3 = −0.01, a2 = 100 (second); a3 = 0.01, a2 = −100 (third) and a3 = −0.01, a2 = −100 (last).

Thus, the influence of the values of the parameters of the f (R) function (10) is re-
vealed determining the implementation of the asymptotics (12). The only exception in
the model (10) is the case of the far left picture, where the initial conditions can lead to
unstable solutions. The obtained statements be confirmed by numerical calculations in the
what follows.

4. Numerical Results

Let us illustrate what was discussed above with the example of a numerical solution
for a flat space (4). As it is said in Section 2, a system of Equations (7) and (8) to be solved
under the initial conditions (9), chosen near the sub-Planck scale,

α0 ∼ − ln Hsub-Planck , α1 ∼ Hsub-Planck , R1 = 0 , (19)

where Hsub-Planck . mPl, and the initial value of the curvature R0 to be found by solving
Equation (6).

The results of the numerical solution for this Cauchy-type problem are shown in
Figures 2 and 3 using the rationalized Planck units. Figure 2 corresponds to the case of the
far left plot of Figure 1, and Figure 3 corresponds to the third plot of Figure 1.

In Figure 2, the numerical solution covers several stages of the evolution of the
universe. The first is the inflationary stage, where space grows exponentially and the
curvature of space decreases. Then, having reached zero, the curvature starts to oscillate
around zero and the Hubble parameter, i.e., α̇(t), at this stage, asymptotically reaches zero,
and the size of the space, α(t), tends to a constant. After the damping of the oscillations of
the corresponding quantities, a transitional regime begins to the GR. However, the space
does not expand enough to describe the visible part of the universe. The value must be
α(t∞) > 140, where e140m−1

Pl corresponds to the horizon scale∼ 1028 cm at the present time.
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In addition to the final size of space, one can see that the exponential expansion of space
ends earlier than the corresponding duration of the inflationary stage. The exponential
expansion of space must continue during δt ∼ 107 (in the rationalized Planck units). During
this time, the function α(t) must change by the value ∆α(δt) = Ne ≈ 60.

Figure 2. The solution of the system of Equations (7) and (8) with parameters a3 = 0.01, a2 = 100 with the initial
conditions α0 = 2.3, α1 = 0.1, R0 = 0.125 and R1 = 0. The asymptotic behavior is Rc = 0 and the Hubble parameter
H ≡ α̇(t∞) = 0. The parameter values a3 and a2 correspond to the leftmost plot in Figure 1. The rationalized Planck units
h̄ = c = kB = 8πG = 1 are used, so the Planck mass, mPl = 1.

In Figure 3, the space starts its evolution in the early stage in a similar way, but then
enters a different asymptotic behavior which is defined by the signs of the coefficients
and does not correspond to the observable universe. As a result, one obtains an infinitely
exponentially growing space endowed with significant curvature.

Figure 3. The solution of the system of Equations (7) and (8) with parameters a3 = 0.01, a2 = −100 and initial conditions
α0 = 2.3, α1 = 0.1, R0 = 0.005 and R1 = 0. The asymptotic behavior is Rc = 10 and the Hubble parameter H ≡ α̇(t∞) = 0.91.
The parameter values a3 and a2 correspond to the third plot in Figure 1. The rationalized Planck units h̄ = c = kB = 8πG = 1
are used, so the Planck mass, mPl = 1.

Specific values of the parameters a3 and a2 of the f (R) function determine the dura-
tion of each stage of evolution and the amplitudes of oscillations that have cosmological
significance. In addition to the revealed dependence of the realization of asymptotics on
the parameters of the f (R) function, the rate of the dynamics of space is also an important
issue. The previous reasoning and conclusions in Section 3 did not depend on the particlar
choice of the metric. Let us find a numerical solution for three possible configurations
of a homogeneous and isotropic spaces (3)–(5). For more realistic results, describing the
observable universe, the parameters a3 = −103 and a2 = 109, based on the analysis of the
inflationary scenario, to be chosen following the constraints from Ref. [21]. The results of
the dynamics of spaces of different curvatures with the same choice of parameters and
initial conditions (19) are shown in Figure 4.

The obtained results indicate a different rate of dynamics of the spaces. One sees that
the behavior of a space with positive curvature (3) and flat space (4) leads to a value of
the same order of magnitude in the asymptotics. The dynamics of the space of negative
curvature (5) leads to a smaller size than the visible part of the universe.
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Figure 4. The solution of the system of Equations (7) and (8) with parameters a3 = −103, a2 = 109 and initial conditions
α0 = 2.3, α1 = 0.1 and R1 = 0 for the metric (3) (first), (4) (second) and (5) (third), R0 for each case, defined from the solution
to Equation (6). The rationalized Planck units h̄ = c = kB = 8πG = 1 are used, hence, the Planck mass, mPl = 1.

A similar difference in the rate of expansion of space takes place in the framework of
the Starobinsky model [19], namely

f (R) =
1

6m2 R2 + R , m ∼ 1.5 · 10−5 mPl

(
50
Ne

)
, Ne ≈ 60 . (20)

The results of such dynamics of the spaces (3)–(5) are shown in Figure 5.

Figure 5. The solution of the system of Equations (7) and (8) with parameter a2 ' 109 with the initial conditions α0 = 2.3,
α1 = 0.1 and R1 = 0 for the metric (3) (left side), (4) (in the middle) and (5) (right side), R0 for each case defined from
solution of Equation (6). The rationalized Planck units h̄ = c = kB = 8πG = 1 are used, hence, mPl = 1.

5. Discussion

Considering only the gravitational dynamics of a homogeneous and isotropic space,
allows us to come to restrictions on f (R) function. The asymptotics in case of cubic f (R)
function are strictly determined by the signs and values of the coefficients. Nevertheless,
the choice of the initial conditions can affect the stability of the solution. In addition to the
correct asymptotic value of the curvature, it is also worth considering the possible size of
space, no less than the size of the visible part of the universe and the values of cosmological
parameters available from the observational data [6]. A detailed analysis of cubic gravity
in the inflationary scenario was recently performed in [21]. It was shown that an extension
of Starobinsky’s model allows for better agreement with experimental data. However,
considering the purely gravitational dynamics of an isotropic and homogeneous space [24]
the acceptable range of values of the coefficients of f (R) function has an intersection with
the range of values from [21], less than each of them provides separately.

Besides, at Planck energy scales, fluctuations can lead to the formation of asymmetric
spaces. The description of this process can be done only by the theory of quantum gravity,
which has not yet been developed. The spaces of different curvatures have different rates
of expansion as a result of our numerical solutions of the classical equations of motion.
Then, can our Universe be homogeneous and have isotropic space outside the visible part?
This issue will be discussed in future studies.
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