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Abstract: Considering the nonlinear dynamics, this paper devises an advanced position trajectory
tracking controller with a model-free filter for two-wheeled vehicle (TWV) applications. The pro-
posed technique preserves a simple structure in the form of the proportional-integral (PI) controller
involving the model-free filter and nonlinearly structured feedback gains, which make the following
contributions: (a) the proposed filter smooths the position and yaw angle measurements according
to the first-order convergence rate without any model information; and (b) the PI control with the
nonlinearly structured feedback gains robustly stabilizes the position and yaw angle errors along the
desired first-order system to accomplish the trajectory tracking mission, which is obtained by the
pole-zero cancellation (PZC) in the presence of modeling errors. MATLAB/Simulink was used to
emulate the resulting feedback system and validate the effectiveness of the proposed technique.

Keywords: two-wheeled mobile robot; trajectory tracking; pole-zero cancellation

1. Introduction

The application area of autonomous vehicles has increased dramatically to accomplish
various tasks, such as military exploration, catering services, and pioneering missions. The
mobile robots for these missions usually include two controllable wheels at the front and a
freely moving wheel at the back, named the two-wheeled vehicle (TMV). Their movements
are described by a set of fourth-order differential equations that present certain challenges,
such as strong nonlinearity and under-actuation, which have attracted increasing attention
from system engineers since the 1960s [1-5].

There have been numerous classical and advanced solutions for the trajectory track-
ing problem of TMVs through linear and nonlinear controller design approaches, which
involve complicated coordinate transformations and ignore the servo motor (actuator)
dynamics. It is especially unreasonable to assume that the servo motor dynamics (e.g., the
transfer function) are ideal due to uncertain load variations leading to system parameter
changes as well. The time-varying state-feedback controllers for the trajectory tracking
problem stabilized the error dynamics by linearizing the original nonlinear system for a
given operating condition [6,7]. The coordinate transformation-based nonlinear controllers
alleviate the performance limitation caused by linearization and remove the dependence on
operating conditions, unlike state-feedback controllers [8,9]. Another nonlinear approach
depending on the coordinate transformation involves the online parameter estimators to
estimate the uncertain vehicle depth and radius used for constructing the feed-forward

Vehicles 2024, 6, 1902-1921. https://doi.org/10.3390 /vehicles6040093

https://www.mdpi.com/journal /vehicles


https://doi.org/10.3390/vehicles6040093
https://doi.org/10.3390/vehicles6040093
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/vehicles
https://www.mdpi.com
https://orcid.org/0000-0001-9312-7403
https://orcid.org/0009-0000-8914-7620
https://orcid.org/0000-0003-4856-1096
https://orcid.org/0000-0001-6212-4517
https://orcid.org/0000-0003-4114-445X
https://doi.org/10.3390/vehicles6040093
https://www.mdpi.com/journal/vehicles
https://www.mdpi.com/article/10.3390/vehicles6040093?type=check_update&version=1

Vehicles 2024, 6

1903

compensator [10]. Novel filtering techniques also enable one to handle the system parame-
ter variation problem by continuously calculating the estimated parameters for the main
controller [11-13]. Switching controls involves adaptive and back-stepping methods to
solve the global tracking problem through coordinate transformations, including disconti-
nuities [14-16]. These previous studies focused on guaranteeing global stability without
demonstrating the realizations and concerning the practical challenges, such as system
parameter variations, complicated coordinate transformation processes, and the idealiza-
tion of actuator dynamics. The coordinate transformation-free simple ON-OFF technique
addressed the concerns related to actual implementation and ensured local stability by
constraining the yaw acceleration into an admissible set with the experimental validation
using prototype hardware [17].

Recent results based on neural network, fuzzy, adaptive, and sliding-mode methods
have improved the closed-loop performance and robustness by considering the distur-
bances originating from model-plant mismatches [18-23]. However, sliding-mode control
involves discontinuities in both the feedback and feed-forward loops, which is a practical
implementation issue. The intelligent controllers (neural network, fuzzy, and adaptive)
considerably increase the computational complexity by requiring an online optimization
process and numerous subsystem dynamics. The recently introduced back-stepping tech-
nique attempted to solve the discontinuity problem of sliding-mode control by including
a high-performance two-time scaled disturbance observer (DOB) with rigorous stability
proofs, and the performance improvements were demonstrated through a realistic numeri-
cal verification [24]. Numerical optimization-free intelligent controllers (including the DOB)
automatically increase and restore the outer loop gain by the transient and steady-state
operations with a stability guarantee, assuming an ideal inner loop transfer function [25,26].
This limitation can be addressed by considering uncertain servo motor dynamics, which
increases the difficulty of designing the tracking controller due to the increased order of the
open-loop system and a large number of sensors. The novel DOB-based results partially
solved these practical problems by providing a considerably improved inner loop that
exhibited a consistent performance over a wide operating region [27]. However, the absence
of integral actions would limit the closed-loop robustness.

These advanced techniques involve complicated coordinate transformations and non-
linear functions for the feedback loop to ensure stability and performance, which limits the
applicability for industrial applications. To address this practical challenge, the proposed
solution includes a simple model-free filter for the measurements to construct an advanced
proportional-integral (PI) controller ensuring the beneficial feedback system properties.
The contributions of this paper are given as follows:

¢  The proposed model-free filter enhances the feedback loop accuracy by eliminating
the reliance on the TWV model and it makes the position and yaw angle filtering error
dynamics diagonal ensuring the first-order system by the nonlinear structure of the
filter gain.

*  The feedback signals obtained from the proposed model-free filter define the pole-zero
cancellation (PZC) controller equipped with the nonlinearly structured PI gains to
robustly stabilize the tracking errors satisfying the desired first-order convergence rate
while attenuating the disturbances originating from the model-plant mismatches.

A feedback system analysis rigorously derives these properties, whose practical bene-
fits were validated by conducting MATLAB/Simulink-based simulations.

2. Nonlinear Dynamics of TMV

Figure 1 represents the model of the TMVs in the Cartesian coordinate, which equips
the actuators for the left- and right-side motors (generating left and right speeds wq and w,)
and one free-wheel. Since the linear combinations of actuator speed w; and w, determine
the linear velocity v (in m/s) and yaw angular velocity wg (= ¢, in rad/s), these two vari-

ables v and wy are treated as the input variables for changing the positionp = [ x vy | r
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acting as the output variable. Then, the system (v,wgy) — p can be described as the
following nonlinear differential equations given by

p = f(?}, (P/ wtj)/ dcen)/ (1)
¢ = wy, V>0, )

v cos(¢P) — deenwe sin(¢p)
vsin(¢p) + deenwy cos(P)
representing the distance between the centers of mass and controllable wheels. The wheel

radius and depth of TMVs are denoted as two uncertain coefficients R and D, respectively,
which define the relationships between the velocities of v and wy and the rotational speeds
of wy and w; (see [28] for details).

where £(v, ¢, wy, deen) := with an uncertain coefficient d.;

A v

y-axis

~

Figure 1. Model of TMVs.

3. Proposed Technique
3.1. Control Objective

This paper defines the control objective by designing reference signals v,.r and ¢ ¢
for v and wy to accomplish the exponential convergence

lim p = p* (©)

t—o0

for the desired trajectory p* with its tracking error p* := p,,; — p* satisfying
p*=—Ap", Vt >0, (4)

with a given specification A > 0 (convergence rate), resulting in the guarantee of the
trajectory tracking mission

lim p = p,,

t—00

for any given reference trajectory p,, .

3.2. Model-Free Filter
3.2.1. Position Loop
The signal decomposition p = p, + Ap for p, = 0 and Ap # 0, Vt > 0, leads to the

p

system for p, := [ Ap

and Ap, 1= Ap:

v

pa = Apa pa + Bpa dpa’ (5)
p = C;ﬂ P (6)
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0252 Dx2 ] [ 022 ] [ Iyo ] 3}
where A, 1= ,B, = ,Cyp, 1= ,d, = Ap,and ||d,, || <
Pe [OZXZ 022 pe Lo P 022 P P H b H

dp,, ¥t > 0. The proposed technique filters the output p for the system of (5) and (6)

A

according to the system for p, (= [ Ali)) } ) given by

v

Pu = Apaﬁu + LPa (P - p)’ (7)
p = C.p, V>0, ®)

equipping the nonlinearly structured filtering gain L, = [ ip”’l ] such that
Pa,2
lpa,l = (kd,f + /\f)12><2 and lpa,2 = kd,f/\fI2><2 (9)

by design parameters ks > 0 and Ay > 0.

3.2.2. Yaw Angle Loop
The signal decomposition ¢ = ¢y + A¢ for ¢y = 0 and A¢p # 0, Vt > 0, leads to the

system for ¢, := [ ¢ } and A, := A¢:

A¢U
P, = Ap ¢, + ey, (10)
9 = el¢, (1)
o1 [ Jo o -
where Ay, := 0 ol =1 le=]q| dg, := AP, and |dy,| < dg,, Vt > 0. The
proposed technique filters the output ¢ for the system of (10) and (11) according to the
system for ¢, (= [ A%I)?z; } ) given by
o = Apd, 19— 9), (12)
¢ = e, Vt>0, (13)

equipping the nonlinearly structured filtering gain 15, = [ ;4’”’1 } such that
a2

147,,,1 = kd,f + /\f and l(Pa,Z = kd,f/\f (14)

by design parameters ks > 0O and Ay > 0.

Remark 1. This remark summarizes the two major advantages of the proposed filter consisting of
(7)—(9) and (12)—(14), compared with the conventional Luenberger observer-type filters (in [29,30]),
such that

e (Model-Free)
The implementation of the proposed filter does not necessitate any TMV model information as
it involves the known simple matrices Ap,, Cp,, Ag,, and ey, as well as the gains (9) and (14).
*  (Diagonalization for Filtering Error Dynamics)

The proposed model-free filter results in the diagonalized system for ey := [ gp ] Jepi=p—p,
¢
and ey := ¢ — ¢ given by
éf = —/\fEf, Vt >0, (15)

by constraining the design parameter k; ¢ in a feasible region.
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These two items make the performance tuning process convenient due to removal of the iterative
matrix calculations for performance tuning process (e.g. finding a feasible scalar design parameter
kg,r > 0 for given Ay > 0in (15)). The proof of the second item is given in Section 4.

3.3. Control Law
3.3.1. Derivation of Open-Loop System

The introductions of design variables u, = [ Zx } and wy, ef to the system of (1) and
Y
(2) yield

P =up + Af(“rh 9, ¢) + aPr 4) - w(j),ref - a)tp/ (16)
where
. —wg sin(¢)
dp = deen { wy cos(¢) }’
— 3 (_ | —ux+uvcos¢ >
Af(up,v,¢) = uy +£(v, ¢, wp, deen) — dp(= { _uy +osing }), vt >0. (17)

Then, for any given references p,, 7 and ¢y, the filtered errors defined as p := p,, s —pand
¢ 1= ¢ref — ¢ modify system (16) as

= —uy — AM(up,0,¢) +dy +Cf &, (18)

S0 O

= —Wep,ref + (ZJ(P + dq; + c},¢,léf' (19)

Ipwo 021 . - ) . _
where Cy ¢ := [ 01>><<2 ], Crol = [ 1X ], dp := Prer —dyp, dp = Pref, Idpll < dp,

and |dy| < dp, Vt > 0, which are used as a basis for designing the proposed solution in
Section 3.3.

Remark 2. The nonlinear function Af(u,, v, ) defined in (17) derives for reference signals vy,
and @y that

Af(up, v, ¢) = Af(uprvref/ ‘Pref) _ [ —Ux + Vpef COS Pref ] — 0

U:Ufé'f’q):(Pref 7uy + ?),,ef s ¢T€f

o | (s = o= Tl & =tan 1) )| ve 2 )

showing

lim Af(up,v,¢) =0 (21)

V= Vpef P Pref

exponentially for any given control signal uy. This paper defines the yaw angle reference ¢y, s as
(20) for the following sections to ensure the property (21).

3.3.2. Yaw Angle Error Stabilization Loop

The proposed solution as an update rule for wy, s stabilizes the open-loop system (19)
according to the PI controller for the filtered error ¢ = ¢or — $ defined as

t
Wy ref = kppzcd +kipzc /o pdt (22)
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equipping the nonlinearly structured feedback gains for the PZC such that
kp,pzc = kac + Ac and kjpzc = kgcAe (23)

by design parameters k; . > 0 and Ac > 0. Figure 2 depicts the resultant feedback sys-
tem structure.

v i
_pé 4 )
1 % ;
- ¢
8 ~
gl = b
i ¢Yaw Angle Error Stabilizationy <Q Genjer 30
i ref _ Loop tan’l () ‘\0/
]
1
! L;@ ¢ &. X-axis
i -K ' >
]
! ¢
1
i

:J| Model-Free Filter |
(12).(13)

Model-Free Filter —
(7). (8)

Figure 2. Proposed trajectory tracking feedback system.
The proposed solution (22) results in the controlled yaw angle error dynamics given by
QB = —kp,pzc(ﬁ — k]lpzc(f) + Cf)(p + d¢ + C},tp,léf' Vit >0, (24)
by substituting (19) for (22), whose properties are derived in Section 4.

3.3.3. Position Error Stabilization Loop

The proposed solution as an update rule for u, stabilizes the open-loop system (18)
according to the PI controller for the filtered error p = p,.; — p defined as

t
u, = kp pzcP + kipzc /0 pdt, Vt >0, (25)

equipping the nonlinearly structured feedback gains for the PZC defined in (23) by design
parameters k; . > 0 and A, > 0. Figure 2 depicts the resulting feedback system structure.
The proposed solution (25) results in the controlled position error dynamics given by

P = —kppzch — kipzcp — M(up,v,¢) +dp +Cf &7, Vi >0, (26)

by substituting (18) for (25), whose properties are derived in Section 4 considering the
nonlinearly structured feedback gain of (23) designed for the PZC.

4. Feedback System Analysis Results

In this section, it is proven that the proposed trajectory tracking feedback system
shown in Figure 2 guarantees the control objective (3) through further analysis for the
closed-loop dynamics of (24), (26), (7)—(9), and (12)-(14). Section 4.1 starts by analyzing the
model-free filter dynamics.
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4.1. Model-Free Filter Analysis Results
4.1.1. Model-Free Filter for Position Loop

Lemma 1 derives the output filtering dynamics for e,(= p — p) by additionally
investigating the systems of (7) and (8) and its nonlinearly structured gain (9).

Lemma 1. The model-free filter of (7) and (8) with the gain (9) forces the filtering error e), to satisfy
the system given by

ép=—Asep+d,, ¢ (27)

with the excitation signal d,,, ¢ solving

dpa,f = _kd,fdpa,f + dpﬂ, vt > 0. (28)

Proof. Defining e,, := p, — p,, it follows from (5)-(9) that

éPa = ALp,; epa + Bpadpa (29)

e, = Chep, V>0, (30)
—(kaf+Ar)hx2 Dxo 0252

where A = A, —L,CI (= ( af f)r2x * , By, = *2 |, and
tra pe = Lnu G —kgfAflxa  Opx2 ) By Lo

I2x2 I
Cp, = [ 0222 } The applications E,(s) = L{e,} and Dy, (s) = L{d},} to the system of

(29) and (30) give
Ey(s) = Cp, (slyxa — AL, ) 'Bp,Dp,(s),

where

1
(S + /\f)(S + kd,f)

CZ;H (SI4><4 — ALW)_pru = Iy, Vs € C,

showing
(s+ /\f)Ep(s) = Dpa,f(s)

where D, ((s) = (ﬁ)Dpa (s), Vs € C; completing the proof by e, = L7{E,(s)},
d,, r= C’l{Dpa,f(s)}, andd,, = L7YDy,(s)}. O

Lemma 2 presents the performance recovery characteristics for ey, eventually governed
by the desired first-order dynamics subject to a feasible range for k4, s > 0.

Lemma 2. The model-free filter of (7) and (8) with the gain (9) ensures
lim e, = e; 31)

exponentially for the desired trajectory e}, solving

é;; = —/\fe;‘,, vt >0, (32)
o g2y, 2dp
for any kg ¢ > 0 satisfying min{ k;f Ty }~0.
Proof. Subtracting (27) from (32) derives the system for €., := e;‘, — e, given by

€, = —Agee, —d,, ¢, which, together with (28), gives for V,, := %Heesz + W%Hdpmf 2
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. . epk, k
with 7., > 0 that V,, = €] (—Ase,, —d,, ¢) — i et Idp, £ I + 'yepd;mf(—%dpmf +dyp,)

ep
satisfying

2d),
kas’

' Af 2 1 1 2
Ve, < —7||€ep|| - E(Wepkd,f - /Tf)Hdpa,fH ,VE>0, Ydy, £l >

with the application of Young’s inequality, which shows

“/Ep S _“ep Vep/ Vt 2 0/ (33)

where the choices for 7., > 0and k; s > 0 as 7., = %(%f +1) and min{Zki”;7 , 2,5—"’;} ~ 0

validates this inequality and a,, := min{A, ,% }; completing the proof. [
ep

Remark 3. The result ||le;, — e || ~ 0 obtained by the result of Lemma 2 implies that ey = —Ayep
deriving the following reasoning process with the first subsystem of (7):

w

ép= Ay = (Bp,—p) = —As(Ap, — p)
<~ (Apv - (_ZPa/léP + A;av)) = _Af(Apv - (_lpa/lep + A;gv)))
<~ éApv - Zpu,l)\fep = —)\feApv — lpa,l/\fep

revealing énp, = —Arenp, whereeyp, := Ap,, — Ap,, as the second component of ep, = p, — p,(=

ep p—p . ; . ) )
= A . Therefore, this remark results in the diagonalized system ¢iven b
|: eAPv :| |: Apv_Apv :|) f § Y § Y

ep, = —Asep,, Vt >0, (34)
concluding this subsection.

4.1.2. Model-Free Filter for Yaw Angle Loop

Lemma 3 derives the output filtering dynamics for ey(= ¢ — ¢) by additionally
investigating the system of (12) and (13) and its nonlinearly structured gain (14).

Lemma 3. The model-free filter of (12) and (13) with the gain (14) forces the filtering error ey to
satisfy the system given by

ép = —Afe¢ + drpa,f (35)
with excitation signal dy, r solving
d(l)a,f = _kd,fd<p,,,f + d(pa, vt > 0. (36)

Proof. Defining ey, := ¢, — ¢,,, it follows from (9)—(13) that

é(pa = AltPﬂ €p, + ezd(pa (37)
ep = elT ep,, Vt >0, (38)
—(kas+Af) 1 1 0
where A;, = Ay, —l¢ac£a(: (—k’gf/\ff) 0 }), e = { 0 }, and e; = { 1 } The

applications Ey(s) = L{ep} and Dy, (s) = L{dg,} to the system of (37) and (38) give

E(p(s) = e{(SIZXQ — Al%)ilezD% (S),
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showing

1
T -1 _
€] (SIQXQ—AIW) e = (s+Af)(s+kdf)' Vs € C.

This implies that
(s +Af)Ep(s) = Dy, £(s)

where Dy, ¢(s) = (s+k,,,f)D4’a( s), Vs € C; completing the proof by ey = L 1{Ey(s)},
dg, s = LDy, (s)}, and dy, = L7H{Dy, (s)}. O

Lemma 4 presents the performance recovery characteristics for ey eventually governed
by the desired first-order dynamics subject to a feasible range for k4 s > 0.

Lemma 4. The model-free filter of (12) and (13) with the gain (9) ensures

lim ey = e, (39)

t—o0

exponentially for the desired trajectory ey, solving

= —Agey, VE >0, (40)
. . . 2d_l7a Zd_ng ~
for any kg ¢ > 0 satisfying min{ Tor Fus } ~0.
Proof. Subtracting (35) from (40) derives the system for e, := e; — ey given by
€ep = —/\fe,g¢ - dtpa,f/ which, together with (36), gives for Ve¢ = %62 T 4’0% f with

. Ye, .
Ve, >0 that Ve, = eeq,(—/\fegq, — d%f) ¢ dfdz duf + 'y%d%f( fd(pﬂ,f + dy, ) satisfying

: Af o, 1 2d,
f 2 <Pu
Veg < =€y = 5 (Tegka g — Af)d¢ 5 V>0, V]dg, ¢| > ks

with the application of the fact y'z < §|y|? + L |z[|%>, Vy, z € R", Ve > 0 (Young’s
inequality), which shows

V€¢ S _0‘64, VE(PI Vt Z 0/ (41)
2dy, 2dg,
kd f kd,f 4 kd, f
validates this inequality and ae,, := min{A Frae } completing the proof. O

where the choices for 7., > 0and k; ; > 0 as 7%

(Alf+1)andmin{ } =0

Remark 4. The result \e;‘, — eg| == 0 obtained by the result of Lemma 4 implies that éy = —Agey,
deriving the following reasoning process with the first subsystem of (12):
é¢ = —/\féqg = (A¢v — (ﬁ) = —/\f(A(P-U — (]S)
& (Mpo — (“lg,1p+ Do) = —As(Ady — (=lg, 109 + o))
= éA(Pv — l¢a,1)Lf6¢ = _)LfeAtl?v — l¢ﬂll/\fe¢

revealing énp, = —Agenp, where epp, = Doy — Agbz, is the second component of ey, = ¢, —
n ep 47 - 43 :| Th .

= = A . Therefore, this shows
P,( [EA(PU ] [ Ady — Ao ) fe

ep, = f/\fe%, Vt >0, (42)
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resulting in the system for ey = [ ‘;p } given by éf = —Ayer, V't > 0, together with the result
¢

(34), which proves the statement of Remark 1.

4.2. Control Loop Analysis Results

This section presents the control loop analysis results using the model-free filter
properties provided in Section 4.1, focusing on proving the accomplishment of the con-
trol objective (3). Section 4.2.1 starts by analyzing the control loop for yaw angle error
stabilization, which helps derive the main result of Section 4.

4.2.1. Control Loop for Yaw Angle Error Stabilization

Lemma 5 derives the dynamics for ¢(= ¢,.f — ¢) by additionally investigating the
system of (24) and its nonlinearly structured gain (23) designed for the PZC.

Lemma 5. The proposed PI controller (22) with the gain (23) forces the error ¢ to satisfy the
first-order system given by

¢ =\ +@p+15q, (43)
with the excitation signal q¢(€ R3) solving
Gy = —kacly + by, 1@p + By, pep + esdy, Vi >0, (44)
for some by, 1 € R3 and By, € R32 where13:=[1 1 1 ]T andez:=[0 0 1 ]T,
Proof. The combination of (24) and the result (15) gives

¢ = —kppzch —kipzcd + @ +dy + CT, 2€f (45)
1

where ¢fy = /\szcf,tp,l' which obtains another expression for xp := [ xi)2 } and

x¢,2 = —k1,¢ f(‘; (ﬁd’t:

X¢ = Ax¢X¢ +b,r + e1Wep, (46)
§ = efxp (47)
I _(kd,c+)\c) 1 . /\c _ 1 o~
where Ay, = “Kyohe 0l b, = kpohe | e =1, Wy = @p +dy +

C};,qb,z fot efd'r, and dummy signal  := 0, Vt > 0. The applications ®(s) = L{p}, R(s) =
L{r}, and Wy (s) = L{wy} (= Qg (s) + Dy(s) + %c}@lEf(s)) to the system of (46) and (47)
lead to

P(s) = elT(sIZXZ — qu,)_ler(s) + elT(slzxz — AX¢)_1e1W¢(s),

where the PZC by the nonlinearly structured gain (14) results in

-~ A (S + kd ) A
T A 1p, = ¢ < = 2
/ = nd
ej (shx2 "4’) ’ (s+Ac)(s+kae) <S+)‘C) :

(8 +Ac)(s +kac)

ef (shx2 — Ay,) e
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showing

3
(s+Ac)®(s) = Qp(s) + ; Qp,i(s)

where Qg1 (5) = — (+545)02(5), Qpals) = (s el B (5), and Qpals) = (1 - 54)
Dy(s), Vs € C; completing the proof by ¢ = L7H{P(s)}, @y = L7H{Oy(s)}, g4, =

_ . T
L 1{Q¢,i(s)},z =1,2,3,and q, = [ g1 Gg2 3 . O

Lemma 6 proves the exponential convergence for ¢ to its reference ¢, subject to a
feasible range for k; . > 0.

Lemma 6. The PI controller (22) with the gain (23) ensures

lim ¢ = ‘Pref (48)

t—o0

exponentially for any ¢, = tan~! (Z—y) and kg . > 0 satisfying mm{ kd , 24y } ~ 0, if there exists
Xy > 0 such that "

(Z)¢ = —OCGJ(P(I)q) (49)

by a well-working actuator for wy and w; where Wp = Wy rer — Wy, Vt > 0.

Proof. The system of (43), (44), and (49) with the result (15) gives V(P for Vy := %432 +
L @d + 12 qul2 + 18 [lefl? with g > 0,i = 1,2,3, that V= $(—Aep+ @p + 11 q,) —

- ki . Ko ;
’Y(p,wca(,,wé + 7¢,2Q4T>(—%q¢ +by,10p + By, 2ef) — Yosrslesl* + ’Y¢,2qg(—%q¢ + e3dy)
satisfying

2 2
- Ac 22 1 7p2lbgnl” ,
Vo = —5 ¢ - (o100, — . )@
2 2
Yo 2ka,c 3 2 Vo2 IBg,,2 5
_(L1eLTae P 4 _ _ e e
(H2e — 2 1)yl (rgats - 2 e P,

vt = 0, V|qyll = min{ kd"’ 2y } with the application of Young’s inequality, which
shows that

V‘P S —0(¢V4), Vt 2 0, (50)

. ) Y52lbg, 1112
where the choices for Yo,i > 0,i=1,23andk;. > 0as Y1 = ;<ﬁ + % + % ),

_ 2/(3 .3 _ 1 Wi,ZHBfquz”z
Yp2 = ﬁ(m 3), Yp3 = )Tf(
2 1

Tor % %} completing the proof. O

+ 1), and min{z*%, m} ~ 0 validate this

inequality and ay := min{ =3

Remark 5. By the result (48) and actuator dynamics ensuring the exponential convergence
limy 00 vS. = Ve f (= ||mpl]), there exists a positive constant wpy such that

Af(up, v, ¢) = —apnrAf(uy,v,¢), Yt >0, (51)

by the fact (21) (e.g., limy 0o Af(14p, v, ) = 0 exponentially), which is used for the remaining analysis.
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4.2.2. Control Loop for Position Error Stabilization

Lemma 7 derives the dynamics for p(= p,, - p) by additionally investigating the
system of (26) and its nonlinearly structured gain (23) designed for the PZC.

Lemma 7. The proposed PI controller (25) with the gain (23) forces the error p to satisfy the
first-order system given by

ij = _/\Cf’—’_Bq,yqp

(52)
with the excitation signal qp(e R®) solving
q, = —ki e, + Ba, 1\ Af + By, 2ef + By, 3dp, Vt >0, (53)
022
for some Bg, € R?%6, By, € R®*2, and By, € R®*3 where Bi,53:= | 022
x>
Proof. The combination of (26), (51), and the result (15) gives
P= _kP,PZC}:i — ki pzcp + DCAfAf + dp + C},p,Zef (54)
where C := A2C,,1, which obtains another expression for x, := p } and
fip2 Ffpd p P { Xp2
Xp2 := —kip fot pdt:
Xp = Ax,Xp+Brr+ By, wp, (55)
P = CLxp (56)

where Axp =

—(kae+ A Toxz } [ Ao } B [ Ipxo ] W
—kgAchxa  Opxo |7 kicAcdaxa |77 02 |” 7
aAf fot Afdt +dp + C;,p,z fot efdt, and dummy signal r := 0, V¢ > 0. The applications

P(s) = L{p}, R(s) = L{r},and W (s) = L{w,}(= “LAF(s) + Dy(s) + 1C] ,,Ef(s)) to
the system of (55) and (56) lead to

P(s)

Cf, (Slaxa — Ax,) ""B/R(s) + Cg (sluxa — Ax,) "By, Wp(s),

where the PZC by the nonlinearly structured gain (9) results in

Ac(s+kac)
r 1 o ¢ d,c
Cxp (SI4><4 - AXP) B, (S + /\c><s + kg c) 2.2 and
T -1 °
Lixa— A By, = :
Cx,,(s 4x4 x,,) *p (S+)\c)<s+kd,C) we

showing

3
(S + /\c)f’(S) =D Z Qp,i(s)
i=1
where Q,1(s) =

kd,c
S+kd,c

(ﬁ)aAfAF(s), Q,)(s) = (s+}<d,c)CJI,p,2Ef(s>' and Q,5(s) = (1 -
)D,(s), Vs € C; completing the proof by p = £L71{P(s)} and q,; = E‘l{Qpri(s)},

T
i=1,2,3,and q, = [ q,f,l q,f,z Cl;,s } . d
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Finally, Theorem 1 proves that the proposed trajectory tracking feedback system
shown in Figure 2 guarantees the establishment of the control objective (3) subject to a
feasible range for k; . > 0 as the main result of this section.

Theorem 1. The PI controller (25) with the gain (23) ensures that

lim p = p*

t—o0
exponentially (e.g., establishment of the control objective (3)) for any k;. > 0 satisfying
min{m, E} ~ 0.
Proof. Subtracting (52) from (4) derives the system for €., := e, — e, given by &, =
P+ 75l 12 + 52 A +

K
VpaHesz with v,; > 0,i = 1,2,3, that V, = ¢, ( Af€e, — Bg,qy) —l—’yp,lq;(—%qp—l—

—Ac€e, — quqp, which, together with (53), gives V), := %Hegp

By, 108+ By, er) — vpaoar|| A2 —vpsAslles]* +vp1q, (—%qp + By, 3dp, ) satisfying

) /\f 5 1 1By, [I* 2
Vo < = Fleql = 5 mikae = - = 2layl

2 2 2 2
YpaliBa, 1 7511Ba, 2
~(rpatay — Y AR~ (PR e P,

Vt>0,Vq,l = ” %, with the application of Young’s inequality, concluding that

Vy < —a,Vp, VE>0,

, B
where the choices for Ypi > 0,1 =123, and k;. > 0 as T = R (H ’WH +3),
7211Ba, 117 7211By, 2117 2d, 2d,
Yp2 = &(%—i— ) Yp3 = ?}f(%+2) and mm{kd"’,k £} ~ 0 validate

this inequality and ), := min{ & A 11, completing the proof. [

'Vp 1 '7;72 Tp3
Remark 6. As pointed out in Section 3, there are four scalar design parameters, such as kg, A
(for filter), k4 ., and A (for controller), which can be tuned as following iterative steps:

o For the model-free filter:
1. Specify Ay > 0 for the desired system (15) (e.g., é}t = —)\fej’i).
2. Adjust ky,r > 100 for |le} — e[| ~ O through offline iterations (by Lemmas 2 and 4).

e For the controller:

1. Specify Ac > 0 for the desired system (4) (e.g., p* = —Acp*).
2. Adjustky. > 1for ||p* — p| = 0 through offline iterations (by Lemma 6 and Theorem 1).

This corresponds to another important result of Section 4, yielding the tuning result of the
proposed technique used in Section 5.

5. Simulations

In this section, the combination of MATLAB/Simulink and C-programming imple-
mented the proposed feedback system shown in Figure 2 to demonstrate the closed-loop
effectiveness obtained from the analysis results in Section 4. The nonlinear differential
Equations (1) and (2) emulated the system (v, wp) — (x,y) to describe the TMV motions
with its actuator dynamics of 0 = ke(vper — v) and wyp = ke(wg ref — wyp), Vt > 0, (e.g.,

V(s)  _ _Opls)  _
V,ef(s) - Q¢’,ef(s) - s+w ’
the ODE solver. The S-function coded by the C programming constructed the filters and

Vs € C) with a closed-loop bandwidth w, (rad/s) by using
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controllers through the internal interrupt service (ISR) with 1 ms of the period. Figure 3 vi-

sualizes the feedback system implementation where p,, s = [ Xyef  Yrey }T, p=[x vy ]T,

andp=[2 7 ]T.

i Controller ISR i ' Emulation of TMV
i (by S-Function) \gﬁ;‘gg | | (by ODE Solver)
]
| -~ ] 1
| L R
/ Y p C((;I;t)l‘((;lé)e ) : re}l": Actuator Dynamics v > f
i 9 Gl I g O
: f) ¢r¢ + Controlles !a%brtf: ag,:kc(aé_n_gf -4 C()¢: ¢= a)¢
: _ (22),(23) : :
| 2 |
: ¢ Filter |} : ¢
: a2.a3) |y
Filter 1 1
l 2.8 | T
] ] ]
becccscsccccccnsscccnceccee 3 L .4

Figure 3. Feedback system implementation for simulations.

To track the reference p,,; = [ Xref } = [ 6 cos(27fit) = sin(27frt) ,Vt > 0, with

Yref 2cos(2mfit) + 3sin(27 frt)
the frequency f; Hz, representing the ellipsoidal trajectory in the Cartesian coordinate,
the proposed feedback system was tuned as k; y = 1000 and Ay = 120 for the model-free
filter gains Iy = ky¢+ Afand lfo = kg A and kg = 5 and Ac = 12 for the PI gains
kppzc = kac+ Ac and ky pzc = ki .Ac. The conventional PID controller is defined as

t
u = kP(Pref - P) + kl/() (Pref - p)dT + kD(pref - P)'
t . .
Wpref = kp(prer —¢) + kl/o (Pref — )AT + kp(Pres — §), VE 20,

and was used to conduct the comparison studies, equipped with the well-tuned feedback
gains kp = 3.5, k; = 0.5, and kp = 0.5 for the best performance subject to the reference
frequency f; = 0.04 Hz and TMV parameter d., = 0.

5.1. Trajectory Tracking Performance Evaluation Under Various Convergence Rates

This stage evaluates the trajectory tracking performance for three reference frequencies
as f; = 0.04, 0.08, and 0.12 Hz with setting dc., = 0 m for the TMV. Figure 4 presents the
closed-loop position motions driven by the proposed and PID controllers, highlighting
the consistent performance for three different reference speeds by the proposed controller,
unlike the PID controller, where the dotted line represents the reference trajectory. The
enhanced feedback system structure with the removal of the differential action obtained
this closed-loop performance improvement by guaranteeing the performance recovery
(by Theorem 1). Figures 5 and 6 compare the x and y axis components of p driven by the
proposed and PID controllers in which the proposed controller successfully matched the
output signals x and y and their references x,,r and y,,r despite the different operating
conditions by three reference frequencies f, = 0.04, 0.08, and 0.12, but the PID controller
failed. The corresponding linear and angular velocity responses are presented in Figures 7
and 8, which shows the stably regulated motions, compared with the PID controller.

x—%
Figure 9 visualizes the filtering error dynamics for ey = x — X(= { y—17 |)exponentially
¢—¢

stabilized by the proposed model-free filter as the subsystem to preserve the beneficial
feedback system properties.
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N ‘<Pr01')osed'C0nt1“oller$ | ' ~ <PID Controller>
2 L
Eo
>
20
_4 L
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
x [m] —:p(@fr :O.IZHZ) x [m]
—:p(@f, =0.08Hz)
—:p(@f =0.04Hz)

Figure 4. TMV motions in Cartesian coordinate for reference frequencies f, = 0.04, 0.08, and 0.12 Hz.

10

<0.04Hz Operation> I <0.08Hz IOperafion> | <0.12Hz Operafion>
5 [ = .
E o
>
5h b b
-10 ‘ ‘ ‘ - - - : : . : : :
10 15 20 25 3010 15 20 25 3010 15 20 25 30
Time(s) Time(s) Time(s)

--:x,,, —: x(Proposed Controller) —: x (PID Controller)

Figure 5. x axis component responses of the TMV position for reference frequencies f, = 0.04, 0.08,
and 0.12 Hz.

6

<0.04Hz Operatfon> ' <0.08Hz Operatlion> I <0.12Hz Operafion>
4+ L

_: N

4t

y [m]

6 ; ; : : ; : : ; ; ; ;
10 15 20 25 3010 15 20 25 3010 15 20 25 30
Time(s) Time(s Time(s)

(s)
==: ¥, —: y(Proposed Controller) —: y (PID Controller)

Figure 6. i axis component responses of TMV position for reference frequencies f, = 0.04, 0.08, and
0.12 Hz.
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15 w w ' w w ' w
<Proppsed Controller> <PID Controller>
101
W
£
> g5t L
0 |
10 15 20 25 3010 15 20 25 30
Time(s) Time(s)
—:v(@f =0.12Hz)
—v(@f. =0.08Hz)
—v(@f =0.04H)
Figure 7. Linear velocity responses of TMV for the reference frequencies f, = 0.04, 0.08, and 0.12 Hz.
8 <Proposed Controller>’ <PID Controller>
6 |-
W
T 4
{©
-
3
2 L
0
10 15 20 25 3010 15 20 25 30
Time(s)

Time(s). B
—: (@ f, =0.12Hz)

— @,(@ f, =0.08Hz)

— @,(@f, =0.04Hz)
Figure 8. Yaw angular velocity responses of TMV for the reference frequencies f, = 0.04, 0.08, and
0.12 Hz.
15 10% 15 x10% 1 5x10%
1 1
05 0.5 5t
0 A\ 0 F;z%é
0.5 -0.5 -
-1 -1
-1.5 -1.5 ; ; : — -1,
10 15 10 15 20 25 30 10 15 20 25 30
Tlme Time(s) Time(s)
—ix— )f(@f 012HZ) —:y—y(@f =0.12Hz —: - ¢3(@f =0.12Hz
—ix—%(@f, =0.08Hz) —:y—y(@f, =0.08Hz —ip- VS( =0.08Hz
—x—3(@f,=004Hz) —:y-5(@f =0.04Hz) — - &(@f =0.04Hz)
Figure 9. Filtering error responses for reference frequencies f, = 0.04, 0.08, and 0.12 Hz.
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5.2. Trajectory Tracking Performance Evaluation Under Various Modeling Errors

This stage demonstrates the trajectory tracking performance for three different TMV
parameters of d., = 0, 0.3, and 0.6 m under the fixed reference frequency f; = 0.12 Hz.
Figure 10 implies that the proposed controller successfully rendered the TMV position
dynamics consistent despite the TMV parameter variations thanks to the performance
recovery proved by Theorem 1, but the PID controller failed. The corresponding x and y
axis components are depicted in Figures 11 and 12, indicating their consistent behaviors by
the proposed controller.

<Proposed Controller> <PID Controller>
2 L
E o
>
of
_4 Il Il Il Il L Il Il Il Il
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
X[m] —_: p(@d(rm 206) X[m]
—: p(@ dcen = 0)
Figure 10. TMV motions in the Cartesian coordinate for different parameters dc.; = 0, 0.3, and 0.6.
10 \ \ - \ w . w
<Proposed Controller> <PID Controller>
5 L
E o
=
5t
-10 : : : : : : : :
10 15 20 25 3010 15 20 25 30

Time(s) Time(s)

==X, —:x(@d,, =0.6)

cen

—:x(@d_, =0)

Figure 11. x axis position responses of TMV for different parameters d..; = 0, 0.3, and 0.6.
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<Proposed Controller> <PID Controller>

y[m]

—:y(@d, =0)

cen
Figure 12. y axis position responses of TMV for different parameters dc.; = 0, 0.3, and 0.6.

5.3. Summary of the Tracking Performance Comparison Results

This stage ends this section by summarizing the tracking performance comparison
results in Sections 5.1 and 5.2 based on the cost function for the tracking error p,,r — p

defined as feost := \/ Jo Ipre = pl|?dt. The comparison of averaged cost values in the table
of Figure 13 revealed a performance improvement of 37% by the proposed technique over
the trajectory tracking scenarios in Sections 5.1 and 5.2, which will show a significant merit
for the actual applications.

Various Various
f Convergence Rates Modeling Errors Aver-
cost I f, =) d., =) age
IO.O4HZI°'08HZIO'12HZ om 0.3m |0.6m

Proposed | 4,50 | 1532 | 1871 | 1875 | 1873 | 1879 | 1714
Controller

PID 1 1311 | 1924 | 2723 | 2715 | 3512 | 4241 | 2737
Controller

Figure 13. Summary of tracking performance comparison results.

6. Conclusions

The proposed trajectory tracking technique was designed by forming the PI controller
equipped with the nonlinearly structured feedback gains invoking the PZC, which ro-
bustly stabilizes the tracking errors, ensuring the performance recovery property despite
the model-plant mismatches. The model-free filters for the imperfect position and yaw
angle measurements improved the accuracy of the feedback loop to preserve this beneficial
property. The realistic simulations based on MATLAB/Simulink confirmed the practical ad-
vantages of the proposed technique by demonstrating improved closed-loop performance
and robustness. In future studies, the proposed technique will be applied to the industrial
large-powered four-wheeled vehicles, considering the real-time constraints and actuator
dynamics perturbed by the uncertain loads, with an offline optimization process yielding
the best design parameters.
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