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Abstract: Many studies focus on brittle-ductile transition stress in intact rocks; however, in real life,
we deal with rock mass which contains many discontinuities. To fill this gap, this research focuses on
the brittle-ductile transition stress of rock mass by considering the influence of different Geological
Strength Index (GSI) values on the brittle-ductile transition stress of rock mass. In other words, the
Hoek-Brown failure criteria for rock mass were reformulated mathematically including the ductility
parameter (d), which is defined as the ratio of differential stress to minor stress. Then, the results
were analyzed and plotted between ‘;—3: and GSI, considering different (d) and Hoek-Brown material
constant (111;) values. The brittle—ductile transition stress, ¢3°, was determined by intersecting the
Hoek-Brown failure envelope with Mogi’s line, with ductility parameters d ranging from 3.4 (silicate

rocks) to 5.0 (carbonate rocks). Numerical solutions were derived for g—? as a function of GSI using

Matlab, and the results were fitted with an exponential model. The analysis revealed an exponential
relationship between % and GSI for values above 32, with accuracy better than 3%. Increased

ductility reduces rock mass strength, with higher d values leading to lower g—f. The diminishing
returns in confinement strength at higher GSI values suggest that rock masses with higher GSI can
sustain more confinement but with reduced effectiveness as GSI increases. These findings provide a
framework for predicting brittle-ductile transitions in rock engineering.

Keywords: rock mechanics; brittle-ductile transition; rock mass; Hoek-Brown criteria; geological
strength index (GSI); Mogi’s line

1. Introduction

The brittle-ductile transition stress in the rock mass is crucial in understanding its
mechanical behavior under varying conditions. Rocks exhibit two primary modes of
deformation: brittle and ductile. In the brittle regime, rocks tend to fracture and fail
through the propagation of cracks and fractures. This is characterized by a sudden release
of stored elastic energy, resulting in a relatively rapid failure. In the field of rock mechanics,
several researchers have characterized brittleness as a material’s propensity to fracture
when subjected to stress, such as tension or compression, without undergoing significant or
lasting deformation. This definition emphasizes that a brittle material can break suddenly,
often with little warning, because it lacks the ability to absorb energy and deform plastically
before failure. Such behavior is contrasted with ductile materials, which can undergo
considerable deformation before fracturing. Brittleness is a critical factor in understanding
how rocks and other materials will behave under different loading conditions, making it
essential in various engineering and geological applications [1-3] (see Figure 1).
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Figure 1. Brittle and ductile behavior under tension (left) and compression (right). The right side
illustrates the rock’s behavior under varying confining pressures (based on [4]).

On the other hand, in the ductile regime, rocks deform without significant fracturing,
showing plastic flow and a more gradual failure process [4]. The plastic deformation and
post-peak behavior of rock mass are characterized by the brittle-ductile transition and
nonlinear deformation behaviors, which are the prominent characteristics of the rocks. The
transition occurs in failure mode from localized brittle fracture to non-localized plastic flow.
This transition plays a significant role in various geophysical and geological problems [4].

Numerous experimental studies have shown that the failure behavior of rocks under-
goes a transition from brittle to ductile as confining pressure increases [5,6]. The extent
of brittleness is directly influenced by the level of confining stress, with rocks exhibiting
significant brittleness under unconfined or low-pressure conditions. As the confining stress
approaches the critical level near the brittle-ductile transition point, the rock’s behavior
shifts towards being almost ductile. This progression is well-documented, as exemplified
in a triaxial compression test performed on Tennessee marble by Wawersik and Fairhurst
in 1970, which vividly contrasts the rock’s brittle and ductile responses under varying
pressures (see Figure 2) [7].
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Figure 2. Stress—strain curves for Tennessee marble, where q = 0y — 073 (data after [7]).
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Brittle failure occurs when a rock’s resistance to load diminishes as deformation in-
creases, while ductile behavior is marked by rising compressive strength with greater
strain during compression tests. Reichmuth [8] and Lawn and Marshall [9] characterized
brittleness as the ease with which cracks propagate. Dollinger et al. [10] described it as the
tendency of rock to form chips during indentation. According to Lawn and Marshall [9],
brittleness is one of the most complex mechanical properties, reflecting the interplay be-
tween deformation (such as residual or plastic impressions) and fracture under indentation.

Kédrman [11-13] was the first who investigate the influence of the confining pressure
on the mechanical behavior of intact rocks. Karman [11,12] investigated the effect of the
confining pressure of Mutenberg sandstone and Carrara marble. According to his labora-
tory results, the brittle material becomes ductile due to increasing the confining pressure.
The pressure effect on rock strength is quite different between brittle and ductile fractures.

In many cases, a linear relationship between breaking strength and pressure has been
observed [4,14-16]. On the other hand, Robertson [17] has shown that yield stress in ductile
cases is practically independent of pressure in some limestones and marbles. Some rocks
still exhibit brittleness even under high confining pressure at 1000 MPa or above [18].

The transition between these two states depends on various factors, including strain
rate, temperature, effective stress, microstructure, porosity, and mineralogy of the rock and
water [19-25]. Understanding the brittle-ductile transition stress is essential in geology
and rock engineering. O’Ghaffari et al. [26] presented a novel method for unpicking the
transitions in microphysical processes that accompany the macroscopic brittle-ductile
transition. Their research provides exceptional time resolution and is able to distinguish
among microcracking, twin formation, and dislocation activity, all in operando at the
extreme conditions associated with rock deformation under higher confining pressure.
Tang et al. [27] presented a strength-mapping method that relies on a mapping index
formulated by plastic shear strains. This novel unified hardening/softening model has
been successfully constructed, which can not only reflect the brittle failure characteristics of
rock samples under lower confining pressure but also capture the transition from brittle
to ductile behavior as the confining pressure increases. Understanding the brittle-ductile
transition stress is essential in geology and rock engineering.

In geological contexts, it helps predict the behavior of rock formations under different
tectonic conditions. In engineering, particularly in tunneling, mining, and underground
construction, radioactive waste storage, and hydrogen storage. A significant amount of
strain energy is stored in surrounding rocks following excavation. Brittle rocks, which
deform minimally, consume only a small portion of this energy. Consequently, a large
portion of the stored strain energy is converted into the kinetic energy of rock blocks
during a rockburst. In contrast, ductile rocks experience considerable deformation due
to squeezing and creep, which leads to nearly complete dissipation of strain energy. As a
result, the degree of rock brittleness serves as a crucial indicator for predicting the likelihood
of rockbursts in deep mining and tunneling operations [28-31].

Knowing the transition stress aids in designing support structures to withstand the
specific mechanical properties of the rock mass. Researchers employ laboratory experi-
ments, field studies, and numerical modeling to determine the transition stress for different
rock types and conditions. This knowledge is crucial for ensuring the safety and stability of
structures built within or on rock formations, contributing to the overall success of various
engineering projects.

In rock masses with high Geological Strength Index (GSI) values (indicating fewer and
less severe discontinuities), the transition from brittle to ductile behavior occurs at higher
stresses. These rock masses can sustain more stress before transitioning to ductile deforma-
tion, as the intact rock strength dominates the behavior. Conversely, in rock masses with
low GSI values (indicating more fractured and less coherent rock masses), the transition to
ductile behavior occurs at lower stress levels, as the fractures and discontinuities weaken
the rock mass, making it more prone to ductile deformation under lower stress. Thus, GSI
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is crucial in determining the stress at which a rock mass will transition from brittle failure
to ductile flow, affecting the stability and design of engineering structures in rock.

This paper investigates the brittle-ductile transition in rock masses by incorporating
the influence of the Geological Strength Index (GSI) into the Hoek-Brown failure criterion.
Traditional studies primarily focus on intact rock, often overlooking the discontinuities
and heterogeneities present in actual rock masses. This research addresses that gap by
reformulating the Hoek-Brown criterion to include a ductility parameter, defined as the
ratio of differential stress to minor stress, to better represent real-world rock mass behavior.

This study explores how varying confining pressures lead to a transition from brittle
to ductile behavior in rocks. Brittle failure is typically characterized by crack initiation
and propagation, often resulting in sudden failure and energy release. In contrast, ductile
behavior is marked by continuous deformation and plastic flow. The transition between
these behaviors is influenced by factors such as confining stress and rock mass quality,
with GSI playing a critical role. Numerical models and experimental data are used to
demonstrate that as confining stress increases, rock behavior shifts from brittle to ductile.
This study provides fitted models that approximate the behavior of rock masses during this
transition, improving the prediction of rock mass responses in engineering applications.

2. Origin of the Geological Strength Index (GSI) in the Hoek-Brown Criterion

The Hoek-Brown failure criterion was initially developed to describe the failure of
intact rock [22,32]:

o 05
o = 03+ 0¢ (mi(TJrl) 1)
Cc

where o7 and 073 are the major and minor mains stress, respectively, o, is the unconfining
compressive strength and m; is a material-dependent constant.
The following semi empirical failure criterion was introduced by Hoek and Brown for
rock mass [33,34]:
a
o
01 =03+ 0¢ (mb3 + S) 2)
Oc
where 0; is the uniaxial compressive strength of the intact rock, while a, my, and s depend
on the Geological Strength Index (GSI), according to the following form:

1 1/ ce1 2
a—§+8<e 5 —e 3) 3)
my, = m; eGSIZ—Sl(]O (4)

where m; is the Hoek—Brown material constant of intact rock,

GSI-100

s=e 9 (5)

The Geological Strength Index (GSI), according to the definition, can have a value
between 0 (disturbed rock mass) and 100 (intact rock). GSI offers a way to estimate the
mechanical properties of a rock mass (such as cohesion and friction angle) by classifying
the rock mass based on its structure (e.g., blocky, massive, or highly fractured) and the
condition of discontinuities (e.g., roughness, weathering, and infilling) [34].

As mentioned above, the Hoek—-Brown criterion requires certain input parameters,
such as the rock mass constant (1;), the uniaxial compressive strength of intact rock (c;),
and a factor s representing the rock mass quality. GSI provides a practical way to estimate
these parameters, particularly m; and s, based on field observations of the rock mass. The
GSI adjusts the Hoek—Brown parameters to reflect the influence of geological factors on rock
mass behavior. As the GSI decreases (indicating poorer rock mass quality), the estimated
rock mass strength and deformation parameters are reduced, this directly influences the
predictions made by the Hoek-Brown criterion. This is crucial for designing safe and
effective engineering structures in varying rock conditions [34].
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The GSI system is often integrated with the Hoek—-Brown criterion within rock mass
classification schemes, such as the Rock Mass Rating (RMR) system. Together, they provide
a comprehensive approach to estimating the mechanical behavior of complex rock masses,
which is essential for stability analyses and design in rock engineering. The Hoek—-Brown
criterion provides a framework for understanding rock mass strength, and GSI is a practical
tool that helps quantify the necessary parameters based on geological conditions. The two
works together to offer a realistic assessment of rock mass behavior in engineering projects.

3. Ductility Parameter and Brittle-Ductile Transition Stress for Intact Rock

Mogi [4] suggested introducing the ductility parameter by the transition from shear to
ductile failure. He found that the average transition is defined by o; = 3.4 73 (this is Mogi’s
line). The variability in the confining pressure (¢3) associated with the transition is given in
Table 1, based on the data collected by Walton [35].

Table 1. Transition confining pressure of different rock types.

Rock Type Confining Pressure [MPa]
Rock salt 0-17
Chalk <10
Limestone 20-220
Sandstone 10-400
Granite >>100

Walton [35] collected the ductility parameters of different rock types. Applying
Mogi’s equation,
o — 03 =dos (6)

where the ductility parameter (d) is an empirical parameter and it depends on the type of
rock: it is between 0.9 (Green River Shale) and 10.7 (Jinping marble)—the average value
for carbonates it is between 3.5 and 5.0; and for silicates it is between 2.0 and 3.5 [35]. In
Figure 3, the compressive strength (c; — ¢3) as a function of confining stress (¢73) is plotted
using the brittle-ductile transition data collection of Walton [35].
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Figure 3. Compressive strength (c; — 03) as a function of brittle-ductile transition stress (c3):
(a) carbonate and (b) silicate rocks according to Walton’s data collection [35].

For calculating the confining stress at brittle-ductile transition, the following were
assumed [35]:

e  The Hoek-Brown failure envelope for intact rock can be used;
e Introducing the ductility parameter (d): 07 = (d + 1) 03.
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Calculating the intersection of the two equations, the brittle-ductile transition oc-

curs (03%):
, e (mi +/mZ+ 4d2)

According to Walton’s analysis [35] on the effects of fluid saturation, fluid satura-
tion tends to decrease strength without significantly influencing brittleness, leading to a
corresponding decrease in d.

Davarpanah et al. [36] also investigated the relationship between brittle-ductile transi-
tion stress and Hoek—Brown failure criteria for intact rock, calculating the intersection of
the Hoek—Brown failure criteria and Mogi’s line for different types of rocks.

Figure 4 illustrates how the failure envelope changes with varying GSI values. Higher
GSI values result in a steeper curve, indicating stronger rock mass conditions. The intersec-
tion points of the curves with Mogi’s line suggest transition stresses where failure criteria
change, marking the thresholds under different GSI conditions.
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Figure 4. Relationship between Hoek-Brown failure envelopes with different GSI values, Mogi’s line,
and different transition stresses.

Davarpanah et al. [36] suggest that, knowing the unconfined compressive strength
(cc) and tensile strength (o) [37], the brittle-ductile transitional confining stress can be
determined as follows:

e  Silicate rocks

* (% 0.17)\/(35 70.17)2+46.24

% =0 2312 ®)

e  Carbonate rocks

* (% _ 0.17) \/(; — 0.17)2 +100

U3 = 0c 50 )
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4. Derivation of Confining Stress at the Brittle-Ductile Transition of Rock Mass

According to the suggestions of Mogi [4] and Walton [35] there is a linear relationship
at the brittle-ductile transition, which constant is the ductility (d) value:

0’1—0’3=d0’3 (10)

It is equal to
01 =(d+1)0’3 (11)

It was assumed that the d parameter is independent on the rock mass quality and
depends only on the rock type.
Substituting Equation (11) into Equation (2):

o
Iog
(d+1)o3 = 03 + 0 (mb;’%—s) (12)
Cc
d(Tg 03 &
S s 1
- <mb o +S> (13)
d0’3 Ya 03
a4 —m == —s5=0 14
( s ) my = (14)
Substituting Equations (3)—(5) into Equation (14) gives:
1
o, _GSI 20
<¢7kr3> 1l 15 -7 3) _ (<(T3> *mi*eGSImeO) B (EGSI()—lOO) o (15)
Oc Oc

5. Calculation Method
Equation (15) cannot be solved analytically, but it can be calculated numerically. The

numerical solutions of Equation (15) for 3 as a function of the GSI parameter were obtained
using a custom-built program written 1n Matlab (The MathWorks Inc., Natick, MA, USA,
MATLAB Version: 9.14.0 (R2023a)) scripts. In the data analysis, we only included those

Z—%—GSI data pairs for which we found a unique real solution for a given GSI value. Our
calculations were made for two different ductility parameters: 3.4 and 5.0 in cases of
silicate and carbonate rocks, respectively, according to the suggestion of Walton [35]. The
Geological Strength Index (GSI) ranges between 0 and 100, the m; values were chosen to
be quasi-uniform on a logarithmic scale. Figure 5 shows plots representing the generated
numerical solutions of Equation (14) for various values of m;, d, and Geological Strength
Index (GSI). Here is an explanation of the conditions for each curve in the different parts of
Figure 5:

Parts (a) and (b)—Semi-logarithmic Curves: These two plots depict the normalized

confinement stress (%) as a function of GSI. Part (a): For d = 3.4 and Part (b): For d = 5.
Each light blue or red curve represents a different value of the material constant
m; =(5,7,9,12,17, 24, 32, 45) which is a parameter of the Hoek-Brown failure criterion
related to the material properties of the rock mass. Horizontal axis (GSI): Geological
Strength Index, which represents the rock mass condition, ranging from 0 to 100. Vertical
axis (logarithmic scale): Normalized confinement stress, plotted on a semi-log scale.
Part (c)—Residual Error Plots:
These two plots show the relative residuals between the numerical solution of Equation
(15) and the model function (Equation (16)) as a function of GSI for the same two values of
d as in (a) and (b):
- Leftplot (d =3.4);
- Right plot (d = 5);
- Horizontal axis: GSI values, ranging between 40 and 100;
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Relative residual

d=3.4 m; =24
m; =12
100 m; =5
10

- Vertical axis: Relative residual, which shows the difference between the actual numeri-
cal solution and the expected result from the equation.
03
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Figure 5. The generated numerical solution of Equation (14) is visualized (light blue and red solid
lines) for different Z—% —GSI data pairs on a semi-logarithmic y-axis. For generation the data, we used
di=34andd; =5,m;=(5,7,9,12,17, 24, 32, 45) and GSI between 0 and 100 (with an increment
of 1). The shape of the decay of the curves with GSI > 32 clearly indicates a slope function on a
logarithmic scale.

From the shape of the decay of the curves, we first deduced that the theoretical solution
of Equation (15) with GSI > 32 approximately follows a straight line on a logarithmic scale,
which, assuming a simpler function, indicates an exponential function. To approximate the
shape of the solution function, then we fitted the generated curves (light blue and red solid
lines in Figure 5a,b) withy = a e? G514 ¢ model. Then, we analyzed the effect of 1, b, and c
on the different m; and d values. Assuming a simple functional form, we found that the
solution of Equation (15) can be rewritten in the following form:

95 _ M PGSy (16)
Oc
where «, 3, and y are constants values.

The generated curves for GSI > 40 were fitted with Equation (16), (solid black lines in
Figure 5). The relative residuals between the model function (Equation (16)) and the numer-
ical solution of Equation (16) are visualized in Figure 5c. The model function approximates
the numerical solution with an accuracy of better than 3% in the investigated range.
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6. Results and Discussion

Figure 6 presents four subplots (labeled as a, b, ¢, and d) that illustrate the relationship

between the (‘;—f) and the Geological Strength Index (GSI) for different values of the material

cons

tant m; and the ductility parameter d. Figure 6 uses a logarithmic scale for (%), and

the GSI ranges from 0 to 100.
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Figure 6. Relationship between g—i and GSI for different values of Hoek—-Brown (mi) and Mogi ductility
(d): (@) d = 3.3 and m; = 6:5:36; (b) d = 6.3 and m; = 6:5:36; (c) d = 10.3 and m; = 6:5:36; (d) m; = 10,

d=2:

(a)

(b)

(©

2:10 and m; = 10.

As GSI increases, (%) also increases, but the rate of increase diminishes at higher GSI

values. Higher m; values result in higher (%) for the same GSI, indicating that rocks
(with higher m;) can sustain more confinement. The logarithmic scale indicates that

the increase in (‘;—f) is exponential, but the difference between the curves becomes
smaller at higher GSI values, suggesting a diminishing return in confinement strength
with increasing GSI.

Similar trends are observed as in subplot (a), but with a slightly lower rate of increase

in (‘;—%) for the same GSI and m; values. The higher ductility parameter d (compared

to subplot a) leads to lower overall (‘;—3:) values, indicating that increased ductility
reduces the rock mass’s ability to sustain confining pressure. The differences between
the curves for different m; values are still present but slightly reduced, especially at
higher GSI values, compared to subplot (a).

This plot continues the trend of decreasing (%) values with increasing ductility
parameter d. The curves are more closely spaced, especially at lower GSI values,
indicating that the influence of m; is less pronounced when the rock mass is more
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ductile. The exponential increase in (Z—f) with GSI is still observed, but the effect of
increasing m; is less significant compared to the previous subplots.

(d) This plot focuses on the effect of varying d with a fixed m; value. As d increases, the
curves shift downward, showing that increased ductility reduces the rock mass’s
ability to sustain confining pressure for any given GSI. The exponential relationship

between (Z—%) and GSI remains, but the curves for higher d values are significantly
lower, emphasizing the negative impact of ductility on rock mass strength. The
differences between the curves are more significant at higher GSI values, indicating
that the impact of ductility is more pronounced in stronger rock masses.

In summary, this research focused on the brittle-ductile transition stress of rock mass
by considering the effect of Geological Strength Index (GSI) values on the brittle-ductile
transition stress of rock mass. To achieve this, the Hoek—Brown failure criteria for rock mass
were reformulated mathematically, including the ductility parameter (d). The reformulated

equation was solved numerically, and the relationship between (‘;—%) and Geological Strength
Index (GSI) values was illustrated graphically and analyzed in different ranges.

7. Conclusions

In conclusion, this study offers a comprehensive analysis of the brittle-ductile transi-
tion in rock masses by integrating the Geological Strength Index (GSI) with the Hoek-Brown
failure criterion. The research fills a significant gap in rock mechanics by focusing on the
real-world complexities of rock masses, which contain discontinuities and heterogeneities,
rather than solely on intact rocks. The results emphasize that GSI plays a pivotal role in the
transition from brittle to ductile behavior, with higher GSI values corresponding to higher
stress thresholds before ductile deformation occurs. This insight is critical for predicting
how rock masses will respond to varying levels of confining stress.

The study further explores how the ductility parameter (d), derived from the ratio of
differential stress to minor stress, affects the rock mass’s ability to sustain confinement. The
findings reveal an exponential relationship between brittle-ductile transition stress and
GSI, demonstrating that rock masses with higher GSI values are capable of withstanding
greater confinement stress. However, the effectiveness diminishes as GSI increases, sug-
gesting diminishing returns in confinement strength for highly stable rock masses. The
use of numerical solutions and models enhances the accuracy of predicting brittle-ductile
transitions, offering engineers and geologists a practical tool for designing safe and efficient
structures in tunneling, mining, and other underground constructions.

For instance, in tunneling projects through fault zones, like the Gotthard Base Tunnel
in Switzerland, modeling helped predict when brittle failure would occur, preventing
tunnel collapse by adapting support systems to handle brittle-ductile transitions. In deep
mining operations, like those in the South African gold mines, understanding the brittle-to-
ductile transition allows engineers to manage rockburst hazards more effectively. As rocks
become more ductile at great depths, this reduces the risk of catastrophic brittle failures.
Also, in underground storage reservoirs, like depleted gas fields, modeling this transition
helps ensure the structural integrity of storage chambers. Preventing brittle failure in these
chambers ensures stable gas containment over time.

Moreover, this research lays the groundwork for future studies, providing a framework
for investigating the behavior of rock masses under extreme conditions. By incorporating
factors like GSI and ductility, it also highlights the need for a more nuanced understanding
of rock mass behavior, especially in critical engineering applications. These findings
contribute to more effective design strategies and safer operations in the field of rock
engineering, particularly in environments where predicting brittle failure or ductile flow is
essential for stability and safety.
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List of Symbols
a rock mass material constant (dependent on GSI)
d ductility parameter

GSI  Geological Strength Index
my Hoek-Brown material constant of rock mass (dependent on GSI)

m; Hoek-Brown material constant of intact rock
s rock mass material constant (depend on GSI)
o major main stress
03 minor main stress
o3*  brittle-ductile transition stress
oc unconfined compressive strength
ot tensile strength
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