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Abstract: A strategy is developed for writing the time-dependent Schrodinger Equation (TDSE),
and more generally the Dyson Series, as a convolution equation using recursive Fourier transforms,
thereby decoupling the second-order integral from the first without using the time ordering operator.
The energy distribution is calculated for a number of standard perturbation theory examples at first-
and second-order. Possible applications include characterization of photonic spectra for bosonic
sampling and four-wave mixing in quantum computation and Bardeen tunneling amplitude in
quantum mechanics.
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1. Introduction

The Time-Dependent Schrodinger Equation (TDSE), although unsolvable in exact
terms, is often approached through various perturbative methodologies, such as those
pioneered by Rayleigh-Schrodinger [1], Dirac [2], Dyson [3], Lippmann-Schwinger [4],
WKB [5], Feynman [6-8], and others [9]. Under a weak time-dependent perturbation, the
TDSE solution can be written in terms of the known eigenvectors of the time independent
Schrodinger Equation (TISE), which results in a Dyson series—an infinite recursion of
coupled time integrals. In field theory, it is standard to use the time-ordering operator for
decoupling the integrals.

Using the observation that these coupled integrals can be written as repeated Fourier
transforms and their inverse, along with appropriate phase factors, a method is developed
for decoupling the integrals at second order.

Many methods exist to integrate the Schrodinger Equation [5,10-14]. In particular,
some methods use the Fourier transform explicitly, but usually as a trick to make calcula-
tions easier, while in others such as split-step, multi-slice, or Fourier space filtration [15-17],
the Fourier transform plays a more fundamental role relating to the Fourier dual spaces.

In this study, similar to split-step, we break the Hamiltonian into kinetic and potential
energy portions and then employ a Recursive Fourier Transform (RFT) technique in a novel
way to decouple the second-order integral from the first, bypassing the need to invoke
time ordering. Thus, we can represent TDSE, plausibly to any order, as a convolution
equation by invoking the Convolution Theorem. This presentation aims to offer an efficient
second-order analytical solution to the TDSE, while also emphasizing the method’s utility
as a first principle rather than a calculational trick [18].

Using this technique to efficiently and precisely calculate the spectral response of
a time-limited perturbation has relevance for recent advances in single-photon gener-
ation [19-22], quantum computing [23-32], optical traps [33-35], quantum cryptogra-
phy [36], quantum tunneling and microscopy [37-41], quantum information and entangle-
ment [42—44], high harmonic generation [45—47], ultra fast light pulse generation [48-50],
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and measurements of gravity [51,52]. Applications to open systems may be possible by ex-
tending this method to, for example, the Lindblad master Equation [53]. This method may
also hold pedagogical promise in physics education by expanding the range of calculable
use cases for the TDSE [54,55].

The procedure will be applied here to basic examples, such as Gaussian potentials,
but it is quite general to any potential whose Fourier transform exists. One may also
find useful application in studying quantum Zeno dynamics, for instance in suppress-
ing second-order photon exchange relative to first order for the purpose of generating
entanglement [56].

The procedure may also be useful in quantum error correction techniques by charac-
terizing spectral properties of noise sources leading to the decoherence of qubits.

A detailed breakdown of the paper is as follows: first-order RFT technique introduc-
tion to familiar use cases (Section 2.1), a new second-order RFT decoupling technique
(Section 2.2), and experimental and theoretical applications (Section 3). Appendices with
supplemental sections on basic definitions and concepts (Appendices A and B) , mathemat-
ical property examination (Appendix C), numerical accuracy of the method (Appendix D),
and interpretation of the results (Appendix E) are also included.

2. Methods

The TDSE will now be evaluated to first and second order using the recursive Fourier
transform (RFT) method. We use as a starting point the standard formulation of TDSE,
for instance as in [57].

The matrix element for the transition between the initial state |w;) and the final state
|(U f> is

(M = T (sl - & [ anoie)
: (1)

. 1 .
i [ [Mdnt) )+ e ),
where the potential V; is written in the interaction picture. The potential has both an

operator component and a continuous time dependence. We will focus our discussion on
the latter.

2.1. Formulating the First-Order Time Dependent Schrodinger Equation through Recursive Fourier
Transforms (RFT)

The first-order term in Equation (1) has the well-known approximation [58]

T .
(o) o T [ gl Vo) Ve 0)

~ ZVflcl V(ws — wj)

)

where the symbol ~ indicates the Fourier transform, ¢;(0) is the amplitude of state |w;)
att = 0,and V; = (w f|17|a)i> is the matrix element of the potential that connects the
initial and final states and will be insignificant to the current discussion. In the second line,
a standard approximation was made by allowing the time interval to become infinite in
both directions, “asymptotic time”, so that Equation (2) becomes the Fourier transform of
the potential. This relationship to the Fourier transform becomes further intriguing when
we write Equation (2) in a suggestive way,

T ) ) .
rlp(m) = = [ dne“rtv(n) Te e (wplVlwi) ci(0). ©)
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Clearly this expression involves a transformation (though not formally a Fourier-type
transform) from a frequency representation to a time representation, and a subsequent
transformation back to a frequency representation.

Based on this intuition, we modify Equation (2) to not assume asymptotic time by
inserting an indicator function (or mask) that is non-zero only within the specified time
range, 0 — T,

1 1 *© iw 1 1 —iw:
(wrlp(T)M = alzvfici(o) /_oo dtye ﬂwm(,[ ~ 2) V() i, )

Everything on the right-hand side is written in the time domain over parameter ¢;,
but by writing each factor as the inverse Fourier transforms of their Fourier transforms,

rect(? - 1) = ]-"*1{Texp (in/2)sinc(wT/2)}

2 w—t
vin) =F V()] ©)

emiwith — F-1 {(S(w - w,')},

w—rt

we can write the integral over ¢ as follows:

, (6)

w:er

F {]—“1 {Texp (in/Z)sinc(wT/Z)}}”l {V(w)}]—”l {5(w _ wi)}}

H—w | w—t w—t w—rt

where sinc(x) = sin(x)/x, and the symbol , F is an obvious notation that makes explicit
1—w

that the transform is converting from an expression in ¢ to an expression in w.

Note that the outer operation in Equation (6) is not technically a Fourier transform
to w but rather a projection onto a single exp (iw¢t;) basis state. To accomplish this, we
computed a Fourier transform to switch to a continuous energy basis and then evaluated
the result at a discrete energy w = wy. Conceptually, this is important because w is a
dummy convolution variable that is replaced by the measurable energy wy.

By applying the convolution theorem to Equation (6) and inserting into Equation (4),
we obtain an expression for the first-order transition amplitude,

<wf\1/1(T))(1) = 2;?1 Z.Vfi (ei“’T/zsinc(wT/Z) * V(w) *6(w— wi)) ‘ ¢;(0). ()

a):wf

This is the first main result, the first order spectral response to the time-dependant perturba-
tion V. Comparing with Equation (2), we observe variations in the frequency domain with
a “spatial frequency” 47t/ T, where T is the duration of the measurement (see Figure 1b).

Potential (V)
Amplitude

E
Time requency

@) (b)

Figure 1. In the first order TDSE in Equation (7), a Gaussian potential’s tails are truncated by
the measurement. (a) The integration windows for the TDSE are marked as vertical lines. The
tails of the Gaussian are excluded, leading to ringing in the frequency domain (not shown). (b) A
Gaussian potential in w-space convolved with sinc(wT/2) in Equation (10) shows the variations in
the frequency domain with “spatial frequency” 47t/ T.



Quantum Rep. 2024, 6

326

Two standard cases will be considered to illustrate the validity of the result above.

2.1.1. Example: Gaussian-Kicked Harmonic Oscillator

A simple system to consider is the harmonic oscillator “kicked” by a small Gaussian pulse,

2

V(t) xe 22, 8)

where T is the characteristic time of the Gaussian. For instance, this can represent a cold
atom in an optical trap [33,34].

To find the transition amplitude from the i to the f state using Equation (2), the asymp-
totic time approximation results in the expression

—w?t2/2

cD(t = o0) %e , 9)

where () is a normalization constant owing to the fixed natural frequency of the oscillator,
and w parameterizes the frequency response of the Gaussian perturbation [58].
Using instead Equation (7), the same transition can be written as

o . 2 '
(wrlp(T) W = = yici0) | dtlezwftlrect@ _ ;>w
T

~ ([ piwT /2, ~w?t?/2 . ‘
N Vi (e sinc(wT/2) xe *0(w wl)) )

(10)

where T is the measurement interval, and T is the characteristic width of the Gaussian.
Equation (10) is valid under the usual conditions necessary for a Taylor series (weak
interaction), but unlike Equation (9), it does not make the asymptotic time approximation.

The effect of convolution is to add a small ripple to the Gaussian (see Figure 1b). This
ripple was ignored in the standard approach (Equation (9)), when the limits of integration
are arbitrarily set to infinity.

2.1.2. Example: Fermi’s Golden Rule

It will next be verified that Equation (7) reduces to the well-known Fermi Golden Rule.
A typical example involves calculating the transition probability for an electron around the
stationary atom absorbing a photon and transitioning from a bound state to a continuum
of states. The Hamiltonian is

I:IO fort <0
Hy+ V(t) fort >0 (11)
V(t) = 2Vjcos(wgyt)

A
H

where V(t) is the time-dependent perturbation, and Hy and Vj are independent of time.
The standard integral in Equation (2) results in the following i — f transition amplitude:

T (l):l Tdt i(wf—wi)tl iwgty —iwgty V .
(op(N® = & [ dnelrmm gt 1 oot Vi)

B & (ei(wfi+wd)T —1 ei(wfifwd)T o 1)

ih i(wﬁ + wd) + i(wfz- — wd) (12)
N Eei (‘*’fiz""d)T sin((wfi —wq)T/2)
ih (wfl- — wd)

where wy; = wy — w;. We dropped the first term, as is customary, in favor of the second
term, which dominates around the resonant frequency w i R Wy [59].



Quantum Rep. 2024, 6 327
Equation (7) obtains the same result. Computing
Yo
FLV(B)} = 2 (0w — wq) + 5w + @),
and dropping the + term for the same reason as above, gives
m_ 1 iwT/2
(wWelp(T) = 5= Vi (Te sinc(wT/2) x 8(w — wy) * 6(w — wi)> ’
27tih w=wy (13)

1 (wp—wi—wa) T/ 2
mVﬁ» Te'\“r im0 sine((wf — w;i — wq)T/2)
which is the standard result (up to constant factors).

2.2. Decoupling the Second-Order TDSE through RFT

Having examined the familiar first-order result using recursive Fourier transform
methods, we now derive our second main result: an expression for the second-order term
in the TDSE expansion.

The integrals for the second-order amplitudes are more complicated because the
upper limit of integration for the nested integral is the integration parameter for the outer
integral ¢;. Starting from Equation (1), by inserting a discrete basis of equally spaced states,
the second-order transition amplitude is

(e =gz & [t [ g V) ) Gl Vi) ) 0

1 T . .
=Gy /O an { v () ;e*wl Vi (14)

t . .
/ 1 dl’z€lwkt2V(t2) Ze‘l“"’tzvki Ci(O)}
0 i

The integrals are therefore coupled, and the method in Section 2.1 must be modified.
This is a Dyson series and was decoupled by Dyson by introducing the time-ordering
operator. This is used widely in quantum field theory [3].

Here, the integrals will be decoupled in a new way in the following four steps. We
assume that the spectra of the energy eigenstates wy are discrete. For simplicity, we consider
only the case in which they are equally spaced, that is, a simple harmonic oscillator. Then,
we can write

Wy = k(,cJ(O), (15)

for integers k.
Step 1. Apply the convolution theorem to the nested integral

The limits of integration of the nested integral are extended to infinity, using a rectan-
gular mask, as in Equation (4),

1 T . .
(wplp(T)® = /0 dtle""fth(tl);e_’wkflvfk

(16)
) . tr 1 i
{ /700 dtzezwktzrect<tl — 2> V(ty) lZe 1w1t2Vki ci(O)}

Because we truncated the signal using a rect(f) mask, this step was exact. The integrals
are still coupled via t;, but the coupling now parameterizes the width of the mask rather
than the integration domain.
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By following the steps in Equation (4), we can write each factor in the integrand of the
second line of Equation (16) in the frequency domain,

(o p(T)® =g [ dndrivn) ) e Vi (0)

(17)
-1 Fly 1
I AF Htexp ot /2)sine(wt /2)- FH T (@)} F 5w - w)} ],
and apply the convolution theorem,
(wrlp(T)® =5 s [ dnervin) ) L Vi 0) o
18

(t W=t 25inc((w — w;)t /2) * V(w)) ‘
wW=wy
In evaluating the Fourier transforms, we have transformed bases from the original
parameter of integration, ¢, to w and then to wy, an intermediate basis of energy states. Note
that the expression inside the parenthesis on the last line of Equation (18) is a continuous
distribution in a dummy parameter w, evaluated at a specific value w = wy, after performing
the convolution.
The nested integral is now a convolution in w-space, but the sinc function’s width
depends on t;, which is coupled to the outer integral. How do we compute a convolution
of a signal whose shape is changing as t; is integrated over?

Step 2. Discretize the integral over f; as a Riemann sum and move it inside the sum over k
and i

It is easier to handle Equation (18) by writing the integral over ¢; as a Riemann sum of
step size AT, and rearranging the sums (switching the order of the sum and the integral in
an infinite series can have unpredictable effects on the convergence of the series in general,
but for our purposes we only examine the second-order expansion; this poses the same
limitation on validity as other variational approaches such as Feynman diagrams):

ny

2 1 iw AT —iwgnA
(orlb(T) =5 LVpeVie(0) 1 AT TV (naT)etewnat

n=n; (19)
(nATexp( (w — w;)nAT/2)sinc((w — w;)nAT/2) * V(w ))’

W=Wy

Because the second line is a distribution in the frequency domain evaluated at a specific
point, it is simply a c-number for each term in the Riemann sum.

Step 3. Allow the variation over time to vary the width of the distribution sinc(wnAT)

Here is the central insight to decouple the integrals. For each step in the Riemann sum
over 1 (coupling variable), we identify the expression in the second row of Equation (19),
in the continuous limit nAT — t;, as having the form of an “impulse response” (in the
time domain),

halt = (exp itw - /2=y - o)

Equation (20) is the impulse response of the system to a perturbation of duration #1,
the nested integration variable. The intermediate frequency wy is defined in Equation (15).

Step 4. Apply the convolution theorem to the outer integral

Now, we can change the Riemann sum back to an integral over t;. Crucially, hy;,
which is an explicit distribution in w-space, appears inside an integral over time ¢;. We can
therefore interpret it as a function of time rather than frequency. We can now repeat the
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earlier technique of extending the integration domain in the first-order to oo and inserting
a rectangular function of width T,

2 1 *© iw f 1 —i
(wlyp(T))@ = o) %kavkici(o) /_oo dtie ft]feCf<T—2)V(t1)€ g k], (21)

The effect of the outer integral over t; on the nested integral is to vary the width #;
of the impulse response across the duration of the measurement window from 0 — T,
and sample it at wy to generate li;[t1] (see Figure 2).

Re(h(w))
7/

20 15 10 5 0 5 10 15 20
—~
= =
3
—
ey
=
[0}
v I I I

5 10 15 20

—~
= r
3
—
W=l NV\N\N\/\N
=
[0}
v I I

-20 -15 -10 -5 20

win unlts of u)

Figure 2. The width of the sinc function in the impulse response depends on t;. As t; increases
from top to bottom in the figures, we take samples at w = wy (defined in Equation (15), shown
as a diamond on vertical line in the figure; here k = —2). The sample values trace out another

sinc function.

Because of Step 3, everything inside the t; integral in Equation (21) can be treated as a
distribution in ¢1, and the convolution theorem can be used again. The f; integral becomes
a Fourier transform by explicitly writing each factor in the w-domain,

w—ty w—ty w—ty

{TeiWT/Zsinc(wT/z)}-]-71{‘7(60)}}—71{5(00_6‘%)} F- {sz( )}} (22)

where Hy;(w) = tl.l—: w{hki[tl]} is the Fourier transform of the impulse response, also called

the amplitude transfer function (see Figure 3).
The final w-domain expression for second-order transition amplitude from i — f is

<wf‘lP Zd {TeiaIfT/zsinC<w]2CT> *V(wf)*é(wf—wk)*ﬁki(wf)} (23)
where
) = 7 (w60 —amm ME=ERE v} e

For notational simplicity, we have defined dy; = ¢;(0) Vi Vii/ (27tih)?.
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w in units of “"(0) Nested time interval o ir|1 m—
Figure 3. We interpret Equation (20) as a function of t; instead of w. (Left) Nested sinc distribution
(second line in Equation (18)), varied in width over t;, while repeatedly sampled at wy = —4w )
(vertical line with diamond marking the sample value). As the width of the sinc decreases, its height
grows linearly with ¢, so the height of the sample oscillations is constant. (Middle) The samples
(hii[t1]) oscillate as t; is varied. (Right) The Fourier transform Hy;(w') = F{h;[t1]} is a series of
spikes representing second-order impulses. These J-functions are convolved in Equation (23) to place
a copy of the outer sinc at each impulse. Note that for illustrative purposes the potential was ignored,
i.e., chosen such that V = §(w).

This is the second main result, expressing the second-order contribution to the
transition amplitude owing to an arbitrary time-limited perturbation of a system with
evenly spaced energy eigenkets |wy). A comparison between second order and first order
(Equation (7)) distributions is given in Figure 4.

A detailed analysis of Equations (23) and (24) has been placed in Appendix C.

r —1st order convolution [
= =2nd order convolution

|Amplitude|

w in units of “0)

Figure 4. Comparison of first and second-order transition amplitude, relative to initial state w;,
calculated with the RFT method introduced here. The second-order calculation computes paths
through intermediate energies at 20w q. For the second-order calculation, the central peak is
reduced, the wings are amplified, and the minima are increased. Only the range :I:lOw(O) is shown,
but the contributions from terms outside of this range have a significant effect on the accuracy of the
result. Not drawn to scale: the second-order contribution is in reality reduced by a factor of : relative

to first-order.
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2.2.1. Example: Second-Order Harmonic Perturbation Golden Rule

To illustrate the results of Section 2.2, we compare the recursive Fourier transform
method with the standard second-order approach [60,61].
Consider the ramped up oscillating potential,

V(t) = ele i, (25)

where € is a small positive constant which ensures ramp up of the potential from t = —oo,
and wy is the driving frequency of the potential. This can model, for instance, light
interacting with an atom [57].

Via the traditional application of the TDSE at second-order, we integrate the potential
twice (Equation (1)) to obtain

2 i(wf—wi—Za;d)T 2¢T V V
1> e e fk Vki (26)

(orlp(n® = (5

W — w; — 2wy — 2ie T4 wy — w; — wg — i€’

This can be interpreted as an amplitude for a particular transition through an interme-
diate state k, summed over all such possible paths (see [60]). Taking the time-derivative of
the squared amplitude in the small € limit results in an expression for the transition rate,

. d @12 (1) Vi Vii 2 '
lli%ﬁ <(Uf‘l,b(T)> ’ a ﬁ ’;wk—wi—wd—ie 5(wf7(U172(Ud) (27)

where the /-function comes from the small € limit of

2e
li = —w;—2 . 2
o (wf — wi — 200q)? + €2 6(wy — wi — 2wg) (28)

This is the second-order version of Fermi’s Golden Rule.
A similar expression can be achieved using recursive Fourier transforms. Starting
with Equations (23) and (24), the second order transition amplitude is

2
(wrlp(T))? = (;) Y VacViate st 2sinc(w it /2) + V(wy) * 6(ws — w) * Hii(wp), (29)
2

where

. t
el =) T sin((w' — w;) by

@ —w)/2 * V(') (30)

Hyi(wy) = f{

t1 *)Cdf

W' —=wy }

In Equation (29), the convolution is over w iz while in Equation (30), the convolution is
over w'. For € > 0, the Fourier transform of the potential (Equation (25)) is

V(w/) _ t;ﬁ}/{ee\ﬂe—iwdt}

2¢ (31)
(W —wy)?+ €2’

which, in the limit € — 0, becomes V(w') = 6(«w’ — wy) (see Equation (28)). Then, the
transfer function in Equations (A1) and (A3) becomes

N 27ti
Hyi(wy) o<m(&(wf+(wk—wi—wd))—5(wf—wd)). (32)

This creates a series of descending harmonic spikes as in Figure A4, but in this case
centered on wy. This is precisely the content of the summation terms in Equation (26),
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but the new calculation exposes the hidden structure in the harmonics, as described in
Appendix C.
Inserting Equations (31) and (32) into Equation (29) obtains

2 .
<wf|1p(T)>(2) = (;) ;kaVkite""ft/zsinc(wft/z) *0(ws — wq) *6(ws — wi)*

2 (3o (e s~ o) — Oleoy ) -

1\ o 27 ViV '
= | = _— f— Wi 2wy)t/2 —wi — 2 t/2
(ih> ;wk —w; — wy (e sinc((wy — wj — 2wq)t/2)

_ ei(w/*“’kfz‘*’d)t/zsinc((wjr —wy — de)t/2)>

In the limit of large ¢, the sinc function and its pre-factor approach a delta function,
d(wf — wj — 2wy). In the limit of small ¢, the factor exp(2et) — 1.

The time dependence of Equation (33) is the same as in Equation (27), only made
more explicit by expressing the result in terms of frequency rather than in terms of energy.
The time derivative (of the amplitude, in this case) is constant, as in Equation (27).

Thus, the new method given in Equation (29) and the traditional method given in
Equation (27) give similar results for the measurable transition probability under the
given conditions.

3. Discussion

The recursive Fourier transform method for decoupling the Dyson series has applica-
tion in both experiment and theory. A few possibilities are discussed.

3.1. Bosonic Sampling and Quantum Computation

Bosonic sampling [23] with indistinguishable photons represents a computational
challenge that can only be tackled by quantum computers and thus would demonstrate
so-called quantum supremacy.

Tamma and Laibacher explain that “for a given interferometric network, the interfer-
ence of all the possible multi-photon detection amplitudes. .. depends only on the pairwise
overlap of the spectral distributions of the single photons” [62]. They emphasize extract-
ing quantum information from the “spectral correlation landscapes” of photons [24]. So
characterizing the frequency spectrum of a single photon is an essential task.

Various physical properties are related to the spectra of the photon. Further elaborating,
Tamma and Laibacher assert that their results reveal the “ability to zoom into the structure
of the frequency correlations to directly probe the spectral properties of the full N-photon
input state...” [24], where “single-photon states”

9)i= [ dwc(w)eoat (w) o) (34)

are characterized by a spectral distribution c(w) [24].

The indistinguishability of photon pairs, time delays between photons, generation of
ultra short photons, and probability of detection in a multi photon experiment can all be
related to the spectral distribution.

The recursive Fourier transform approach we explored in this study allows us to
calculate the spectral distributions c(w) of photons with greater precision and efficiency,
potentially leading to improvements in the above areas of research.
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3.2. Quantum Field Theory

Dyson decoupled the nested integrals in higher-order TDSE (Equation (1)) by intro-
ducing a time-ordering operator that places all operators in order of increasing time from
right to left. Then, TDSE can be written as a complex exponential,

(-0
2

f £
Uy, :1—1'/ AtV () + / dtl/1dt2V1(t1)V1(t2)+O(VI3)...

=1- Z'./i‘fdi’vl(t) + (_zi)z /lfdfl /lf dtzT{VI(tl)VI(fz)} + O(Vlg’) e (35)

=r{ew [~ [favio))

where V] is expressed in the Interaction Picture of Dirac. From this method, the usual field
theory methods for calculating field correlation functions are typically derived.

In this study, we accomplished decoupling in a novel way, with no appeal to time
ordering. This may be a more efficient method for directly calculating higher-order cor-
relation functions or Feynman amplitudes by using convolution. It also removes the
asymptotic time assumption, because the limited time intervals are computed exactly,
without approximating the integration domain to be infinite.

If the recursive Fourier transform method allows for efficient calculation of higher
order terms, one may be able to relax the constraint for small perturbations and allow for a
broader range of potential strengths, moving out of the regime of weak coupling forces.

3.3. Bardeen Tunneling

Bardeen investigated electron tunneling at a voltage-biased junction between the
conductive components. Following [37], describe the tunneling potential between tip
and ssample of an electron microscope as V(t) o« exp (1t/h), and after making several
assumptions (for instance, keep only first-order terms, and small tunneling current), the
solution the the TDSE is

efi(wfprtiq)t

cf(t) = My (wf —w;+in)’
where M; is the matrix element of the Hamiltonian perturbation. The energies wy and w;
correspond to the sample and tip of an electron microscope, respectively. Electrons come in
with energy w;, and in a junction biased at voltage Vp, w; — w; + eVp.

Next one typically estimates the tunneling current as the time rate of change of the
tunneling probability, in the limit that # — 0.

Hwy) = lim 2 ley ()P

d eZlyt

dt (wf — wi — eVo)? +11?)
= 27T|Ml-f|25(wf —w; —eV),

= |Mjf|?

where we used the identity lim (7 — 0)(17/(w? + 4?)) = §(w).
Bardeen’s formulation is valid under certain conditions [38]. This result is useful
because it describes tunneling in terms of time rather than space.
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A related calculation can be executed using Equation (7) and identifying V = 6(E),
since the potential is constant in time, and fiw; = E; + eV, since the initial state includes
and offset due to the bias potential.

(1) = ihvif<exp (iwt/2)) sin(wt/2) F 8(w — Vo) % 8(co — wi)) ‘
2 w W=wy
_in, (X (wr — @i — eVo)t/2)sin((wy — w; — eVo)t/2) (36)
N E if (Uf — Wj — EVO

With increasing time, Equation (7) converges to a J-function.

In the first case, we find that the tunneling current is non-zero when wy = w; +¢eVp. In
the second case, we find that the transition amplitude is non-zero under the same condition,
which has the same physical meaning.

The recursive Fourier transform approach efficiently determines the probability am-
plitude for each outgoing energy mode. This method could permit a more detailed de-
scription of the energy transitions across the tunneling barrier, including for arbitrarily
short time-scales. For instance, in tunneling across a voltage-biased barrier, the energy
profile Equation (7) correlates with the excess kinetic energy profile of an electron ensemble
post-barrier-crossing. The ensemble’s velocity profile could be measured.

Example: 2nd Order Bardeen Tunneling

Although a second-order expression is not typically attempted with Bardeen’s ap-
proach, the recursive Fourier transform approach to the general TDSE allows us to guess at
a second-order result for Bardeen tunneling.

First, we determine the transfer function for second order Bardeen tunneling. Again
using V = 6(E) and hw; = E; + eV}, Equation (24) obtains

{ (exp (i(w —eVo/h) F)sin((w —eVo/h)F) *(5(w’)>

Hig(wp) =, 7 (W' —eVy/h)

t1%wf

_ r {eXP (i(wy — eVo/h)%)sin((wk — EVO/h)%) }

a (wi — eV /)

tl*)(,df

Note that «’ is the convolution parameter. As usual, indices i, f, k correspond to
initial, final, and intermediate energy states, respectively. Performing the Fourier transform
results in

1

Hiilwr) = 5o —eVorm)

((s(wf + (wy — eVo/h)) — (s(wf)).

Following the steps in Appendix C.1, we write

1
Zm'(wk —eV) /h

§(ws — wy) * Hyi(wy) = )(5(wf—€Vo/h)—5(wf—wk))

so using Equation (23), the 2nd order Bardeen tunneling amplitude is

(wslp(T) = 27T Vg Y —— s Esine (wpy
k (w ——0) 2
' 38)

" (5(wf ~ ) sy - wk)>,

where V,;, denotes the matrix elements of the potential operator, and the convolution
variable is wy.
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Equation (38) incorporates two series of complex sinc functions. The first series is
centered at wy = eVp/h. The distributions in the second series are centered at w; = wy,
descending in amplitude away from eV;y/ . See Figure A4.

This represents the distribution of kinetic energies of tunneled electrons described by
Equation (38). This result is significant as a transient effect for small times only. It illustrates
the usefulness of the RFT method for extending existing methods of calculation.

3.4. Joint Spectral Amplitude Function

Recent experiments in quantum optics [63—68] rely on the generation of entangled
photons characterized by a joint spectral amplitude function (JSA), F(ws, w;), such that

¥ (ws, w;)) o /dws /dwiF(ws, w;) |ws) |w;)
To be concrete, consider 4-wave mixing with signal, idler, and pump photons given by

Eyi)(tz) = / d“’s(a“s+<i)6*"k(“’s<i>)z+iws<z‘>f

wp—w )2

. ( 0)” . .
Ep(t,Z) — e—z*sz/dwpe 202 ezk(a}p)z—zwpt

In this process, two pump photons at frequency wy annihilate to generate two outgoing
photons (signal and idler) at frequencies wy &= A for some frequency detuning value A.
This is a statement of energy conservation. The photons are assumed to be in a non-
linear, dispersive medium with wave vector k(w) (the non-linearity is contained in the
expression with <y, but is not important for this derivation). At first order, the Schrodinger
equation gives

T 0
¥ (s, 0;)) o</ dt/ dzEEE,E, |0)
0 -L
T 0 4 ,
o /dwsdwi(/o dt /7L dze_l(ks(“’s)z_“’st)e‘l(kf(“’f)z_“’ft)EpEp) |ws) |w;)
S /dwsdwiF(ws,wi) |ws) |wi)
where F(w;s, w;) is the JSA.

The wave vector mismatch (due to dispersion) is calculated from the Taylor expansion
of the wave vectors,

Ak = 2k(wp) — k(ws) — k(w;) = (wp — wo)*k" — Ak(ws, w;)

where
k//

Ak(ws, w;) = Z(ws —w;i)? (39)

The JSA can be written as
0 . .T .
F((US, C()l') = / dze—l(k(ws)+k(wi))z/ dtel(ws_;,_wi)t
wWp —w, 2

(e*iva / dwpe’% eik(w,,)zfiwpt)z
0 . T '

= / dze*’(Ak(“’S'“’i)“VP)Z/ dtel(wstwit
L 0

Cwo?
( / dwye” s (1_21k//"22)e—i‘*’”t)2

(40)

4
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For Gaussian pump photons, the integral can be evaluated in closed form to obtain an
expression (to second order) for the JSA [63],

(ws+w,-—2w0)2

; - 2
F(ws, wj) / A —— UL OLP p

k//
pZ (41)
_ (ws+w;—2wq )2

¢l (AF27P) S 5inc (Ak + 2y P) E)e w oo,

where in the last step, the radical is set to unity using the fiber approximation [k << U%—L
Alternately, this expression can be derived using the recursive Fourier transform

process developed in this paper. Rewrite the integrals in Equation (40) as

—

F(ws,w;) = / dzrect(L + 5 e ibkz

/ dtrect ) l(wb-&-wl)t( —iwot , —lva/dQe 2‘72 iy 102K z— th)

N |

where Q) = wp — wy.
Using the methods of Section 2, we write

F(ws, w;) = LOTQ/dzefiAkz]-"fl{elkTsmc( @)}Ffl{d(k—i—Z'yP)}
k—z 2 k—z

i(ws+w;)t T—1 iwl E -1 _
/dte Z}-'_)t{e 2 sinc(w 5 )}(]U-"_”{(S(w 2wp) }

(/ dQe ™ exp (—

2

2
%(1 - ik”UZZ))>

Performing the Fourier transform over z first results in a factor é(k + Q%k” /2), and
using the convolution theorem, we arrive at

o T,
F=LgTy [e“"zosinc(wzo) *

(42)
*“’*22 ikt . Lo 2001
e 42 ("2 sinc(k—) * 6(k +2yP) . 6(k + wk")

2 k=Ak(@s,01) | 4 — o+ o,

The domain of convolution is specified with a subscript, and the distributions are
evaluated at the given expressions of signal and idler frequencies.

To compare Equation (42) to the standard result, Equation (41), we assume asymptotic
time (Ty — o0), in which case sinc(wTy) — 6(w), so the convolution over w reduces to the
identity operation, and we assume that the pump photon dispersion, w?k”, is negligible.
Under these conditions,

_«? L
F(ws, w;i) =~ Ly (5(w —2wp) *@ e 42 ( i(Bk+27P) F sinc((Ak + 2yP) 20)))

w=ws+wj

(ws +wi—2w0)2

. L
~ Loe 42 (el(AkJ’zWP)Zosinc((Ak +29P) L20)>

which matches Equation (41).

The newly-derived expression allows for short-time calculations using easily com-
putable routines. In place of a radical in the denominator, the higher order effects of the
pump are incorporated into the convolution operations.
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3.5. Quantum Zeno Dynamics

The quantum Zeno effect would be a potentially fruitful experimental case to verify
the utility of the new method for calculating second order amplitudes. This effect can be
used, for instance, to generate entanglement by suppressing first-order terms relative to
second-order terms in the Schrodinger Equation [56]. Nodurft et al. use Fermi’s Golden
Rule to demonstrate their scheme utilizing a photonic waveguide coupled with a series of
perturbing atoms to eliminate outcomes in which both photons appear at the same output
port. This effectively entangles the photons by making the wave function inseparable. They
write, “this imbalance between single and two photon absorption rates facilitates the Zeno
effect by suppressing terms where both a left and right photon are found, but not when
a single photon is found”. Performing this calculation to higher precision using the RFT
method presented here may provide more control and efficiency in creating entangled
states. It would be interesting to use as a test case for verification that this method (see
Sections 2.1.2 and 2.2.1) does indeed improve upon Fermi’s Golden Rule.

Other relevant potential applications of this calculation applied to the Zeno effect
include error correction in quantum computers [69] and construction of quantum gates [70].

3.6. Solitons and Non-Linear Cases

The method provided here can be directly applied to any dynamical case in which
the potential function has a Fourier transform. Its generality may make it particularly
helpful for nonlinear versions of the Schrodinger equation. As an example, Bayindir et. al.
study q-deformed Rosen—-Morse potentials to analyze the time evolution of solitons [71].
They utilize a spectral method to determine the stationary states of the system and the
Runge-Kutta (RK) method to evolve the stationary states in time.

Non-linear terms are hard to handle because they involve convolution in the frequency
domain, due to the convolution theorem. One typically avoids this by iterating them in
the spatial domain, whereas the linear terms are iterated in the frequency domain. In the
method presented here, the convolutions in the frequency domain are taken into account
explicitly, rendering the spatial iteration of the nonlinear terms unnecessary. It seems that
this method could be used as an alternative to RK to compute time evolution, readily
handling linear and nonlinear terms.

It should be noted that the RK method results in a time domain wave function, whereas
the methods here result in a frequency domain wave function. These can be easily compared
using forward or inverse Fourier transforms.

3.7. Master Equations

When considering open quantum systems, the Lindblad equation can be used to
account for dissipative or decoherence effects from the system to the environment. These
effects are accomplished by a nonlinear term added to the Schrodinger equation, requiring
careful treatment. There is still, however, a time integration that must be accomplished,
which is often done using the Runge-Kutta method. The alternate method proposed here
can likely be applied to that integration process, providing some utility in these cases.
A careful analysis of these benefits was not undertaken.

3.8. Other Applications

The method proposed based upon Fourier transforms has a quite general form and
might be used in other scenarios. The TDSE describes the diffraction of the wave function
around a small temporal perturbation. One might consider application in the spatial
domain, rederiving the usual single slit diffraction formula, and then extending this to a
second-order calculation. Furthermore, in the spatial domain, one might apply the RFT
technique to a tunneling barrier, for instance in a scanning tunneling microscope or in the
alpha decay.
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4. Conclusions

In this work, we devised a novel technique that decouples nested integrals in the
Dyson series for the time-dependent Schrodinger Equation (TDSE) using recursive Fourier
transforms (RFT). This provides an approach which is particularly suited for computation
on both classical and quantum computers.

This method shares similarities with existing multi-slice or split-operator techniques,
but it is used to refine accuracy of wavefunction spectra rather than propagate a wavefunc-
tion over time. The RFT approach computes the temporal diffraction of a wavefunction
under a perturbing force of finite duration. It can be used, for instance, in the characteriza-
tion of single photons in cases where indistinguishability is important.

The decoupling of the integrals at second-order is achieved by shifting to the frequency
domain to obtain a nested sinc function, then interpreting the nested sinc as a function of
time while also swapping the order of operators to perform the outer time integral before
the sum over energy. This varies the width of the sinc function in the frequency domain,
which can be sampled at a given frequency to extract an amplitude in the frequency domain.
This allows the TDSE to be expressed as a sum of (non-nested) convolutions. We anticipate
that this procedure can be iterated to higher orders.
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Appendix A. Definitions of the Fourier Transform

The following definitions of the Fourier transform and its inverse are used.

Flw) = \/12—7_[ /j:of(t)ei“’t dt f(t) = \/;77[ /j:ol:(w)efiwt dew

R = —= [ fe s = [ R

Appendix B. Using the Appropriate Dual Domain

In systems linked by Fourier transforms, a proper domain emphasis can sometimes be
overlooked. For example, TDSE coefficients c(t) are written as functions of time to establish
the time dependence of the wavefunction.

However, Equation (7) (Figure 1b) represents a w-space distribution featuring an w
convolution. Time does not appear directly in this expression. Instead, T is a constant that
shapes the oscillatory pattern of the distribution at a given moment. By varying T, we must
recompute the convolution at each time step and then sample the distribution at point
wy to yield a meaningful transition amplitude. This requires distinguishing “integration
parameters” from “coordinates”, in the sense of [18].
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Consider Fermi’s Golden Rule: a bound state w; transitions to a continuum state w ' un-
der a driving frequency wy, producing the transition amplitude expressed in Equation (12).
By varying wy, wj, or wy, Figure Al is useful for identifying the relevant dependencies.

However, Figure Al can also be interpreted time-wise because the sinc function
depends symmetrically on time and energy. Over time, the sinc function (as a function of
wf; — w4) becomes more peaked, and the image in Figure Al is considered to be a snapshot
of time. Thus, we interpret the amplitude as time-dependent, c(t).

However, this interpretation misreads the proper domain. Amplitude cy; is a frequency
distribution and not a time distribution. The time dependence is implicit; evolving time
means updating the entire distribution, after which we can derive the frequency-dependent
amplitude at that time.

T

|Amplitude|

w —wi—w

|Amplitude|

—w,—wy (at a later time)

“s

Figure Al. Fermi’s Golden Rule, transition amplitude. There is more than one possible interpretation
for this plot. (Top) For a given driving frequency, we treat the energy jump wy; as the variable.
The greatest amplitude occurs when wy; matches the driving frequency, wy. (Bottom) At a later
time, the resonance curve has changed, so this can serve to predict time evolution despite that it is a
distribution in w space.

These processes are distinct. The former involves only number reading from the graph,
while the latter requires repeated graphing and sampling. The former is a function, whereas
the latter is a functional.

The same reasoning applies to the usual kicked harmonic oscillator treatment (per-
turbed by a small Gaussian pulse, Section 2.1). The standard methods lead to the coefficient
in Equation (9), which is implicitly defined by the elapsed time T but explicitly a function
of w. This can help determine the best pulse duration T to match the natural oscillator
frequency w, but it overshadows the more natural ¢ = ¢(w) dependence.

Each t value is a unique experiment leading to a different distribution. In varying t,
Equation (9) becomes a functional by creating a configuration space for each t value.

Appendix C. Detailed Analysis
We will now examine Equations (23) and (24) in more detail.

Appendix C.1. Evaluating the Transfer Function

Evaluating the form of the transfer function Hy; can be performed first for the case
of a negligible potential, V(w) = 6(w) (infinitely wide in the time domain). Because
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convolution with a é-function is the identity operation, we can then evaluate hy;[t] explicitly
and take its Fourier transform,

Hki: F {exp(iwkitl/Z)M}

How wii/2
= %(5(w+wki/2+wki/2)*5(w*wki/2+wki/2)) (AD)
= ?(5(&)4—@%‘)_5(‘0))'
ki

In other words, the transfer function is composed of a series of discrete impulses
spaced at integer multiples of wg) (because wy; = kwq)). See Figure 3.
Next, Hy; is convolved with the other factors in Equation (24), resulting in

(e = ) * g = 2 5(00 — i) (8w + ) — ()
i (82
— 22 (0w~ )~ 8w — )

As shown in Figures A2 and A3, each term in the sum over k contributes complex
impulses at wy and w;.

The special case k = i must be handled separately. Here, the desirable properties of
the sinc function at the origin are required, and Equation (A1) is the Fourier transform of
a constant as follows:

Hyy = f{constant} = 2716(w). (A3)

This contributed to a purely real amplitude at the origin, as shown in the middle graph
of Figure A2.

Summing over all Hy; contributions over the range k = +25, it can be seen in Figure A4
that for k # 0, Hy; contributes a real portion at wy = 0 which is amplified as more frequen-
cies are included (k — 40), whereas the real portion remains small and finite at every
other wy, vanishing when the distribution is normalized (top). Conversely, the imaginary
portions cancel at wy = 0 but are significant everywhere else, decaying inversely with
respect to |k| (middle).

An analogy can be drawn to the frequency-domain decomposition of sound signals.
In the second-order calculation, the probability amplitude signal was deflected into a series
of higher harmonics. Similarly, an acoustic musical instrument generates sound through
the combination of a pluck (impulse) and resonant cavity that amplifies higher harmonics
(impulse response). This is similar to the relationship between Hy; in Equation (23) and the
rest of that equation.

Appendix C.2. Stepping Through the Algorithm for Transfer Function

A comparison was made between the direct integration of Equation (1) and the
convolution approach in Equations (23) and (24) using MATLAB. The program begins by
generating a nested impulse response, Equation (20). This has the form sinc * V and width
t1, as shown in Figure 3 (far-left).

This impulse response (in w) is then varied over time across the integration limits
0 < t; < T, generating a sequence of sinc graphs of varying widths. The sample value at
the vertical line wy, for each graph was stored as a new array hy;[t] (Figure 3, middle). For a
given wy, these samples oscillate with a frequency profile that is dependent on the physics
of the experiment (such as the properties of the potential and duration of the window
of measurement).
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Figure A2. Contributions to the second-order complex valued “transfer function” Hy; from the frequen-
cies k = —1,0,1 (top to bottom, respectively). The cases k = +1 contribute a real portion (solid) and
an imaginary portion (dashed) at wy = £1. The case k = 0 contributes only a real portion (solid). See
Equations (A1) and (A3).
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Figure A3. The frequency-distributions for k = 2, 3 contributions. (Top) The real (solid) and imaginary
(dashed) parts of the complex sinc function in Equation (23), corresponding to the outer integral over
t1 in Equation (18). (2nd/3rd row) The transfer function Hy;(w) in Equation (24) captures information
from the nested f, integral as a series of spikes, §(w — 2w (g)) + 6(w), (left), 6(w — 3w(g)) + d(w),
(right). See Equation (A1). (4th row) The real (solid) and imaginary (dashed) parts of the convolution
in Equation (23). (Bottom) The combined result from k = 2 and k = 3.

The Fourier transform of hy;[t] is Hy;(w) (Figure 3 right panel). It is a series of im-
pulses representing each intermediate contribution to the second-order amplitude (see
Figures A2 and A4). If the perturbation is negligible, we can write V(w) = §(w). In this
case, Hy, is composed of §-function impulses at wy and w;. If the potential is strong, other
harmonics appear in this graph (see Figure A5 bottom-right).

Finally, in Equation (23), Hy; is convolved with a phase-shifted sinc impulse response
so that a copy of the impulse response is placed wherever Hy; has a spike, as shown in
Figure A3. This is performed for every possible intermediate state wy, and the amplitude
plots for each are summed. Each code loop over wy contributes an impulse response
centered at wy and another centered at w; (Figure A2).
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After looping over all 2k 4+ 1 intermediate distributions, the impulses centered on
wj reinforce 2k + 1 times, whereas the second-order signal at each wy appears only once.
The result is a strong central peak and decaving wings (Figure 4).
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Figure A4. Hy;(w) for —25 < k < 25. The contribution to Hy;(w) at k = 0 is non-zero for every k # 0,
growing without bound, as we include more momenta (k — c0), see Equation (A3). There is also a
small, constant, real contribution at each wy, which vanishes when the distribution is normalized
(top). The imaginary portions cancel at wy = 0 and are built everywhere else, decaying inversely to
|k| (middle), see Equation (A1). The absolute magnitude of H;; was a harmonic series of impulses
(bottom). These impulses are convolved with the first-order impulse response, Equation (7).

Appendix C.3. Domain and Resolution of Transfer Function

In the code implementation of Equation (20), the length of hy;[t;] is not equal to the
length of the original signal. This is because hy;[t;1] is generated by scanning t, over the
variable range 0 < t; < t;. Thus, the corresponding resolution of its Fourier transform, Hy;,
is reduced (Figure A5, top left).

To compensate for the band-limited spectrum, Hy; was padded with copies of itself.
This is necessary for the convolution operation to be well-defined. The time window T was
chosen to be an integer fraction of the duration of the original signal so that the padding
fits evenly (this is necessary to avoid artifacts in the Fourier transform).

This defines a fundamental harmonic frequency associated with the measurement,

w(1) = total duration of original signal/duration of time integration
1 (A4)

TI

(see the harmonic spacing in Figure A4).

When the Gaussian potential is weak, the tiled instances of hy;[t1] line up smoothly,
and H;; only contains two spikes, as in Equation (A1) and Figure A2. When the potential
is stronger, hy;[t1] does not line up on its endpoints, and spectral artifacts occur at integer
multiples of w(y).

For reasons that are not fully understood by the author, the interpretation of the
second-order results is clear only when w(;) = wg), which is known as cyclotron res-
onance. This appears to be related to the interpretation of Equations (23) and (24) as a
signal reconstruction problem using sinc-interpolation: this is the only case considered in
this study.
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Figure A5. Bandlimited signal: Because the duration of the time integration of the TDSE is less than
the full signal (5% shown here, top left), Ii;[] is smaller than V by that factor, and the resolution is
decreased (bottom left, the distinct spikes are only resolvable because horizontal scale is expanded).
In the top right, h, [t] was padded with copies of itself to compensate for the limited bandwidth of the
signal. This ensures its Fourier transform has the desired high resolution (bottom right). Shown here
is the k = +2 term of Equation (24). A moderate strength potential was used, resulting in harmonics
at nearby states (see small spikes at k = +1, +3 and other integers).

Appendix C.4. Effect of Time Window Shift on the Form of the Transfer Function

In Figure A4, the imaginary part of Hy; decays inversely with |k|. The time measure-
ment window was shown to extend from the origin to f, leading to a translational factor of
% in the rect(t) function. In the general case, the measurement window can be translated
r units by shifting the rect(t) function again, rect(! — 3 — 1), leading to an overall phase
shift in the frequency domain, exp (iwy(r/t)). This leads to an oscillating envelope for the
impulses in Figure A4 (envelope not shown). In the MATLAB simulation, a phase shift
of this sort was introduced to compensate for coding artifacts (the base index for the time
window started at 1 instead of 0).

Appendix C.5. Normalizability of the Transfer Function

The appearance of wy; in the denominator of Equation (20) inside summation over both
i and k is the cause for questioning whether this expression can be normalized. However,
owing to the good properties of the sinc function, hi; and Hy; are non-singular.

To observe this, note that when 1/wy; becomes singular, we use Equation (A3) (which
is well defined) instead of Equation (A1).

In general, Hy; is a series of harmonics of spacing w(g), as shown in Figure A4. The mid-
dle plot shows imaginary impulses at every non-zero integer wy that form a harmonic
series, which is well known to not converge, and therefore, it is not clear whether the
final expression Equation (23) is convergent. The upper plot shows an impulse at w; = 0
resulting from each term in the sum over k. The height of this impulse increases without
bounds for k — Zco. This is ultraviolet divergence.

This can easily be resolved from a practical perspective. Because the height of the
impulse at the origin is proportional to the size of the domain, |kyax|, in the code implemen-
tation, this expression can be normalized by dividing by the maximum value of k, where
only a finite number of terms are included.

From a theoretical perspective regarding the convergence of the second-order, the issue
is whether the sinc functions, each of which are normalizable and arranged in a harmonic
series (which does not converge) are normalizable. This was not addressed in this study.
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Appendix D. Accuracy of Method
To analyze the accuracy of Equations (7), (23) and (24), we used MATLAB to compare
the convolution method and the method of direct integration of the Schrodinger equation

in Equation (14).

Appendix D.1. Comparing First-Order to Second-Order Convolution

The first-order contributions and second-order corrections for the convolution (or
recursive Fourier transform) method were compared, as shown in Figure 4. The second-
order contribution shortens the central peak, while heightening the wings of the distribution
by a small amount. This is reasonable because we expect the potential to deflect the system
away from its original state each time it is applied.

Appendix D.2. Frequency Profile versus Potential Strength

For the measurement of duration T, Figure A6a—c show the second-order amplitude
calculated by direct integration and convolution. In both methods, increasing the potential
spreads the central peak and smoothens the ripples in the distribution. For a given increase
in the potential strength, the ripples are preserved to a greater extent in the convolution
method. Furthermore, the smoothing occurred differently in both cases. In particular,
Figure A6b shows that for the convolution method, the odd-numbered zero-crossings are
preserved longer than the even ones, as the potential strength is increased.

o} ~Convolution 3 —Convolution @ "\ —Convolution
2 ~Integration Ef -‘Integration E "\ -“Integration
g g g \
< < <
2 7 © ° 2 ? o s & o s - s 0 °
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(a) Low potential. (b) Medium potential. (c) High potential.

Figure A6. Second-order comparison of spectra for various values of the potential for convolution

versus integration methods. Potential increasing from left figure to right figure.

Appendix D.3. Frequency Profile versus Range of Intermediate States

Figure A7a,b demonstrate the distinct behavior of direct integration versus convo-
lution with respect to the number of intermediate states k;,,, that are summed over.
The convolution method converges faster than the direct integration with respect to
the number of intermediate terms included. The convolution method relies heavily on
non-local surrounding states. This is not surprising when considering the similarity be-
tween Equations (23) and (24) to the sinc interpolation signal reconstruction (as shown in

Appendix E.2).
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Figure A7. Second-order comparison of spectra for two values of the k;;,y range for convolution
versus integration methods. The methods match each other more closely far from the origin as more

k terms are added. Left (right) figure case is kyax = £4(£10).
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Appendix E. Interpretation
Appendix E.1. Kicked Frequency and Natural Frequency for Harmonic Oscillator

Equation (24) presents two distinct energy scales: the unperturbed harmonic oscil-
lator’s discrete spacing w(g), and the truncated perturbation-induced minima spacing
w(y) =27 /T. The latter corresponds to the sinc function zeros in Equations (7) and (24).
This truncated perturbation is comparable to the periodic kick potential in the Floquet
theory, where the Hamiltonian splits into a free part (with a discrete eigenspectrum) and a
kick part (with a continuous eigenspectrum).

The unitary evolution operator u comprises l:lf,ee, which determines w g and the
unperturbed basis states, and Uyick, which establishes w(1)-

The dynamics of a Floquet system strongly hinge on the relationship between the
natural frequencies of the two Hamiltonian parts: w(;) and w ). Engels [72] investigated
structured stochastic webs arising in the phase space for various energy scale values.
When these two are integer ratios, the phase-space web is distinct, with clear allowed and
forbidden regions. By contrast, when the two are irrational, the web structure collapses,
allowing the entire phase space. Floquet systems show that the discrete energy states wg)
endure through time evolution, whereas the continuous states defined by wy disperse.

This scenario underscores the distinction between oscillator frequency w ) and per-
turbation frequency w(y) [72]. We focused on the “cyclotron resonance” case in Figure A4
and the subsequent graphs, where w ) = w(y). Here, the periodic kicks of the Floquet
system coincided with the natural motion of the unperturbed oscillator.

Appendix E.2. Frequency Sampling Interpretation

It is interesting to note the similarity between Equation (7) and the Shannon-Nyquist
sampling theorem

f(t) = Zf(nt) -sinc(wt — n). (A5)

The theorem states that any signal f () can be exactly reconstructed from its samples,
f (nt), using a series of ideal sinc interpolation functions centered on each sample, separated
by a Nyquist period.

In the case of Equation (7), a signal in the frequency domain, c(w), is smoothly
reconstructed from discrete samples, c(nAwq)), using a series of sinc-like interpolation
functions centered on each energy eigenstate. In the case of zero potential (V (w) = §(w)),
if we constrain the measurement window to be the inverse of the oscillator frequency,
T =1/wqy = 1/w(g), then Equation (7) exactly reconstructs the original wavefunction
with an ideal sinc interpolator. As the perturbation increases from zero, the interpolation
function changes, and the reconstructed signal is no longer identical to the original.
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