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Abstract: In this paper, I discuss the idea that the birth of our Universe may be a result of a quantum
transition from a physical continuum with the Euclidean signature to a Lorentzian spacetime. A
similar idea was expressed by Andrei D. Sakharov At the classical level, the idea was studied by
George F. R. Ellis and his collaborators, who explored if solutions to the classical Einstein equation
exist which admit a change of metric signature. The present paper aims at examining possible
realizations of this idea at the level of quantum gravity, in the framework of the Wheeler-DeWitt
theory and in the extended phase space approach to quantization of gravity. I intend to answer
the questions: to answer the questions: Does the Hartle-Hawking wave function imply such a
realization? How can this idea be realized in the extended phase space approach to quantum gravity,
where the change of signature is described by imposing special conditions on gpp-component of the
metric in different regions of the physical continuum? The conclusion is that the idea can be realized
from a formal mathematical point of view, but it can hardly help in understanding how spacetime
structure and time itself appeared from a timeless continuum.

Keywords: path integral quantization; metric signature; wave function of the Universe

1. Introduction

The title of this Special Issue, “Light on Dark Words” has reminded me the following
lines from the poem “The Night before Christmas” by the great Russian philosopher
Vladimir Solovyov [1]:

Pomuics B Mmupe cBet, u CBET OTBEPTHYT ThMOIO,
Ho ceerur o Bo TbMe, Tyie rpaHb 100pa u 3J1a.
He BiacTbio BHEIHEIO, a TTPABIOI0 CAMOIO
Kua3p Beka ocykjeH u Bce ero Jea.

In English translation,

Was born the Light in the World, and it was spurned by the darkness,
However, shines it in the gloom, where the edge of the goodness and evil is.
Not by an external power, but by the truth itself

The Dark Lord is condemned and so are their deeds.

(translated by the author of this paper).

In my student years, I was very interested in Russian philosophy and, in particular, in
the life and works of Vladimir Solovyov. I knew that he had died prematurely, at the age
of 47, in Uzkoye, the Moscow estate of the princes Trubetskoy. In 1999, the International
conference on Cosmoparticle Physics “COSMION-99” was held in Uzkoye, where there
was a sanatorium of the Russian Academy of Sciences at that time. The conference was
organized by Maxim Yurievich Khlopov. Uzkoye was the place where I have acquainted
with him.
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After that, I met Professor Khlopov many times at various conferences, many of
which were organized by him. Last winter he invited me to participate in the Workshop
“Developing A. D. Sakharov Legacy in Cosmoparticle Physics” that was a part of the 1st
Electronic Conference on the Universe. I had read some works by Sakharov on gravitation
and cosmology when been a student, about the same time when I had got acquainted with
Russian philosophy. The Khlopov’s invitation made me return to the papers of Sakharov
and look at them from the viewpoint of the extended phase space approach to quantization
of gravity, which I have been developing for many years. It has resulted in my paper [2],
where I commented on Sakharov’s work “Cosmological transitions with changes in the
signature of the metric” [3].

Sakharov’s paper about the changes in the signature of the metric was written at the
time when the interest in quantum cosmology was increasing. It was inspired, as Sakharov
himself mentioned, by works of Vilenkin [4], Hartle and Hawking [5] and others. Sakharov
suggested that the birth of our Universe may be thought as a result of a quantum transition
from a physical continuum with the Euclidean signature (+, +, +, +) to a Lorentzian
spacetime with the signature (—, +, +, +). However, Sakharov has not given a detailed
description of this transition. As mentioned in [6], later their idea became popular. It was
actively discussed in 1990s (see, e.g. [7] and references therein). Now, there are different
approaches to the change of metric signature, some are based on the classical description [8]
while others rely on the quantum consideration [9].

The idea of quantum transitions from a physical continuum with the Euclidean signa-
ture to a Lorentzian spacetime originates from the technique known as the Wick rotation
and used in ordinary quantum field theory to regularize a path integral. Accordingly,
one can define the path integral over field configurations in Minkowski spacetime or in
Euclidean space, in the latter, one of coordinates being the so-called “imaginary” time
as a result of the transformation t — —iy. It can be applied to gravitational field; then
the path integral is defined over all metrics with Euclidean signature. Hawking believed
that quantum theory of gravity should be formulated using path integrals over metrics
with Euclidean signature [5]. However, some researchers consider “Euclidean quantum
gravity” as a specific approach which differs from other approaches to quantization of
gravity. As a further generalization, one comes to the idea about a physical continuum
which includes regions with different signatures of the metric and transitions between
them. In principle, regions with different signature may exist inside of our Universe [2,3].
At the present level of quantum gravity, one can hardly give an explanation what caused
transitions with changes in the metric signature. The notion about these transitions still
remains to be completely hypothetical, and so much the more when one implies a transition
that resulted in the creation of the Universe; it must take place beyond time, so the notion
of causality is not applicable.

In 1992, Ellis et al. published the paper [10] devoted to the change of the signature in
the framework of general relativity. They called the idea, that the signature may change
at very early times, one of the intriguing aspects of the Hartle-Hawking “no boundary”
proposal [5]. The result of the change would be the origin of the Universe from a region
with the Euclidean signature, where there exists no time, and where there would be no
boundary, according to the Hartle-Hawking proposal. The region can be thought as a half
of a Euclidean four-sphere glued to a Lorentzian spacetime on its boundary, where the
signature changes, as depicted at Figure 1. For certainty, let us adopt that the change of
signature takes place when a scale factor a = Ip| (Ip; is the Planck length); it is convenient to
use the Planck units, then a = 1. Ellis et al. investigated [10] whether there are solutions
of the Einstein equations that allow the change of the signature and describe the physical
continuum outlined above. The authors considered such a solutions as a classical analog of
what had been implied by the Hartle-Hawking wave function of the Universe.
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Lorentzian spacetime

The boundary (a=1)

Euclidean hemisphere

Figure 1. The physical continuum consisting of a Euclidean hemisphere glued to a Lorentzian
spacetime on its boundary. The value of a scale factor 2 = 1 at the boundary (in the Planck units). Cf.
Figure 1in [10].

However, the “no boundary” proposal says that the wave function of the Universe
should be given by a path integral over compact Euclidean geometries, so that the Universe
does not have any boundaries, at least in the Euclidean regime. The Euclidean regime means
a transition to imaginary time (the Wick rotation, t — —iy). Hawking admitted that the
wave function can be analytically continued to the Lorentzian region [11], but does it imply a
signature change? In his famous popular book [12], Hawking suggested that there are two
descriptions of the history of the Universe: in real time and in imaginary time. Hawking
noticed that it is meaningless to ask, which time is real, “real” or “imaginary” time.

Though the authors of the paper [10] have not does not mentioned the paper by
Sakharov [3], it seems that the consideration of a physical continuum consisting of regions
with different signatures is closer to the ideas of Sakharov than to what was suggested
by the “no boundary” proposal. Moreover, in [10], the change of the signature is due
to the change of the sign of ggp component of the metric (which is denoted by N in the
paper by Ellis et al., but I prefer to keep this symbol for the lapse function). Since g is
supposed to be arbitrary, it can be fixed by some special condition (which, in fact, is a
kind of a gauge condition for ggpg). At the same time, the Hartle-Hawking wave function
satisfies the Wheeler-DeWitt equation, the latter is known to be insensitive to the choice
of oo (concerning the Wheeler-DeWitt equation, see [13]). Then, can one say that the
Hartle-Hawking wave function indeed describes the physical continuum consisting of the
Euclidean and Lorentzian regions, while their boundary corresponding the change of the
signature and the origin of the observed Universe?

Given the fact that the “no boundary” proposal was discussed mainly in the frame-
work of the Wheeler-DeWitt quantum geometrodynamics (see, for example, [14-16]), the
proposal, as well as the signature change, can be considered from the viewpoint of other
approaches to quantization of gravity. A good example is given in [9], where the both
are investigated based on loop quantum cosmology. In the present paper, I analyze the
question from the viewpoint of the extended phase space approach to quantization of
gravity [17-20]. This approach crucially differs from that of the Wheeler-DeWitt. In this
approach, it is argued that one does not have enough grounds to consider the latter gauge
invariant, therefore, its main equation, the Wheeler—DeWitt equation, loses its sense and
should be replaced by the Schrodinger equation; this point is thoroughly discussed in [21].
The extended phase space approach is explicitly gauge noninvariant; the description of a
gravitating system, be it a black hole or the whole Universe, is given from the viewpoint
of a certain observer in a fixed reference frame. The metric signature in different regions
of the physical continuum is determined by a special condition for ggg. This gives us an
opportunity to discuss the signature change from a different perspective.

In the following Sections, I consider the form of equations for the wave function of
the Universe (the Wheeler-DeWitt or Schrodinger equations) and their applicability in
the Euclidean region. In Section 2, the generally accepted Wheeler-DeWitt approach is
discussed. In Section 3, I analyse the question from the viewpoint of the extended phase
space approach to quantization of gravity. The comparison of the two approaches and
some first conclusions are given in Section 4.
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Let us note that Ellis et al. [10] do not discuss any possible reasons for the signature
change. At the same time, a number of papers were published where hypotheses about the
origin for the Lorentzian spacetime signature were put forward [22-24]. Having accepted
that the spacetime metric is subject to quantum fluctuations, one may suggest that the
metric signature is subject to quantum fluctuations as well. The metric can be written as
S = eZnabeﬁ, where 7,, = diag(e?,1,...,1), and 8 is considered as a dynamical field.
However, one does not know what governs the field dynamics. In the present paper, the
signature change that resulted into the appearance of our Universe is discussed. Therefore,
dynamical changing of the field 8 must take place “before” the birth of our Universe and
“before” the beginning of time itself. On the other hand, one may be tempted to introduce
some another “time”, in which the field dynamics is developing. It can lead to logical
inconsistencies. In any case, introducing a new field requires additional assumptions [22],
so that in the present paper we shall not go into this question.

2. The Wheeler-DeWitt Equation and Its Solution

There are two definitions of the wave function: as a solution to the corresponding
equation (Schrodinger or Wheeler-DeWitt equation) or via a path integral over some class
of metrics. Obviously, these two definitions must lead to the same result. It is ensured by a
special procedure of derivation of the equation from the path integral, originally proposed
by Feynman [25]. For the Schrédinger equation, the procedure starts from the following
formula (see Equation (18) in [25]):

P(xpy1,t+€) = %/exp {;ls(xk—&-l/xk)} P (xx, t)dxy, 1

for the wave function ¢, where 7 is the reduced Planck constant, xj stands for values of
(generalised) coordinates at a moment t; = f, x;,1 stands for values of coordinates at a
moment i1 =t +¢, S(xry1, Xx) is the classical action on the path between the points xj
and xg;1. The further procedure consists of the choice of approximation of the classical
action and expansion of the both sides of Equation (1) as series in terms of power of e.
Correspondingly, one obtains the Schrodinger equation in the first order in e.

Strictly speaking, the procedure is not straightforwardly applicable to derivation of
the Wheeler-DeWitt equation, that is an operator form of the Hamiltonian gravitational
constraint. One should also bear in mind that the wave function satisfying this equation
does not depend on time. Furthermore, it does not depend on the lapse function N, which
is supposed to be a non-physical variable. Therefore, Hartle and Hawking [5] have written:

0= [ DgDg | 35| explisls ), @

Here, DgD¢ denotes path integration over gravitational and scalar fields. Then, based
on the classical relation, 6S/JN is replaced by the Hamiltonian constraint. The classical
expression of the constraint has to be written in the operator form, with the replacements of
all momenta by corresponding operators. At this point one faces the problem of ordering
just like in canonical quantization. Once the choice of ordering is made, the resulting
operator can be taken out for the integral sign, and one obtains the Wheeler-DeWitt
equation. Hawking emphasized [11] that the Wheeler-DeWitt equation is the same whether
it is derived from a path integral over Euclidean or Lorentzian metrics.

A similar approach was used by Barvinsky and Ponomariov [26]. In the both cases, no
exact definition of the path integral as a limit of finite-dimensional integral, or the so-called
skeletonization, was given. It means that the derivation of the Wheeler-DeWitt equation is
based on canonical quantization with its problem of ordering more than on path integral
methods. Halliwell [27] used a particular choice of skeletonization for a path integral
with the Batalin—Fradkin—Vilkovisky effective action. He argued that, depending on the
integration range of the lapse function N, one obtains a temporal Schrodinger equation (if
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the range of N is 0 to o) or the Wheeler—DeWitt equation (if N is integrated from —oo to
o). It is not quite clear, however, why the second choice to be made.

Anyhow, the Wheeler-DeWitt equation contains no information on the sign of ggo,
and so do its solutions. In [5,11], a closed isotropic model with a scalar field was considered.
In [11], Hawking discussed a scalar field ¢ with mass m. To estimate the path integral, he
used the semiclassical approximation and classical Euclidean field equations. In a region of
minisuperspace, in which a>m?¢? < 1, the wave function grows exponentially. However, if
a > (m@)~!, there exist no real solution to the Euclidean field equations. In this situation,
Hawking proposed to analytically extend the obtained approximate expression into the
Lorentzian region. The resulting wave function grows exponentially in the Euclidean
region (a < (m@)~!) and oscillates in the Lorentzian region (a > (m¢)~!).

Let me note that it is just an interpretation suggested by Hawking that the wave
function would give a probability amplitude for some Euclidean geometry in the certain
region of minisuperspace (for small values of a) and for a Lorentzian spacetime in the other
region (for large values of a). The line a = (m¢) ! serves as a surface of the signature
change, in spite of that the ggo component of the metric is thought to be a redundant variable,
and its sign has not been explicitly considered. The justification is that the Euclidean version
of the Einstein equations is used on one side of the line a = (m¢) !, while their Lorentzian
form is used on the other side. One can accept this interpretation or not. Moreover, it seems
to be model dependent.

Since Ellis et al. [10] studied solutions to classical field equations, they imposed special
conditions on the gpp component. Two kinds of such conditions were discussed:

* A continuous change of signature; the example is ggo(t) = ¢.
¢ A discontinuous change of gng, for example, ggo = —1 in the Lorentzian region, and
goo = 1in the Euclidean region.

In Section 3, it is inquired if similar conditions can be incorporated into some version
of quantum geometrodynamics.

3. The Extended Phase Space Approach to Quantization of Gravity and the
Signature Change

In [2], I have argued that the signature in different regions of the physical continuum
can be fixed by special gauge conditions on components of the metric tensor. To take this
into account in quantum cosmology, one should have a gauge-dependent equation for the
wave function of the Universe. It seems to be in contradiction with the generally accepted
requirement of gauge invariance of the theory. However, can one satisfy this requirement
in the same way as in quantum theory of non-gravitational fields?

It is well-known that a path integral over gauge fields is divergent. At first, authors of
works on quantum cosmology did not pay much attention to this point. Later, they started
to use the technique, developed for gauge field theories. In these theories, to make the path
integral converge, the original gauge-invariant action is replaced by some effective action
which has the following structure:

Seff = Sgrav + ng + Sghost- ®3)

Obviously, the gauge-fixing term, ng, and the ghost term, Sghost, are not gauge-
invariant, but gauge invariance can be restored by imposing asymptotic boundary con-
ditions on Lagrange multipliers of gauge conditions and ghosts. At the physical level,
the asymptotic boundary conditions correspond to asymptotic states, which are usually
presumed in laboratory experiments, and play an important role in such approaches to
quantization of gauge theories as the Faddeev-Popov approach [28] or the Batalin-Fradkin—
Vilkovisky approach [29-31]. However, these conditions are not justified for a gravitating
system, which does not posses asymptotic states (the only exception is the case of asymp-
totically flat spacetime). For a system without asymptotic states one cannot ensure gauge
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invariance of the theory. In such a situation, the Wheeler-DeWitt equation loses its sense.
One cannot insist that it must be true equation for the wave function of the Universe [21].
If one rejects imposing the asymptotic boundary conditions, then one has to deal with
a system, in which all degrees of freedom, including gauge and ghost ones, are treated
on an equal footing. All the degrees of freedom are involved into extended phase and
configurational spaces. One can apply to the system the standard procedure of derivation
of the Schrodinger equation from the path integral with the effective action (3) [17-20]. The
result of this procedure is an equation for the wave function of the Universe depending on
gauge conditions. At the first stage, one obtains the temporal Schrodinger equation,

where H is the Hamiltonian operator in extended phase space,

1939 1 3 .50 .
H= 3095 anao ME" 508 + UN.0) = VIf) ©®)

Here, g = {4°} = {a, ¢} stands for physical variables, 6, 0 are the Faddeev-Popov ghosts,
N is the only gauge degree of freedom in the model (it may be, for example, the lapse
function) that is subject to the condition N = f(g) + k, where k is some constant, V[f] is a
quantum correction to the potential U(N, g), M is the measure in the path integral;

A L
= (P L) =gk emau) ©
and ¢ is an inverse metric of configurational subspace of physical variables.

Let us note that in the extended phase space approach, the Hamiltonian constraint,
as well as all Einstein equations, are modified, since they are obtained from the effective
action (3) taking into account two additional terms, Sg¢ and Sgpost- The modified Hamilto-
nian constraint can be expressed as H = E, where H is the Hamiltonian in extended phase
space and E is a conserved quantity. This means that now the spectrum of the Hamiltonian
operator is not limited by the only zero eigenvalue, in contrast to the Wheeler-DeWitt
approach. In turn, this implies that one can avoid the static picture of the world, which is a
well-known problem of the Wheeler-DeWitt quantum geometrodynamics. In the extended
phase space approach, one has a number of stationary quantum states, and, in principle,
a quantum state of the Universe can change, for example, through quantum transitions.
Therefore, without contradictions, one can consider the temporal Schrodinger equation as
a candidate for a basic equation in quantum gravity.

The true origin of the operator 0/t in Equation (4) is fixing a reference frame. Mathe-
matically, this is done by introducing a gauge-fixing term into the effective action. It leads
to altering the gravitational constraints; not only the Hamiltonian constraint, but also the
momentum constraints are modified. The gauge conditions are imposed on the lapse and
shift function and so determine the spacetime structure. It means that geometry of the
Universe is described from the viewpoint of some observer in a certain reference frame
including a chronometer.

A wave function — a solution to the Schrodinger equation—-depends on physical, gauge
and ghost variables. For our minisuperspace model, its structure looks like

¥(N,q,0,0;t) = / ¥, (q,t) 6(N — f(q) — k) (8 + i6) dk. @)

The wave function (7) contains information about geometry of the model as well as
about the gauge condition which characterizes the state of the observer in accordance with
the spirit of general relativity.
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The function ¥ (g, t) is of special interest. It describes a state of the physical subsystem
for a reference frame fixed by the condition N = f(q) + k. The function is a solution to the
equation,

oY (q;
i % phys V] T (qr )r 8)
which can be obtained by substituting Equation (7) into Equation (4),
1 9 0
Homslf) = (= 33150 M8 s +UN.) = VIfL) | o
pays 2M 9gq° aq? N=f(g)+k

In what follows, a small quantum correction V[f], which is of 7% order, is ignored.
Now, we have all necessary mathematics to describe the signature change in the framework
of the extended phase space approach to quantization of gravity.

In [10], Ellis et al. consider Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime
and a scalar field with a potential V(¢). For simplicity, they put ¢ = 0 (the dot denotes time
derivative); that makes this model be equivalent to the FLRW universe with a cosmological
constant A. The spacetime interval for this model is:

ds? = —N?(1)dt + a*(t) [dx® + sin? x (d6 + sin? 6dg?) |, (10)
and the action reads:
1 ag? 3 f
S— /dt —y N —Na*A+ (N - Zla) 4 ndo). (11)

The Schroédinger equation for the physical part of the wave function then looks as (cf.
Equation (18) in [32]):

IN o [ |[Noyp oY
l— aa< aa> + =Nayp — ANa l[)] _ZE' (12)
N=f(a)
3.1. Discontinuous Signature Change
First, let us turn to a discontinuous signature change, when ggo = —1 in the Lorentzian

region, and ggo = 1 in the Euclidean region. According to Equation (10), one can choose
N = 1in the Lorentzian region (the value of a scale factor 2 > 1 in the Plank units) and
N =i in the Euclidean region (a2 < 1). For N = 1, Equation (12) reduces to

1% 1 9y oY
~ ity AT =G (19
Then, one can go to the stationary Schrodinger equation as in ordinary quantum
mechanics,
1d*y  1.dyp
T 2de e da
As I argued above, one cannot ensure that the Wheeler-DeWitt equation is a true
equation for the wave function of the Universe. It means that a spectrum of the Hamiltonian
is not limited by the only zero eigenvalue. One can admit that the Universe can be created
in a state with a non-zero eigenvalue. The assumption about non-zero energy of the Very
Early Universe does not contradict the notion of quantum theory that some violation of
the energy conservation law may occur as it takes place when particle-antiparticle pairs
are created from a vacuum. However, one can expect that eventually the Universe would
appear to be in a state with zero total energy. It may be a result of a series of quantum
transitions between states with different energy levels, or a result of a decay of the original
state, in which the Universe happened to be immediately after its nucleation. So, E = 0 is
an important particular case.

+ mp Aa’p = Eyp. (14)
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Equation (14) has no singular point in the Lorentzian region. Before finding an analog
of Equation (13) for the Euclidean region, one should ask, if the Schrodinger equation
makes sense in a physical continuum with Euclidean signature. One should remember that,
in an analogue for Equation (1), ¢ is not a temporal coordinate but just one of coordinates of
the physical continuum, say, . One can distinguish this coordinate among others by that it
can be continued into the Lorentzian region after the transformation y — it. From a purely
formal viewpoint, an analogue for the left-hand side of Equation (1) can be expanded up to
the first order in e:

99

Py +e) = w(x,y)+e@. (15)

As for the right-hand side of Equation (1), the action should be replaced with an
Euclidean action and take the so-called Gaussian quadratures, i.e., integrals like

/ & exp(ing?)dé, n=0,1,... (16)

(cf. Equation (26) in [25]). For a particle of mass m moving in one dimension under a
potential V(x), one can adopt the simple approximation of the action,

2
me [ Xpiq — Xi
S(Xkq1,Xk) = o> (kﬂg) — eV (xp41), (17)

sothat § = xpq — X, & . The integrals (16) need to be regularized. As a rule, one

2h
applies the following regularization:

| & expling?)ag = lim [ 2 exp (e +in)”) . (18)

Another possibility to regularize the integrals (16) is the transition ¢ — —iy to the
Euclidean action. For particles and non-gravitational fields, it makes the path integral be
convergent and, correspondingly, the integrals (16) be well-defined. In the above example
of the particle of mass m one has:

. 2
1 me [ X — X
ﬁS(Xk_;'_l,Xk) % _SE(Xk+1,Xk) == —z(k—‘rlgk> —fv(xk+1), (19)

However, the gravitational part of the Euclidean action is not positively definite [33].

In the minisuperspace model, it manifests in the minus sign before in front of the “kinetic”
1 ai?
part, —5%, in Equation (11) and, therefore, the integrals (16) diverge. The Euclidean

action for the model reads:

/dt F“” + Na—Na3A+in<N— Zi;a) —Néé]. 20)
The problem of indefiniteness of the gravitational action has been discussed by many
authors. In particular, Linde [16] suggested to use for gravity the Wick rotation with the
opposite sign t — iy instead of t — —iy. This suggestion was criticized by Hawking and
Turok [34]. They argued that the action for gravitational fluctuations is positively definite,
in contrast with the gravitational background action, and there is no invariant way to treat
the two actions separately.
Given this, there are the following possibilities:

* to conclude that, from a strictly mathematical point of view, the Schrédinger equation
is not valid in the Euclidean region;
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* toignore the problem with the Wick rotation as a mathematical subtlety, which is not
essential and may be resolved by a future theory;

*  toargue that there are no fluctuations and matter fields in the Euclidean region, so that
one can use the Wick rotation with the opposed sign as a trick to ensure convergence
of the integrals.

Let us choose the third possibility. The Feynman procedure needs a further generaliza-
tion along the line mapped out in [20,35]. The calculations lead to the equation,

i [No [ [Nap) i s
[2\/:811 (ﬁw) — g Ny FiANa 1”]

Choosing the condition N = i, one comes to Equation (13) obtained above for the
Lorentzian region. Therefore, the wave function satisfies the same equation on both sides
of the surface of the signature change. Equation (21) has a singular point at @ = 0 in the
Euclidean region. The wave function can be expanded in the vicinity of the singular point:

_ oy
= 1@. (21)

N=f(a)

P(a) =C [1 + O(a‘l)} + Cza% [1 + O(az)], (22)

where C; and C; are constants. Therefore, the wave function behaves like a regular function
in the neighbourhood of this point.

3.2. Continuous Signature Change

Let us turn now to the continuous change of signature. In [10], the condition ggo(t) = ¢
was considered; however, in the extended phase space approach, it is more convenient to

use a condition in the form N = f(a). So, one can take N = ,/a% — ll%l, or, in the Planck
units, N = v/a%2 — 1. Under this condition, Equation (12) reads:

1vVa2—10%p 1 1 9y 1 3. /5 Oy
S e dmyaaa TV WO ARVR lp=ig @)

or, going to the stationary Schrodinger equation,

1d>2 1 1 dy 1, 4 a _
‘zdaz‘4a<a2—1>da+(z“ — A ‘Eaz_l)"JO' )

This equation has two singular points: 2 = 0 and a = 1. In the case when E = 0, one
can expand its solutions in series. The expansion of the wave function in the neighbourhood
of a = 0 is given by Equation (22), and the expansion around a = 1 is:

p(a) =1+ 0((@a=1?)] + Cla—1)i[1+ O~ 1)) (25)

One concludes that, in the both discontinuous and continuous cases, the wave function
is regular at the point 2 = 0 corresponding to the classical singularity of the Einstein
equations in the Lorentzian region, and similarly at the point of the signature change a = 1.

4. Discussion

In this paper, we explore the idea that our Universe appeared from a region of some
abstract physical continuum, where time does not exist. This idea implies the notion of
the signature change, when one of the principal values of the metric tensor changes its
sign. More specifically, it is supposed that the sign of gg9 component of the metric tensor
changes.

In the Wheeler-DeWitt quantum geometrodynamics, the gop component has no phys-
ical significance; neither the Wheeler-DeWitt equation nor its solutions depend on it.
Therefore, in this theory, the signature change can be only implicitly implemented. We
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have seen the example of such implementation in the Hartle-Hawking approach, when
the path integral, that determines the wave function, was evaluated with solutions to the
classical Einstein equations. Depending on the existence of real solutions, in one region
of minisuperspace, the solutions to the Euclidean Einstein equations were used, while in
the other region the “Lorentzian” solutions were required. Thus, in this approach, the sign
of goo component is taken into account indirectly since it is important in the appropriate
solutions. The boundary between two regions in minisuperspace plays the role of the
surface of the signature change.

The creators of quantum geometrodynamics, Wheeler [36] and DeWitt [37], empha-
sized that only three-geometry makes sense. The wave function gives a probability am-
plitude for the Universe to have some three-geometry, and it does not depend on four-
geometry in which this three-geometry is embedded, and which is fixed by values of the
lapse and shift functions. In the Wheeler-DeWitt approach, the lapse and shift functions,
being gauge (non-physical) degrees of freedom, are believed to be irrelevant. However, it
means the destruction of spacetime in quantum geometrodynamics (see [38] for a detailed
discussion). The wave function of the Universe is declared to be not depending on the lapse
and shift functions, which fix a reference frame. On the contrary, in general relativity, the
theory we try to quantize, any solution of the Einstein equations can be obtained only after
fixing some reference frame.

Therefore, in the Wheeler-DeWitt approach, it does not matter if the three-geometry is
embedded in some spacetime or a four-dimensional space with the Euclidean signature.
However, it must be significant for us as the observers since speaking about the birth
of the Universe, we imply the appearance of spacetime. By definition, spacetime is a
connected four-dimensional manifold with a Lorentzian metric [39]. Accordingly, the space
we observe cannot be embedded in a region of the physical continuum with the Euclidean
signature, and the definition of the wave function as the path integral over Euclidean
metrics should be considered as a mathematical trick, while the description of history of the
Universe in imagery time being just a “reflection” of its history in real time (on accordance
with the interpretation of Hawking [12]).

In the extended phase space approach, the condition for ggg can be taken into account
explicitly. The form of the equation for the wave function depends on this condition. In the
both discontinuous and continuous signature changes, the point 4 = 0, which corresponds
to the classical singularity, is a singular point of the equations. In the continuous case, there
is the second singular point 4 = 1, which indicates the surface of the signature change. It
may be essential that the both singular points correspond to the points of special physical
interest in classical solutions to the Einstein equations, namely, the cosmological singularity
and the signature change. Nevertheless, according to the preliminary analysis, the solutions
are regular in all these points.

So, we have various possibilities to describe the signature change. However, any
formal description is getting us no closer to understanding what happens at the point of
the signature change at the physical level. A widely-accepted point of view is that time
does not exist in the realm of quantum gravity, and time emerges from a “timeless universe”
at the semiclassical level. However, this approach contains a logical error, since it relies on
the semiclassical approximation, but making use of the semiclassical approximation, in its
turn, requires the existing of time (in this connection, see [40] and references therein).

From the viewpoint of Russian philosophy, attempting to describe the beginning of the
Universe, we try to understand the Unknowable. Semen Frank, the Russian philosopher,
who developed the ideas of Vladimir Solovyov, wrote in their book “The Unknowable”
[41] that the problem of the origin of our World is incomprehensible in logical terms. We
can construct some models similar to the mentioned above model of dynamical signature
change [22-24], but these models create new questions. In this endless process of cognition,
we can only grasp intuitively some aspects of Being.

The signature change is an event that takes place beyond time. One of the possibilities,
recently discussed in the literature, is that it can be described as a spontaneous breaking
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of the signature symmetry [42]. At this point physical properties of space is radically
restructured. It is a transition from a space with the Euclidean signature, where no physical
effect can propagate, to a spacetime with its causal structure, that gives room to physical
interactions including electromagnetic one. So “was born the Light in the World”...
Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References

@

NG

S

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.
26.

27.
28.
29.
30.
31.

32.

Solovyov, V.S. The Meaning of Love. Selected Works; “Sovremennik” Publishing House: Moscow, Russia, 1991; p. 445. (In Russian)
Shestakova, T.P. On A. D. Sakharov’s hypothesis of cosmological transitions with changes in the signature of the metric. Universe
2021, 7, 151. [CrossRef]

Sakharov, A.D. Cosmological transitions with changes in the signature of the metric. Sov. Phys. JETP 1984, 60, 214-218. Available
online: http://jetp.ras.ru/cgi-bin/e/index/e/60/2/p214?a=list (accessed on 9 January 2022).

Vilenkin, A. Birth of inflationary universes. Phys. Rev. D 1983, 27, 2848-2855. [CrossRef]

Hartle, J.B.; Hawking S.W. Wave function of the Universe. Phys. Rev. D 1983, 28, 2960-2975. [CrossRef]

Altshuler, B.L. Andrei Sakharov’s research work and modern physics. Physics-Uspekhi 2021, 64, 427-451. [CrossRef]

Altshuler, B.L.; Barvinsky, A.O. Quantum cosmology and physics of transitions with a change of the spacetime signature.
Physics-Uspekhi 1996, 39, 429-460. [CrossRef]

Zhang, F. Alternative route towards the change of metric signature. Phys. Rev. D 2019, 100, 064043. [CrossRef]

Bojowald, M.; Brahma, S. Loop quantum gravity, signature change, and the no-boundary proposal. Phys. Rev. D 2020, 102, 106023.
[CrossRef]

Ellis, G.; Sumeruk, A.; Coule, D.; Hellaby, C. Change of signature in classical relativity. Class. Quantum Grav. 1992, 9, 1535-1554.
[CrossRef]

Hawking, S.W. The quantum state of the Universe. Nucl. Phys. B 1984, 239, 257-276. [CrossRef]

Hawking, S.W. A Brief History of Time; Bantam Books: London, UK, 1988.

Rovelli, C. The strange equation of quantum gravity. Class. Quantum Grav. 2015, 32, 124005. [CrossRef]

Vilenkin, A. Quantum cosmology and the initial state of the Universe. Phys. Rev. D 1988, 37, 888-897. [CrossRef]

Hawking, S.W., Turok, N. Open inflation without false vacua. Phys. Lett. B 1998, 425, 25-32. [CrossRef]

Linde, A.D. Quantum creation of an open inflationary universe. Phys. Rev. D 1998, 58, 083514. [CrossRef]

Savchenko, V.A.; Shestakova, T.P,; Vereshkov, G.M. Quantum geometrodynamics of the Bianchi IX model in extended phase
space. Int. ]. Mod. Phys. A 1999, 14, 4473-4490. [CrossRef]

Savchenko, V.A.; Shestakova, T.P.; Vereshkov, G.M. The exact cosmological solution to the dynamical equations for the Bianchi IX
model. Int. ]. Mod. Phys. A 2000, 15, 3207-3220. [CrossRef]

Savchenko, V.A.; Shestakova, T.P.; Vereshkov, G.M. Quantum geometrodynamics in extended phase space—I. Physical problems
of interpretation and mathematical problems of gauge invariance. Gravit. Cosmol. 2001, 7, 18-28.

Savchenko, V.A.; Shestakova, T.P.; Vereshkov, G.M. Quantum geometrodynamics in extended phase space—II. The Bianchi IX
model. Gravit. Cosmol. 2001, 7, 102-116.

Shestakova, T.P. Is the Wheeler - DeWitt equation more fundamental than the Schrodinger equation? Int. J. Mod. Phys. D 2018,
27,1841004. [CrossRef]

Greensite, ]. Dynamical origin of the Lorentzian signature of spacetime. Phys. Lett. B 1993, 300, 34-37. [CrossRef]

Carlini, A.; Greensite, ]. Why is spacetime Lorentzian? Phys. Rev. D 1994, 49, 866-878. [CrossRef]

Odintsov, S.D.; Romeo, A.; Tucker, R.W. Dynamical generation of spacetime signature by massive quantum fields on a topologically
non-trivial backgrouud. Class. Quantum Grav. 1994, 11, 2951-2959. [CrossRef]

Feynman, R.P. Space-time approach to non-relativistic quantum mechanics. Rev. Mod. Phys. 1948, 20, 367-387. [CrossRef]
Barvinsky A.O.; Ponomariov V.N. Quantum geometrodynamics: The path integral and the initial value problem for the wave
function of the Universe. Phys. Lett. B 1986, 167, 289-294. [CrossRef]

Halliwell J.J. Derivation of the Wheeler-DeWitt equation from a path integral for minisuperspace models. Phys. Rev. D 1988,
38, 2468-2481. [CrossRef]

Faddeev, L.D.; Popov, V.N. Feynman diagrams for the Yang—Mills field. Phys. Lett. B 1967, 25, 29-30. [CrossRef]

Fradkin, E.S.; Vilkovisky, G.A. Quantization of relativistic systems with constraints. Phys. Lett. B 1975, 55, 224-226. [CrossRef]
Batalin, I.A.; Vilkovisky, G.A. Relativistic S-matrix of dynamical systems with boson and fermion constraints. Phys. Lett. B 1977,
69, 309-312. [CrossRef]

Fradkin, E.S.; Fradkina, T.E. Quantization of relativistic systems with boson and fermion first- and second-class constraints. Phys.
Lett. B 1978, 72, 343-348. [CrossRef]

Shestakova, T.P. On the meaning of the wave function of the Universe. Int. . Mod. Phys. D 2019, 28, 1941009. [CrossRef]


http://doi.org/10.3390/universe7050151
http://jetp.ras.ru/cgi-bin/e/index/e/60/2/p214?a=list
http://dx.doi.org/10.1103/PhysRevD.27.2848
http://dx.doi.org/10.1103/PhysRevD.28.2960
http://dx.doi.org/10.3367/UFNe.2021.02.038946
http://dx.doi.org/10.1070/PU1996v039n05ABEH000144
http://dx.doi.org/10.1103/PhysRevD.100.064043
http://dx.doi.org/10.1103/PhysRevD.102.106023
http://dx.doi.org/10.1088/0264-9381/9/6/011
http://dx.doi.org/10.1016/0550-3213(84)90093-2
http://dx.doi.org/10.1088/0264-9381/32/12/124005
http://dx.doi.org/10.1103/PhysRevD.37.888
http://dx.doi.org/10.1016/S0370-2693(98)00234-2
http://dx.doi.org/10.1103/PhysRevD.58.083514
http://dx.doi.org/10.1142/S0217751X99002098
http://dx.doi.org/10.1142/S0217751X00001804
http://dx.doi.org/10.1142/S0218271818410043
http://dx.doi.org/10.1016/0370-2693(93)90744-3
http://dx.doi.org/10.1103/PhysRevD.49.866
http://dx.doi.org/10.1088/0264-9381/11/12/010
http://dx.doi.org/10.1103/RevModPhys.20.367
http://dx.doi.org/10.1016/0370-2693(86)90348-5
http://dx.doi.org/10.1103/PhysRevD.38.2468
http://dx.doi.org/10.1016/0370-2693(67)90067-6
http://dx.doi.org/10.1016/0370-2693(75)90448-7
http://dx.doi.org/10.1016/0370-2693(77)90553-6
http://dx.doi.org/10.1016/0370-2693(78)90135-1
http://dx.doi.org/10.1142/S0218271819410098

Physics 2022, 4 171

33.

34.
35.

36.
37.
38.
39.
40.
41.
42.

Hawking, S.W. The path-integral approach to quantum gravity. In General Relativity. An Einstein Centenary Survey; Hawking, S.W.,
Israel, W., Eds.; Cambridge University Press: Cambridge, UK, 1979; pp. 746-789.

Hawking, S.W.; Turok, N. Comment on “Quantum Creation of an Open Universe”, by Andrei Linde. arXiv 2011, arXiv:gr-qc/9802062.
Cheng, K.S. Quantization of a general dynamical system by Feynman’s path integration formulation. J. Math. Phys. 1972,
13,1723-1726. [CrossRef]

Wheeler, J.A. Einsteins Vision; Springer Verlag: Berlin/Heidelberg, Germany; New York, NY, USA, 1968.

DeWitt, B.S. Quantum theory of gravity. I. The canonical theory. Phys. Rev. 1967, 160, 1113-1148. [CrossRef]

Shestakova, T.P. Is the Copenhagen interpretation inapplicable to quantum cosmology? Universe 2020, 6, 128. [CrossRef]
Hawking, S.W.; Ellis, G.ER. The Large Scale Structure of SPACE-Time; Cambidge University Press: Cambridge, UK, 1973.

Chua, E.Y.S.; Callender, C. No Time for Time from No-Time. Philos. Sci. 2021, 88, 1172-1184. [CrossRef]

Frank, S.L. The Unknowable: An Ontological Introduction to the Philosophy of Religion; Ohio University Press: Athens, GA, USA, 1983.
Ziyaee, A.R.; Mohsenzadeh, M.; Yusofi, E. A possible symmetry and role for Euclidean space-time in cosmology. New Astron.
2021, 89, 101635. [CrossRef]


http://dx.doi.org/10.1063/1.1665897
http://dx.doi.org/10.1103/PhysRev.160.1113
http://dx.doi.org/10.3390/universe6090128
http://dx.doi.org/10.1086/714870
http://dx.doi.org/10.1016/j.newast.2021.101635

	Introduction
	The Wheeler–DeWitt Equation and Its Solution
	The Extended Phase Space Approach to Quantization of Gravity and the Signature Change
	Discontinuous Signature Change
	Continuous Signature Change

	Discussion
	References

