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Abstract: We investigate the solutions of a two-dimensional Schrodinger equation in the presence
of geometric constraints, represented by a backbone structure with branches, by taking a position-
dependent effective mass for each direction into account. We use Green'’s function approach to obtain
the solutions, which are given in terms of stretched exponential functions. The results can be linked
to the properties of the system and show anomalous spreading for the wave packet. We also analyze
the interplay between the backbone structure with branches constraining the different directions
and the effective mass. In particular, we show how a fractional Schrédinger equation emerges from

this scenario.
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1. Introduction

The Schrodinger equation is of fundamental importance for describing phenomena
occurring in the quantum world. Solutions to the Schrodinger equation are expressed in
terms of the wave function ¥(x, y, t), whose modulus closely matches the experimental
behavior of atoms and molecules. A crucial point in the quantum analysis concerns the
probabilistic interpretation of ¥ (x, y, t), which establishes a connection between with the
Markovian or non-Markovian stochastic processes of the underlying molecular dynamics.

An example is the path integral formulation proposed by Richard Feynman [1], in
which the ideas of stochastic motion connected with the Brownian motion are incorporated
into the quantum-mechanical paths [1] (see, for instance, Refs. [2-6]). The path integral
has been extended by incorporating the Lévy flights in the quantum-mechanical paths by
Laskin [7-9], and this allowed us to obtain a fractional version of the Schrodinger equation,
which is the primary focus of this paper.

The fractional Schrodinger equation generalizes the Schrodinger equation by incorpo-
rating fractional operators into the description of quantum phenomena [10-16]. However,
there are other ways to account for the so-called, ‘anomalous’ quantum behavior predicted
by the fractional wave functions of the fractional Schrodinger equation. One method is to
assume the presence of a backbone structure with branches in the integer order quantum
model [17-20] (see, for example, Figure 1), i.e., constraints between different directions
along which the quantum dynamics are considered.

This structure imposes a condition on the spreading of the wave packet and, conse-
quently, results in anomalous behavior for the variance, i.e., Ax = /((x — (x))2) « t° with
0 < 6 < 1. Another way is to extend the classical Schrodinger equation by including a
position-dependent effective mass [21-24]—a technique that has played an essential role in
solid-state physics, such as semiconductors [25-27]. Hence, these cases allow us to consider
other scenarios in addition to the standard cases [28] for the Schrodinger equation and, in
particular, for mixing between them.
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Our goal in this paper is to investigate the connection between geometrically con-
strained and effective mass integer-order models and the fractional two-dimensional
Schrodinger equation. The cases considered for the Schrodinger equation are: (i) a back-
bone structure with branches and (ii) a spatial dependence mass for each direction. In this
manner, we employ two different scenarios in a unified way and also connect them with
the time-fractional Schrodinger equation. To do this, we start with the two-dimensional
Schrodinger equation:

70 _ g\ 1 o 0 1 9
i (0, ) = h&(l)ax{mx(x)ax‘{’(x,y,t)} hay{my(y)ay‘{’(x,y,t)}. 1)

The Dirac’s delta present in Equation (1) is a consequence of the backbone structure
with branches (see Figure 1) that constrain the wave function in the x- and y-directions.
A similar situation was considered, for example, in Ref. [29] by analyzing the stochastic
motion of particles in a two-dimensional space, i.e., along the x- and y-directions, for the
motion of the particles by considering a constraint between these directions.

This approach has been connected to different situations, such as percolation clus-
ters [30], anomalous diffusion on a comb structure [31], heterogeneous materials [32] and
diffusion in random structures [33]. One of the main characteristics of the distributions
related to these systems is the stretched exponential behavior, which is different from the
Gaussian case and has implications for the shape and spreading of the wave packet.

Figure 1. This figure illustrates the backbone structure connected with Equation (1).

Equation (1) considers an effective mass in the x- and y-directions in the forms
my(x) = 2m|x|"* and my(y) = 2m|y|", respectively. Before proceeding, we note that
this spatial dependence has typically been employed in diffusion problems, such as diffu-
sion on fractals [34,35], turbulence [36,37], diffusion and reaction on fractals [38] and solute
transport in fractal porous media [39], where the properties of the media are responsible
for anomalous diffusion.

Thus, the chosen mathematical expression of the effective mass is helpful to link
our analysis to these transport problems or to others with similar structures or assumed
wave-packet propagation. In addition, we remark that Equation (1) is characterized by an
interplay between two different effects—namely, the constraints imposed by the structure
along different directions and a position-dependent effective mass. In this framework, we
investigate its solutions by using the Green’s function approach and connect them with an
anomalous spreading of the wave-packet. We also show that the properties of the media
related to the spatial dependence on the mass can be connected with a time-fractional
derivative.
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The paper is organized as follows. In Section 2, the mathematical problem is for-
mulated together with a discussion on the constraints. The results will be obtained by
using analytical calculations. It is also possible to use numerical approaches as discussed
in Refs. [40-44] to analyze Equation (1) by taking several conditions into account. The
solutions are obtained, as described before, and the essential details of the calculations
are exhibited. In Section 3, we discuss the main results of the analysis and present our
concluding remarks.

2. Schrédinger’s Equation and Geometric Constraints

Let us begin our analysis concerning Equation (1) by establishing the boundary and
initial conditions to be satisfied by the solutions. They are: ¥ (£co,y,t) = 0, ¥(x, £oo,t) =0
and ¥ (x,y,0) = ¢(x,y). These boundary conditions are such that the system is free except
for the geometric constraints imposed by the backbone structure. By using these conditions,
we first tackle the case 17, = 1, with 57, = 0, and, after that, other cases are faced, for
instance, 7, = 0, with 77, # 0 and 77, # 0, with 7, # 0.

2.1. 1y #0and n, =0

The Green’s function for the first case, 7, = 1 with 77, = 0, related to Equation (1), can
be obtained from the following equation:

.9 , W yN O [ @ , 02 ,
zth(r,r,t) + 2111{5(1)83([|x| aG(r,r,t) —l—al/ZG(r,r,t)}
= ihd(y —y')6(x —x")é(t), )

where r = (x,y). Equation (2) satisfies the conditions G(=£oo,y,t',t) =0, G(x, £oo, ¥/, t) =
0 and G(r,¥,t) = 0 for t < 0. The term related to the position-dependent effective
mass allows us to connect the physical problem with the fractal derivatives [45], i.e., the
differential operators:

J ¥y t) ¥yt 1 9
71}, 7 /t - 1 — 7\{[ 3 ,t , 3
omz,(x) (ey,) = lim mzy(x) —mz (x')  my(x)ox (x,y,1) )

where mz (x) = [* d%my(%) and, in this way, we can focus on the fractal aspects exhibited
by the media. The substitution also has implications on the shape and on the spreading of
the wave packet. In terms of the Green’s function, the wave function ¥ (r, t) is given by

¥(r,t) = /_ °; ay /_Z X' o(¢)G(x, ¥, 1), @)

which also allows us to analyze the influence of the effective mass on the solution. It is
in this sense that we have the mentioned interplay between the backbone structure and
effective mass, which is position-dependent with direct consequences on the spreading
of the wave-packet. Equation (2) may be simplified by using the eigenfunctions of the
Sturm-Liouville problem related to the following differential equation:

d d
ax{lxr”xaxwi(x,kﬁ} = ke[ (1K), (5)
with
P (ko) = (el ) 207 (200 e]) 2271 /24 170) ) and (6)
P (k) = ke (ke [x)) 21971, (2 )27/ 24 1) ) )

where the sub-indexes + and — refer to the odd and even solutions, vy = (14 17x)/ (24 1x),
and J,, (x) is the Bessel function [46]. By using the eigenfunctions defined by Equations (6)
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and (7), it is possible to obtain the Green’s function and, consequently, the solution to
the problem. Here, we follow the procedure employed in Refs. [47-49] to work out the
problems with this type of spatial dependence on the mass for the x- and y-directions. To
do this, we consider the Green'’s function given by:

G(r, Y, t) = 2/ dky [m(x k)G (ky,y, ¥, 1) + 9—(x,ky )G (ky, y, ¥, 1) |, 8)
with
G (ks y, 1, 1) / dxps (x,ke)G(x, ¥, 1), )

where G4 (ky,y, ¥, t) is determined by Equation (2). By substituting Equation (8) into
Equation (2) and exploring the orthogonality of the eigenfunctions and the Fourier trans-
form in the y-variable, i.e., (F, {G(r, ¥, t);k,} = G(x,ky, ¥, t) and }'y_l {G(x,ky, ¥, t;y)} =
G(r,1,t)), we have

0 = h2
ihaci(kx,ky,r’,t) _ |k ‘2+17XGi(kx, 0,¢ )
2 2
ks . o
= G Cxlkekyt 1) = Qihwi(X’, k)e k(1) (10)

Equation (10) may be written as

= 1
G:t (kx/y/ I'/, t) = Ewi(x,’ kX)Gy(y - y// t)

ihl £ =
— %|kx|2+nx/0 dt'Gy(y, t — t') G+ (kx, 0,1, 1), (11)

m _om 2
Cy(y t) =\ oo ™™ (12)

is the standard free particle propagator in the y-direction. From these equations the Green's
funct1on on the backbone structure in the Laplace domain (£{G(r, ¥, t);s} = G(r,1',s) and
L7YG(r,v,s);t} = G(r, ¥, 1)) is given by

where

G (ke 0,1, 5) = + ‘/’i ¥ ke) (Y, s). (13)

2 [
1+ 54/ Sk \2+’7x

The substitution of Equation (13) into Equation (11) yields

Gr¥,s) = 3(x =) [Cy(y —1,s) = Cyllyl +1y'1,9)]

G + s
/ dk y |y| |y\2 )R A CAD) (14)
2;1h15k T e

Using the inverse Laplace transform of Equation (14), the Green’s function is given by

Gt t) = o(x—x)[Gyy—y,t) = Gylyl +1v'].1)]
L(m g e Bl /
ﬁ(Ziht) /o du{|y|+|y|+u}e 2ift @, (x,x',u), (15)
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roN_ 2 3 (1+77x) R NS 11247
Py, (o2 0) = = (1) 2 exp |~ (P [P
1 xx’ 1
X {I_Vx [(2|x’||x|)2(2+;7")/(0cxu)} el [(le’llxl)2(2+'7")/(ocxu)] } (16)

where ay = (2+ #7x)?(1/2), and I, (x) corresponds to the Bessel function of modified
argument [46]. Figures 2 and 3 exhibit a two-dimensional profile of the wave function for
f1x = 1/2 and 17y = —1/2. These values of the exponents are responsible for the different
shapes of the wave function.

ly(x, y, 91

Figure 2. Profile of |¥(x,y, t)| for § = 1/2. For illustrative purposes, we consider fit/(2m) = 1,
I =1 and the initial condition ¢(x) = &(x)é(y).

lw(x, ¥, )]

Figure 3. Profile of [¥(x,y, t)| for §x = —1/2. The other parameters are the same as in Figure 2.
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2.2. 1y =0and 1, #0
Let us consider the case 17 = 0 and 77, # 0. This way, the equation for the Green’s
function is

2 2
ih Gl 1) + ;{5@)8 G, Y, t)+— Iyl wayc(r,r',t)”
= ihd(y —y')o(x —x")o(t). (17)

The solutions of Equation (17) also satisfy the conditions G(%oo,y,r',t) = 0,
G(x,£oo,r,t) = 0 and G(r,¥',t) = 0 for t < 0. In Equation (17), the term related to
the variable y can also be related to the fractal derivatives [45], as in the case of Equation (2).

The wave function ¥ (r, ) may be expressed as in the preceding case, i.e., by Equation (4).
A similar procedure yields the Green’s function by using the integral transform in the
y-variable as follows:

G(r, 1, t) 2/ dk [1/)+(y, )G+y(x ky,r,t)—i—t/J (y, k ) (x,ky,r’,t) , (18)
with
Giy(x ky,r,t / dyp+(y,ky)G(r, ¥, t), (19)

where G4 (x, ky, t',t) is determined by Equation (17). The functions ¢4 used in this case
are the same as the ones used in the preceding case with (x,kx) — (v, k), 7= — 1, and
vy — vy. By substituting Equation (18) in Equation (17) and using the orthogonality of the
eigenfunctions with the Fourier transform in the y-variable, we obtain

L0 = 2l )
z%ci,y(kx,ky,r’,t) — %|kx\21pi(0,ky)G(kx,O,r’,t)

h? ~ 1, ik
= oy PGy (ke ¥ 1) = Sl (y' Ky e 5 (). (20)

Before proceeding, we notice that differently from Equation (10), we have now the
presence of ¢+ (0, ky) in the term related to the backbone structure. This feature shows that
the system may be trapped in the branches depending on the initial condition. Equation (20)
may also be written as an integral equation—namely,

Gaylbe iy ¥, 1) = Gy (ky y B)e e
l t .
—_ i“{x /O dt/Gvy,:I: (ky,O,t _ t,)G(kx, 0,r, t/), 1)
where

25+ i |k |2+r]y

is the free particle propagator in the y-direction related to the odd and even eigenfunctions
in the Laplace space. After obtaining the inverse integral transforms, we have

2 2
m 2 |y >y 4|y 2Ty )

GVy,i (]/, ]/I, t) = W@ (2+7]1 2int

{uyyn L (i 1m<|y||y|> o))

1 . (23
w13, (et (ol D27
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In the Laplace domains, the Green’s function in the backbone structure for this case is

~ e—ikxx/ =R
G(ky,0,7,s) = 4 = Gy,,+(0,1,9), (24)
1+%|kx|2GVy,+(OrOrs) !
where
1 11241y
247 2m iy -2l
/ F = ¥ (24ny)=int . 2
G O1) 2r(ﬁ) ((2+77y)2iht) © 2
The substitution of Equation (24) into Equation (21), in the Laplace domain, yields
s’7j ~
6(e,5) = ol =) { |Guye (18'5) ~ G (10,950, 0..5)
yr
+ Gy} e
1 © dky eikx(xfx’) . =R )
+ =~ 7/ o T = G /0/S G 7’ 0/ /S 4
Gy (00,9 ) 27 1 Pk PGy 1 (0,0,9) o W05t (09

with 77; =1-1/(2+ 1ny). After obtaining the inverse Laplace transform of Equation (26),
the Green’s function may be written as

’ t
6lnt,) = o= 3){ [ G w0y - D Ls G 1,0,)Guy (011 |

+ Gvy,_(y,y’,t)} (27)
li !/
+ /dt £1=1 Hy 2m|xf (’U’”y) Ay(y v t—t),
[x] 1hlvcyt’7y (1,2)

for 0 < 17; < 1 with

1t ,
Ay 0 = — /0 dr' <Df,yc,,y,+ (,0, t’)> (Df,, Gyt (1,0, )
Y

>, (28)
t—=t—t!

~ !/
in which ay = Gy,,+(0,0,1) and the operator D? Y(--+) is the Riemann-Liouville fractional
operator [10] of order 17;, defined by

D yGl/y +(y!y 4 at / t_ t/ / Vy,+(y/y// tl) . (29)

In Equation (27), we have the Fox H function, usually represented [10] by

m,n a,, A mn (ﬂ ,A)' ay, A 25
Hy, [Z (o ) } = Hy; {Z 1 1) e ] 2 / dsx(s)z - (30)
1

(bq, By) (b1, By (bquq
I (b~ Bjs) Ty T(1— gy + Ajs)
M) = T T =5+ Bs) [T, T (o — Ap) |
j=1 j=1 ] ]

(31)

which involves Mellin-Barnes integrals [10].

Figure 4 exhibits some trends of ¥(x,y,t) in particular cases for different values of
11y Figure 4a,b show that heterogeneity in the y-direction, i.e., 7y, # 1, has a clear effect on
the propagation of the wave function in the x-direction, promoting a different behavior of
17; # 1. Figures 4c,d show the spatial profile in the y-direction for different values of 17;.
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We notice that the value 17; = —1/2is responsible for an amplitude that is greater than the
amplitude corresponding to the other values.
(o) - —n,=12
0.0
3 A
J 011 }5
S )
- o
0.2-
108 6 4 2 0 2 4 6 8 10
X
3 >
s =)
5 5
E &
4 2 0 2 4 -4 2 0 2 4
y y

Figure 4. (a) Imaginary and (b) Real parts of ¥(x,0, f) vs. x for 17; = —1/2,0and 1/2. (c) Imaginary
and (d) Real parts of ¥(0,y, ) vs. y for the same values of the parameters. The curves are depicted
for ht/m = 1,1/t = 1, and the initial condition ¢(x,y) = d(y)e "/ 27") / (v/70?), with 02 = 1.

From the Green’s function results, we observe that the presence of an effective mass
depending on the y-direction, i.e., on the branches, promotes an anomalous spreading of the
wave-packet in time, depending on the values of 77;. This may be related to a time-fractional
derivative and, for this reason, we may reduce Equation (26) to a one-dimensional equation
involving only the x-variable to evidence this feature. By some suitable simplifications,
after taking y’ = 0 and performing integration in the y-variable, we obtain

= Zhl / i /
Gl ,5) = By~ guumlhefr ), (32)

where E% (t) is the Mittag—Leffler function [10] and é,(kx, x',s) = ffooo (A_}(kx,y, x’,0,s)dy.
The Mittag-Leffler function is defined as:
=Y
Ex(x)=) ————, (33)
! = T(1+an)
and this recovers the exponential form when a = 1. The behavior of the Mittag—Leffler
function for x — —o0 is E4(x) ~ —1/[[(1—a)x], i.e.,, a power-law behavior in the
asymptotic limit. This feature demonstrates that Equation (32) has an unconventional
relaxation process directly connected with the spatial dependence on the mass and on the
geometric constraints of the system. These calculations suppose the following equation
determining the Green’s function
aﬂ; 2 2

ih—G,(x, %, t) —i—lh

PY 2ty s Gr(x, X, 1) = ihd(x = x)3(t), (34)

whose solution is
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Gty = L e[ 2= xPL () | @)
x=x'| 7 indag | (1,2)
which is the inverse Fourier transform of Equation (32). In Figure 5,
Yy(x,t) = / dx' @y (x)Gy(x, %/, t) (36)

is exhibited versus x for different values of the parameter 17;. We notice that the values of
11y # 0 change the solutions in the x-direction, which present a stretched exponential trend.

10°4
10’1'5
=
X
3 1024
1074
j [
1074 II T T T T T T T
-4 2 0 2 4
X

Figure 5. |¥x(x,t)| vs. x, for different values of ;1;. The dashed-dotted line corresponds to the wave
function ¥ (x) = e¥’/2 /\/7, which was incorporated for comparative purposes to eVider}ce the effect
of 17& # 1 on the solutions of the Schrddinger equation. The curves are drawn for alt" /(2m) = 1,
I = 1 and the initial condition ¢, (x) = e~*"/(27") /(v/7102), with 02 = 0.01.

Figure 6 shows the behavior of 1/[¥,(0,t)|?, which is connected with (Ax)? through
the relation Ax ~ 1/[¥x(0, t)[2. It shows the effect of the index 77, on the x-direction and, in
particular, on the spreading of the wave packet, which exhibits an anomalous behavior, i.e.,
different from the behavior Ax ~ t verified for the standard case in the limit of long times.

10° 3

—é -— r]y: 1/2 7
] —p = e
10° n= 0 -

E —-=n,=-12 v)wox | oes <
”

1072 ] MM LA B LA I IR B LA IR I
10° 10° 10? 10* 10° 10°
t
Figure 6. This figure illustrates the behavior of 1/[¥x (0, t) |? for different values of 77,,. We consider, for
simplicity, 7il / (2m) = 1,1 = 1 and the initial condition ¢y (x) = e~*"/(27") /(v/7¢2), with 02 = 0.01.
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23.1x #0andny, #0

Finally, let us consider the more general case in which 77, # 0 and 7, # 0. For this
case, the Green’s function is now obtained from the equation:

) y\ 2 0 0 h 9 )
x| 1= / nZ ny 2 /
i Glr e, 1) + (S(l)Zm = { | xG(r,r,t)} + 3y {|y| oy G

— ihd(y -y )o(x — X)a(t). 37)
By operating in a way similar to the methods employed in the preceding sections and

noticing that Equation (37) is also subjected to the same conditions as before, the Green’s
function may be obtained as

1
Glr,r,t) = 1/ dky / de, Y p(e k) (1, k) Cpyay (ke Ky, ¥, F) - (38)
B Br=+,—
with
~ 1 o oo
G;;/%xy(kx,kyr’,t) = 1/_00 dx /_oo dyl/)l;(x,kx)tpy(y,ky)G(r,r’,t), (39)

where Gﬁ,y,xy(er ky, t',t) is determined by Equation (37), and the indexes B and 1 reflect
the sums over the eigenfunctions odd — and even +. By substituting Equation (38) in
Equation (37) and using the orthogonality of the eigenfunctions, we obtain

L0 ~ n2l -
ZhﬁGﬁ,’y,xy(k ky,l‘ ,i’) o |kx|2+'7x¢,y(0, ky)Gﬁ,x(kx/ 0, 1‘/, i’)

1 = in
~om |ky‘2+w Gﬁme(kakyfr// t) = thy(y',ky)lpﬁ(x/,kx)é(t). (40)
The integral equation related to Equation (40) is

Gﬁmw(kwkyrr//t) = Pp(x’ kx )évy'y( w1

_ lhl I a2 / 4 Gy (ky, 0, — ) Gp (ke 0,1, 1), (41)

where

1 Py (y ky)

25_|_ if |k |2+17y (42)

G,,ﬂ(ky,y s) =

is the free particle propagator in the y-direction in the Laplace domain. By using these
results, we can show that, in the Laplace domain, the Green’s function on the backbone
structure is

wﬁ(x/f ky)

Cprlky,0,0,5) = —— -
P 1+ Mk, 241G, 1 (0,0,5)

Gy, +(0,y,5). (43)

The substitution of Equation (24) into Equation (41) yields, in the Laplace domain:

~ ~ §h ~
G(r,v,s) = 6(x — x’){ {GVWF (v,y,s) — Gvy (y, O,S)Gvy,+(0,y’,s)]

+ Gy-(vY, 5)} (44)

s G, +(1,0,5)Gy, +(0,,5)
/ d X i il y Z wﬁ x kx)wﬁ(x kx)
20 (14 22 kx 272Gy, 40,0,5) ) p2t
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After obtaining the inverse Laplace transform of Equation (14), the Green’s function is
finally written as

e
G(r,r',t) = 6(x — x/){ [va(%y'rf) - D/ </0 Gyt (1,0,)Gy 4 0,y t = f’))}
y
G (0¥ t)} (45)
0 tdt' crol| u | (0,7])
+ /0 dMqDUX (x,x/,[x/yl/[) /0 7 Hl,l |:M Yy

(0’ 1) :|Ay (y’ y// t— t/)/
where aj, = ifix,; /m. Again, we notice that similarly to the result obtained in the previous
cases, the heterogeneity present in the y-direction combined with the backbone structure
introduces into Equation (45) the time-fractional derivatives of order 17?. Furthermore,
Equation (45) promotes an anomalous spreading of the wave-packet in view of the un-
usual relaxation processes resulting from the combination of the effective mass with the
constrained structure of the comb-model.

3. Discussion and Conclusions

We analyzed the free-particle Schrodinger equation subjected to a backbone structure
with branches, which constrains the x- and y-directions as well as the position-dependent
effective mass for the x-direction and the y-direction. In this scenario, we first considered a
position-dependent effective mass in the x-direction. This case exhibited solutions different
from the usual ones, i.e., they were not given in terms of Gaussians. The second case
analyzed the presence of a position-dependent effective mass in the y-direction by taking
the backbone structure with branches into account. This case allowed us to connect
the Green'’s function of the problem with a time-fractional Schrodinger equation with
0<my <L

This feature is interesting since we are connecting a fractional time derivative with
the combined backbone structure and an effective mass model, i.e., two different effects
combine to yield a form equivalent to a fractional differential equation. For this case, we
showed that the wave package has an anomalous spreading due to the backbone structure
and the position-dependent mass.

The third case was handled with a position-dependent effective mass for the x- and
the y-directions. The solutions were given in terms of a stretched exponential behavior
for this general situation, which is expected to be connected to non-Markovian processes.
This new feature is directly related to the characteristics of the medium—here represented
by the backbone structure combined with the presence of an effective mass dependent
on the position. In addition, we discussed the idea that the heterogeneity of the system
promoted by the comb-model and the effective mass model can be related to a fractional
Schrodinger equation for the x-direction. The whole formalism, presented in steps of
increasing complexity, paves the way for future work on the influence of the spreading of
wave packets in constrained quantum systems.
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