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Abstract: Experimentable Digital Twins are capable of combining different simulation 
domains on a system level. This has been shown for a multitude of simulation domains, 
e.g., rigid body dynamics, control, sensors, kinematics, etc., and application scenarios, e.g., 
automotive, space, and industrial engineering. In our work, we investigate how to include 
structural loads into an Experimentable Digital Twin while maintaining computational 
efficiency and interoperability on a system level. We combine rigid body dynamics with 
the transfer matrix method to simulate forces and stresses. We show our approach for 
statically determinate beam structures in a simulation on a system level and validate it 
experimentally and numerically with static and dynamic example problems. The results 
show a strong agreement in these comparisons, confirming the accuracy and reliability of 
our method. For practical applications, we see force and stress simulation using the 
transfer matrix method as an additional tool to facilitate simulation-based engineering in 
the early stages of structural design processes, e.g., when dealing with uncertain loading 
conditions and operational complexity on a system level. 

Keywords: digital twins; structural analysis; transfer matrix method; rigid body 
dynamics; simulation-based engineering; experimentable digital twins; systems 
engineering 
 

1. Introduction 
1.1. Motivation 

An Experimentable Digital Twin (EDT) combines different simulation domains and 
ensures the technical and semantic interoperability of the individual models and 
algorithms. Thus, it represents a sophisticated mapping of the behavior of its existing or 
future real twin (RT) [1]. An EDT can be used for a wide variety of simulation-supported 
methods and processes. When it comes to mechatronics and the design or optimization of 
systems and their components, the (future) forces, moments, and torques acting within 
the system determine a lot of the specifications of the real-world asset (material, shape, 
fabrication, etc.). Thus, simulation methods analyzing forces, moments, and torques are 
crucial in EDTs when it comes to a detailed system representation for mechatronics. 
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Figure 1 showcases the authors’ vision of an EDT stress simulation of a real-world asset 
on a system level (cf. Section 2.1 for more detail). 

 

Figure 1. A blend of Experimentable Digital Twin (EDT) for stress visualization and its counterpart, 
the real-world asset. Photomontage of a screenshot from the EDT framework and a photograph of 
the lab-scale demonstrator. 

When it comes to classical computational methods to analyze forces in systems, rigid 
body dynamics (RBD) and finite element analysis (FEA) are used. RBD is used to solve 
the equations of motion and calculate the dynamic behavior of multi-body systems. It is 
considered fast in terms of computational speed and, in many cases, even real-time 
capability. FEA is used for stress and deformation analysis in the context of structural 
mechanics. As this numerical method is solving complex systems of partial differential 
equations, it is rather time-consuming but delivers very detailed results. Combined 
approaches of RBD and FEA exist (cf. Section 1.2). 

However, today’s combinations of RBD and structural simulations are limited when 
it comes to simulation capabilities at a system level, as required for simulation-supported 
methods for EDTs. Typical limitations include the barrier of an appropriate time-stepping 
algorithm and model exchange, technical and semantic interoperability, and complexity. 

In the present work, we suggest a coupling of RBD and the transfer matrix method 
(TMM) to facilitate force and stress simulation in an EDT on a system level. Our approach 
aims to resolve the currently observed incompatibility of a rather broad but fast model on 
a system level and a very detailed view of single components that comes at high 
computational costs. The presented approach enables simulation-based section force and 
stresses investigation in EDTs for different application scenarios at a system level. This is 
shown in the example of beam structures within an existing framework for EDTs. 

1.2. State of the Art 

Enabling EDTs to produce reliable structural simulations is essential in various 
application areas, such as automotive engineering, aerospace, robotics, and medical 
technology. Nevertheless, there are only a few valid and practically applicable approaches 
since crucial simulation methods involved rely on a variety of different physical and 
mathematical models. 

At present, the coupling of RBD with structural simulations is moving further into 
the center of current research as systems are being designed to meet ever more stringent 
requirements. Preliminary work in this field does not deal with all-encompassing 
simulations but with individual aspects of them, e.g., only the control, dynamics, 
kinematics, structural behavior, etc. Therefore, all existing solutions for the coupling of 
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RBD and structural simulations are either very theoretical and, therefore, not yet practical 
in general applications or exclusively specialized for a specific application. 

The theoretical approaches deal with different co-simulation strategies [2,3], espe-
cially for FEA, and develop sophisticated methods to extrapolate the behavior and time 
step management of individual systems [4,5]. Although these works make important con-
tributions to basic research in the field of simulation-based interaction between RBD and 
FEA, they can hardly be used for practical applications due to the complexity of the un-
derlying mathematical models and due to rather large simplifications. In addition, all ap-
proaches have major problems with a time scale close to real-time capability, which is 
becoming increasingly important in today’s development processes (e.g., in the context of 
interactive analysis or virtual commissioning). Nevertheless, some attempts are being 
made to achieve a fast and efficient FEA coupling. In a previous study [6], a control engi-
neering problem is specifically considered, and initial experiments are already being car-
ried out. In a previous study [7], robotic path planning in the presence of deformable ob-
jects is presented and extended to a mathematical model that ultimately analyzes the ma-
terial properties with the help of a robot. First, frameworks try to couple RBD and FEA by 
creating interfaces between different independent programs [8] or by including rigid body 
motion in FEA [9]. However, the focus is on the investigation of individual components 
rather than the whole system. The Floating Frame of Reference Formulation approaches 
the problem completely from the RBD side but has major disadvantages in terms of per-
formance, robustness, and workload [10] and is, therefore, not very common. 

Another bracket of approaches solves the coupling problem from a phenomenologi-
cal point of view, i.e., an integration of structural mechanical results is performed rather 
than a classical co-simulation. A common method is to record the maximum forces acting 
on a component of the system during a motion sequence, e.g., a durability test is carried 
out with a structural simulation [11,12]. Another widespread application of structural me-
chanics results is to investigate undesirable vibrations in technical systems. A modal anal-
ysis helps to investigate effects that cannot be seen in a simulation based purely on RBD 
[13]. The automotive and aerospace industries, in particular, are showing enormous inter-
est in incorporating structural mechanics results into the overall system simulation [14]. 

A coupling of general Digital Twins (DT) with FEA is presented in [15]. Although 
this is demonstrated with an experiment, there is no description of the coupling mecha-
nisms and algorithms used and no evaluation of the results, so no statements can be made 
here about the validity, structure, or applicability of the approach or the usage of RBD. A 
successful coupling of a real-world asset and an FEA-DT is presented in [16]. However, 
the focus is purely on structural simulations, and no statements on the interaction with 
other physical simulations are made. 

Overall, there is a lack of efficient ways to combine RBD and structural mechanics 
that are not only application-independent but also consider, at the same time, other im-
portant simulation domains, as it is performed in an EDT. 

1.3. Preliminary Works of the Authors 

In preliminary works focusing on the coupling of RBD and structural simulation, 
relevant variables (forces and moments, information on degrees of freedom) of the RBD 
were extracted and used as input variables for a structural simulation, as well as the 
knowledge gained from the FEA (displacements) was given back into an RBD. A new type 
of joint was introduced, which is physically based on a “non-linear compression spring” 
with a variable spring constant [17]. However, this is a phenomenological description of 
the effect of structural-mechanical deformations within complex mechatronic systems, 
which uses previously calculated FEA results and does not run in parallel with the actual 
structural simulation, so spontaneous changes are no longer possible. A direct coupling 
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between RBD and finite element method (FEM) was developed by using commercial soft-
ware (Ansys mechanical [9]) for structural calculations [18]. The relevant variables are 
exchanged via files, and several user modes are possible, including a parallel calculation 
in which the user requests a structural simulation from the RBD framework [19]. With this 
method, several relevant research questions could be solved, for example, on the use of 
materials in space robotics/satellite technology [20] or on the influence of the quality of 
control algorithms on structural deformations [21]. However, the major disadvantage of 
this coupling method is the lack of obtaining results fast, as this property is not inherent 
in the FEA used. The RBD pauses during an FEA calculation, which can take any length 
of time depending on the complexity of the model. 

The idea for this work is based on a simulation of elastic components within the RBD 
using an analytical structural calculation algorithm directly integrated there, which can 
also run in real time, as has already been shown in a first proof of concept [22]. In a con-
ference paper [23], the authors pointed out potential benefits of including structural cal-
culations into EDTs for structural applications, e.g., the detection of unpredicted and un-
desirable fatigue behavior of systems in virtual prototypes. 

2. Methods and Concept 
In our approach, RBD and TMM are coupled in an EDT framework. The RBD solves 

the equation of motion. Kinematic data and constraint forces are passed to the TMM for 
structural calculations. 

2.1. Experimentable Digital Twin 

The use of the term “Digital Twin” in relation to technical systems goes back to Mi-
chael Grieves (2003) [24]. In 2010, NASA took up the concept for aerospace and used it to 
describe an “ultra-realistic simulation” [25]. The term was subsequently examined in 
many disciplines, e.g., from the perspective of simulations, cyber-physical systems, or 
production technology [26]. In 2018, Gartner classified DT as part of the digitalized eco-
system as one of the five key technological trends and predicted that the technology 
would reach the “productivity plateau” in 5–10 years [27]. Nowadays, examples of real-
world engineering applications of DT exist, e.g., DT to adapt and optimize the layout of 
reconfigurable manufacturing cells [28], DT for safety critical robotics [29], and DT for 
monitoring and predictive maintenance of airframes and pipelines [30,31]. Simulation, as 
one of the basic technologies for DT, is a recognized standard in many industries, such as 
mechanical engineering. Simulation methods and algorithms are used throughout the en-
tire development process. Even if each simulation method solely provides valuable in-
sights, there is still a lack of a cross-system and cross-disciplinary approach that also takes 
into account the interaction of components, environment, and disciplines and, thus, ena-
bles the consistent use of simulations in a uniform methodology over the entire life cycle. 
To this end, the DT is intended to combine all these simulation domains and the cross-life 
cycle use of simulation in a comprehensive concept. A corresponding framework [32,33] 
was developed at the MMI for this purpose, which brings DT to life and makes it execut-
able, experimentable, and integrable [1]. Thus, in this work, we are using the term of an 
EDT, corresponding to [34]. 

As mentioned in Section 1.1, technical and semantic interoperability is a challenge 
when coupling a structural mechanics simulation to any other physical simulation [4]. 
This is mainly due to the mismatch in models and algorithms that make time stepping 
and model exchange particularly difficult. We dealt with this general problem of co-sim-
ulation by running the TMM in each time step of the RBD simulation as a direct plugin 
within the EDT framework. Using this design, the TMM depends on the validity of the 
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RBD simulation, and, as a consequence of this coupling, means that all limitations of the 
RBD simulation are inherited by the TMM (cf. Section 5). 

2.2. Rigid Body Dynamics 

RBD is a numerical simulation method in which complex systems are divided into 
individual rigid bodies that are connected to each other by joints and consequently con-
strained in certain directions of movement. Thus, by setting up and solving the equations 
of motion, trajectories of the resulting velocities, accelerations, and positions of the indi-
vidual bodies, and the resulting forces and torques can be generated. 

In the context of mechatronic systems, inverse dynamics are usually performed, as 
the forces resulting from a movement have to be calculated. Today, RBD is a standard 
component of various physics simulators [35,36]. In general, a rough distinction is made 
between Newton–Euler and Lagrangian methods [37]. In the present project, a Newton–
Euler method with a maximum coordinate approach is principally applied [38] since the 
constraining forces acting between rigid bodies are required for the transfer matrix 
method, which Lagrangian methods do not provide explicitly. There are various methods 
for solving the problem numerically. The impulse-based approach [39] is established as it 
is very stable (due to the elimination of a further integration process between force and 
position) and leads to a linear complementarity problem, which can always be solved us-
ing, e.g., Lemke’s algorithm. The impulse-based approach has also been extensively in-
vestigated and used for various applications by several of the authors [38]. 

2.3. Transfer Matrix Method 

In structural mechanics, the transfer matrix method (TMM) is used as a computa-
tional method during preliminary design [40,41]. Many structures consist of recurring 
structural elements (beams, plates, shells, etc.) whose behavior can be described by differ-
ential equations. Transfer matrices represent an analytical solution of these differential 
equations. A state vector uሬ⃗ ଴, describing the elastic state at position 0, is mapped on the 
state vector uሬ⃗ ଵ, describing the elastic state at position 1 with distance l to position 0, by 

the transfer matrix Wሬሬሬ⃗ሬሬሬ⃗ ଴: uሬ⃗ ଵ = Wሬሬሬ⃗ሬሬሬ⃗ ଴uሬ⃗ ଴ (1) 

For beams under bending about the 𝐞ଶ-axis, the differential equations describing the 
relationship between line load qଷ, section force Qଷ and section bending moment Mଶ (ac-
cording to Figure 2) are as follows: dQଷdxଵ = −qଷ; dMଶdxଵ = Qଷ. (2) 

 

Figure 2. Section forces of a beam interval with length l subject to bending about the 𝐞ଶ-axis. 

The relationships between the section forces and moments on the left side of a beam 
interval and on its right side are described explicitly by solving the following differential 
equations: 
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Qଷ,ଵ  =  − qଷ l +  Qଷ,଴ (3) 

Mଶ,ଵ = − 12 qଷlଶ + Qଷ,଴l + Mଶ,଴ (4) 

These equations can be displayed in a compact manner using a transfer matrix: 

൭Mଶ,ଵQଷ,ଵ1 ൱ =  ൮1 l − qଷlଶ20 1 − qଷ l0 0 1 ൲ ∙ ൭Mଶ,଴Qଷ,଴1 ൱ (5) 

With the same procedure, the transfer matrix for a three-dimensional beam element 
is derived, including skewed bending, torque, and forces in the direction of the longitudi-
nal beam axis: 

⎝⎜
⎜⎜⎜⎜
⎜⎛

1 0 0 0 0 0 −mଵl0 1 0 0 0 l − qଷlଶ20 0 1 0 −l 0 qଶlଶ20 0 0 1 0 0 −nଵl0 0 0 0 1 0 −qଶl0 0 0 0 0 1 −qଷl0 0 0 0 0 0 1 ⎠⎟
⎟⎟⎟⎟
⎟⎞

 (6) 

3. Implementation 
This section explains how the TMM is implemented within the EDT framework and 

provides validation examples. Analytical solutions for these examples exist, and we com-
pare the solution of our TMM implementation with these. 

3.1. Coupling of RBD and TMM 

The TMM makes available section forces and stresses in the EDT at a system level. In 
our approach, the TMM uses information from the EDT framework, mainly coming from 
the RBD. To calculate the section forces in a beam, the TMM uses information on the fol-
lowing: 

• On the beam’s geometry and inertia; 
• On the beam orientation with respect to the global coordinate system; 
• On concentrated forces acting upon the beam, e.g., support forces; 
• On volume forces acting upon the beam; 
• On the beam’s velocity. 

While the TMM uses information from the RBD, the RBD works independently from 
the TMM. While the coupling between these two domains is unidirectional, there can be 
an indirect feedback loop within the DT, e.g., if a control algorithm makes use of stress 
information and adjusts the velocity. Furthermore, the calculated quantities of a structural 
analysis (stress, bending moment, etc.) can be visualized in the EDT, which allows for a 
very fast and intuitive way of evaluating results and—globally speaking—structural de-
cisions. 

The beam orientation is retrieved as a transformation matrix 𝐑 containing the direc-
tion cosines of the local beam coordinate system. With the matrix 𝐑, force values given in 
the global coordinate system are mapped into the local beam coordinate system. All 
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section forces and stresses are calculated in the local beam coordinate system starting at 
the beam end, with 𝐞ොଵbeing the direction of the beam’s longitudinal axis (see Figure 3). 

 

Figure 3. Screenshot of an EDT model visualization to highlight the coordinate systems. Section 
forces are computed in the local 𝐞ො௜-coordinate system of a beam. The global 𝐞௜-coordinate system 
is also shown. 

Example 1. A cantilever beam is subject to a tip load (Figure 4). The load is implemented as a 
single mass under gravity; the beam weight is chosen to be negligibly small. The TMM uses the 
support force provided by the RBD on the beam’s left end and calculates the remaining section 
forces by multiplying matrix (6) for each interval. Line loads are all zero for this example. Matching 
the analytical solution, the TMM’s bending moment output shows a linear course of the curve from 
support to tip. 

 
 

(a) (b) 

Figure 4. Validation example for the EDT TMM: A cantilever beam subject to a tip load: (a) Sketch 
and input quantities. (b) Results: The EDT TMM solution matches the analytical solution. 

3.1.1. Handling of Concentrated Forces and Moments 

The TMM handles concentrated forces and moments that are introduced at any given 
point of the beam by multiplying a transfer matrix for an interval of zero length. Examples 
of such concentrated forces are joint forces introduced by additional joints or contact 
forces. For example, the matrix for a transversal load P in 𝐞ොଶ-direction would be as fol-
lows: 

⎝⎜
⎜⎜⎛

1 0 0 0 0 0 00 1 0 0 0 0 00 0 1 0 0 0 00 0 0 1 0 0 00 0 0 0 1 0 −P0 0 0 0 0 1 00 0 0 0 0 0 1 ⎠⎟
⎟⎟⎞ (7) 

In our implementation of the TMM, the matrix is multiplied either before (i.e., left 
end) or after (i.e., right end) the interval in which the concentrated force acts on the beam. 
This leaves a discretization error, which remains negligible if the interval length is set to 
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be short. The capacity to handle concentrated forces along acting arbitrary points along 
the beam axis is demonstrated by Example 2. 

Example 2. A cantilever beam is subjected to three loads along its beam axis (Figure 5). Loads are 
implemented as a single mass under gravity; the beam weight is chosen to be negligibly small. 
Matching the analytical solution, the TMM’s bending moment output shows a piecewise linear 
course, with discontinuities in the derivative at the points of load introduction. 

 
 

(a) (b) 

Figure 5. Validation example for the EDT TMM: A cantilever beam subject to three concentrated 
loads: (a) Sketch and input quantities. (b) Results: The EDT TMM solution matches the analytical 
solution. 

3.1.2. Handling of Gravitational Forces 

RBD and TMM handle volume forces differently. In RBD, volume forces are typically 
treated simply as concentrated forces in the center of mass (COM). For the TMM, this 
simplification would result in a discontinuity like described above in Section 3.1.1., and 
this would not accurately reflect section forces along a beam’s axis. In our implementation 
of the TMM, the information on gravitational forces is picked up as a concentrated force 
from the RBD, then mapped onto the local beam coordinate system, and then transformed 
into a line load by dividing it by the total beam length. These line loads are included in 
the last column of every interval’s transfer matrix, according to matrix (6). The capacity to 
handle gravitational loads is demonstrated in Example 3. 

Example 3. A cantilever beam under gravity (Figure 6). The beam’s mass corresponds to an alu-
minum beam. Matching the analytical solution, the TMM’s bending moment output shows a quad-
ratic function. 

 
 

(a) (b) 
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Figure 6. Validation example for the EDT TMM: A cantilever beam under gravity: (a) Sketch and 
input quantities. The mass corresponds to an aluminum beam. (b) Results: The EDT TMM solution 
matches the analytical solution. 

3.1.3. Handling of Dynamic Scenarios 

In our implementation, the TMM computes the section forces in every time step of 
the dynamic simulation. Thus, it is also able to compute section forces over time in a dy-
namic scenario. This is demonstrated in Example 4, for which an analytical solution exists. 

Example 4. A cantilever beam with a rotating point mass at its tip (Figure 7). Gravity is not 
considered to facilitate understanding. The bending moment about the 𝒆ො𝟐-axis over time is plotted 
for three different locations along the beam axis (Figure 7b). The TMM’s bending output matches 
the analytical solution, except for initial time steps in which a motor with unlimited torque accel-
erates the point mass up to the specified angular velocity. Figure 7c shows a surface plot of the 
bending moment about the 𝒆ො𝟑-axis over time to demonstrate the capabilities to handle skewed bend-
ing. 

 

 

(a) 

 
(c) (b) 

Figure 7. Validation example for the EDT TMM: A cantilever beam with a rotating tip mass: (a) 
Sketch and input quantities. (b) Results: Section moment about 𝐞ොଶ-axis plotted at three points along 
the beam axis. The TMM matches the analytical solution. (c) Section moment about 𝐞ොଷ-axis. EDT 
TMM solution plotted along the entire beam’s length to demonstrate the capabilities to handle 
skewed bending. 

3.1.4. Handling of Inertia Forces 

Inertia forces must be considered in scenarios where the beam subject to analysis is 
itself under movement. Inertia forces act in opposing directions to accelerations. In our 
implementation, the absolute acceleration in local beam coordinates is calculated at every 
midpoint of a beam interval, multiplied by the linear density, and applied as a constant 
line load in the matrix (6). Beam accelerations cannot be retrieved from the RBD, as the 
RBD works with an impulse-based approach. Information about beam movement is given 
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as velocity and angular velocity at the beams center of gravity (COG) in the global coor-
dinate system: 𝐱ሶ 𝐒𝐏 = x୧𝐞𝐢;      𝛚ሶ = ω୧𝐞𝐢 (8)

Accelerations are calculated using the difference between velocities over a time step: 𝐱ሷ 𝐒𝐏 = Δ𝐱ሶ 𝐒𝐏Δt ;      𝛚ሶ = ΔωΔt  (9) 

Velocities and accelerations are transformed into the local beam coordinate system: 𝐱ሶ = xሶ෠୧,୔𝐞ො𝐢;       𝐱ሷ 𝐏 = xሷ෠୧,୔𝐞ො𝐢;      𝛚ሶ = ωሶ෡ ୧𝐞ො𝐢 (10) 

To calculate the acceleration at an arbitrary beam interval’s midpoint P, we exploit 
that the vector pointing from COG to P has only one component that runs along the beam 
axis: 𝐱𝐂𝐎𝐆,𝐏 =  xොଵ,େ୓ୋ,୔𝐞ො𝟏 = ൬− L2 + xොଵ,୔൰ 𝐞ො𝟏, (11) 

where xොଵ,୔ is the position of P along the beam axis. With the well-known laws of kine-
matics, accelerations are calculated for every midpoint of beam intervals. Accelerations 
times the linear density are applied as line loads in transfer matrices of moving beams to 
account for inertia forces. The formula for the line loads is as follows: 

nଵ𝐞ො𝟏 + qଶ𝐞ො𝟐 + qଷ𝐞ො𝟑 = − mL  ∙  𝐱ሷ 𝐏 =  − mL  ∙  
⎝⎜
⎜⎛            ൤xሷ෠ଵ,୔ − ሺωෝଶଶ + ωෝଶଷሻ ൬− L2 + xොଵ,୔൰൨ 𝐞ො𝟏       + ൤xሷ෠ଶ,୔ + ൫ωሶ෡ ଷ + ωෝଵωෝଶ൯ ൬− L2 + xොଵ,୔൰൨ 𝐞ො𝟐 + ൤xሷ෠ଷ,୔ + ൫−ωሶ෡ ଶ + ωෝଵωෝଷ൯ ൬− L2 + xොଵ,୔൰൨ 𝐞ො𝟑 ⎠⎟

⎟⎞ (12) 

The components of a line load are then included in the last column of the transfer 
matrix X.Y for a beam interval. The capacity to handle inertia loads is demonstrated in 
Example 5. 

Example 5. A beam rotating with constant angular velocity (Figure 8). The beam’s mass corre-
sponds to an aluminum beam. Gravity is not considered in this example. Matching the analytical 
solution, the TMM’s longitudinal force output shows a quadratic function. 

 
 

(a) (b) 

Figure 8. Validation example for the EDT TMM: A rotating beam. (a) Sketch and input quantities. 
The mass corresponds to an aluminum beam. (b) Results: The TMM matches the analytical solution. 
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3.1.5. Handling of Scenarios with Combined Phenomena 

The EDT TMM implementation is able to handle combinations of the above-de-
scribed scenarios. Example 6 shows this capacity along with a limitation. 

Example 6. A pin-ended beam under gravity (Figure 9a). The beam’s mass corresponds to an 
aluminum beam. The initial velocity of the beam is zero. While the nonlinear differential equation 
governing this movement cannot be resolved in the time domain, an analytical solution for the 
bending moment as a function of 𝜑 can be derived: 

𝑀ଷሺ𝑥ොଵሻ =  − 𝑥ොଵ𝐿  ∙  ሺ𝐿 − 𝑥ොଵሻଶ𝐿  ∙  𝑚𝑔4 𝑠𝑖𝑛 𝜑 (13) 

The TMM does not fully match the analytical solution at the free end of the beam in 
this highly dynamic scenario. Nonetheless, the deviation from the analytical solution is 
negligible at the position of the maximum bending moment xොଵ = ୐ଷ (Figure 9b). The rea-
sons and implications of the mismatch at the free end of the beam are discussed in Section 
5. 

 

(a) 

 
(b) 

Figure 9. Validation example for the EDT TMM: A beam falling under gravity. (a) Sketch and input 
quantities. (b) Results: The TMM matches the analytical solution at the position of maximum bend-
ing moment but diverges towards the free end of the beam. 

4. Example Use Case 
We apply our coupling of RBD and TMM within an EDT framework to a lab-scale 

demonstrator use case (see Figure 10). The use case is designed to contain features of a 
real-life application, such as a crane boom of a construction or forestry vehicle; a similar 
design was first proposed by the authors in [23]. The lab-scale demonstrator includes an 
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actuator and three beam elements. Static and dynamic experiments are carried out to val-
idate the TMM. Static scenarios are also used to compare the accuracy of the TMM to well-
established analytical and numerical calculation methods. Dynamic scenarios are used to 
highlight the benefits of the system-level EDT. This section gives a detailed description of 
validation models, as well as experimental results. 

  
(a) (b) 

 
 

 
(c) (d) 

Figure 10. Example use case for validation purposes: (a) Lab-scale demonstrator used for experi-
ments. (b) Experimentable Digital Twin showing stress visualization. (c) Finite-Element-Model. (d) 
Two-dimensional analytical model. 

4.1. Methods 

4.1.1. Experiment 

The lab-scale demonstrator forms a mechanism with one degree of freedom, able to 
move a load in a vertical plane. The mechanism consists of three beams, two rods, some 
linking elements, and a linear actuator. They are connected by hinge joints. The aluminum 
beams have lengths of 395 to 450 mm and a box cross-section with an edge length of 20 
times 30 mm and a thickness of 2 mm (see Figure 11). The horizontal range, measured 
from frame to load introduction point, is between 610 and 1020 mm. The mechanism is 
powered by a 12 V linear actuator with potentiometer feedback, 200 N maximum load, 
and 100 mm stroke length, which is limited to a range between 28 and 100 mm by the 
mechanism. 

The lab-scale demonstrator has one position for load introduction and five positions 
for load sensing. Load introduction is achieved using a bucket (0.51 kg) and standard min-
eral water bottles of 500 mL, each of them representing a load of 5 N. Load sensing is 
achieved through strain gauges. At each strain sensing position (A to E), two strain gauges 
at either side of a beam are wired in a half-bridge configuration that is sensitive to bending 
strain and insensitive to axial strain. 

Experiments for the use case provide both static and dynamic strain values at discrete 
locations of the beams. However, it provides only information on bending moments, not 
on axial forces. To check for repeatability, we carried out each experimental scenario three 
times. 
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(a) (b) 

(c) 

Figure 11. The lab-scale use case demonstrator is a mechanism with one degree of freedom. (a) 
Cross-section of aluminum beams. (b) Box cross-section using middle-line approximation for ana-
lytical and TMM implementation. (c) Overview of the lab-scale demonstrator with an indication of 
strain gauge positions (A–E) and load introduction. 

4.1.2. Digital Twin Model 

The EDT must reflect all aspects of the real counterpart that are relevant to the re-
spective application. In this case, the focus is on the structural-mechanical construction of 
the lab-scale demonstrator. Figure 12 shows the mechanical design with the specific com-
ponent and axis names and, thus, the basic system structure. In contrast to a purely func-
tional simulation model, the EDT reproduces this real physical system structure one-to-
one in its model structure. 
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Figure 12. Definition of the components (beams, links, rods, base, actuator) and axes (A1 to A12) in 
the mechanical design of the laboratory demonstrator. 

For each individual component, the EDT contains elementary model elements that 
are suitably linked within and between the respective simulation domains and thus as-
sembled into an executable model. Figure 13 shows the resulting model topology in the 
rigid body dynamics domain. Here, the mechanical connections (joints) of the components 
are modeled as rigid bodies, and thus, the available degrees of freedom are defined. 

 

Figure 13. Model topology of the EDT in the simulation domain of rigid-body dynamics. Red lines 
represent passive joint connections, green dotted lines represent actuated joint connections. 

Hinge joints offer exactly one rotational degree of freedom, while the actuated pris-
matic joint offers exactly one translational degree of freedom. The lab-scale demonstrator 
forms several closed kinematic chains, which significantly increases the system’s complex-
ity. The kinematic movement of the arm, which is limited to one degree of freedom in the 
x–z plane, can be analyzed in the virtual model. Figure 14 shows the resulting trajectory 
of the arm tip at A11 (tool center point, TCP) and, thus, the kinematic workspace of the 
lab-scale demonstrator. 
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Figure 14. Kinematic workspace of the laboratory demonstrator. The TCP can only be moved along 
the red line in the x–z plane. 

The dynamic simulation also takes into account the acting forces and moments. These 
form the basis for the coupling with the structural-mechanical simulation within the EDT. 
During simulation runtime, constraining forces in the joints calculated by the RBD are 
continuously passed on to the TMM, which can calculate and visualize various structural 
and mechanical variables such as shear, normal, and equivalent stresses using the TMM. 

The TMM is implemented using the same EDT framework plugin described in Chap-
ter 3. The beams are simplified as being non-stop from joint to joint, ignoring the metal 
fitting towards the joint. All beams are partitioned in 100 equidistant beam intervals. For 
stress calculations, the cross-sections are simplified as thin-walled box profiles (see Figure 
11b), with shear and normal stresses calculated at 8 points in each cross-section (corners 
and midpoints). 

For load introduction in the EDT, a pendulum bob with a fixed-set mass is applied 
on the tip of Beam 3. 

The EDT for the use case provides static and dynamic values of section forces and 
stresses. Values for all locations on all three beams are available. 

4.1.3. Numerical Model 

The numerical model, based on the method of finite elements (FEM), used the 
Abaqus simulation framework [42] and employed second-order shell elements. The 
hinges were modeled by kinematically constraining the nodes in each geometric hole onto 
a reference point and coupling these reference points along an axis using hinge connector 
elements. Both a linear and non-linear analysis were performed, yielding near identical 
results due to the small loads and the absence of significant nonlinearity effects. 

The numerical model for the use case provides static values of strains and stresses. 
Values for all locations on all beams are available. 

4.1.4. Analytical Model 

Analytical calculations are carried out, modeling the lab-scale demonstrator as a 2D 
Bernoulli beam structure. Section forces and moments were derived for this statically de-
terminate system via equilibrium of forces and moments. For stress calculations, the cross 
sections are simplified as thin-walled box profiles (see Figure 11b); only normal stresses 
and strains are calculated for validation purposes. 

The analytical model for the use case provides static values of section forces, strains, 
and stresses. Values for all locations on all three beams are available. 
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4.2. Scenarios 

4.2.1. Static Scenario 

Static scenarios are tested at three different actuator positions (28, 64, and 100 mm). 
For the experiments, all strain values are set to zero with an empty bucket (0.51 kg or 5 
N), then six standard mineral water bottles of 500 mL are added, summing up to 3.06 kg 
in additional weight, which represents 30 N in additional force. For the EDT, a pendulum 
bob with a mass of 3.57 kg is applied on the tip of Beam 3, representing 35 N. When com-
paring EDT results to experiments, the results of a baseline scenario with a pendulum bob 
of 0.51 kg are subtracted to account for zero-setting with an empty bucket. For the numer-
ical and analytical models, a vertical concentrated force of 30 N is applied. 

4.2.2. Dynamic Scenario 

Dynamic scenarios are tested from maximum to minimum stroke (100–28 mm), as 
well as maximum to middle to minimum stroke (100–64–28 mm). For the experiments, all 
strain values are set to zero with an empty bucket at the initial position, then six standard 
mineral water bottles of 500 mL are added, adding up to a total of 3.57 kg, including the 
bucket. For the EDT, a bob of 3.57 kg is applied. For the analysis, results from static test 
scenarios with 0.51 kg mass are subtracted to account for an initial setting to zero in the 
experiment. 

4.3. Results 

All data generated during experiments and simulations are available in the Supple-
mentary Materials. 

4.3.1. Static Results 

For all beams, static results for bending moments about the 𝐞ොଶ-axes are plotted in 
Figure 15 for a direct comparison, showing a good agreement of all three beams of the lab-
scale demonstrator. As the experiments were carried out three times, mean values are 
shown, and the variability is displayed through error bars from minimum to maximum 
measured values; overall, the variability in the experiments is very small. The figure 
shows results for a maximum actuator stroke of 100 mm; at actuator strokes of 28 mm and 
64 mm, all results showed similar behavior (see Appendix A Figures A1 and A2). A neg-
ative bending moment dominates over the entire length, as we see compression on bottom 
webs and tension on top webs. The bending moment is zero at hinged supports and free 
ends. Bending moments reach a peak at hinge joints to other parts of the structure. The 
results for the EDT TMM solution and the analytical solution match almost exactly. This 
behavior was expected, as the TMM is an implementation of the analytical solution. The 
negligible difference is a discretization error, as in our implementation, hinge forces are 
introduced at the nearest cross-section and not in the middle of a beam interval. A com-
parison with experimental results reveals a high degree of agreement between simulated 
and experimental bending moments at all five positions of strain gauges. This indicates 
that the TMM accurately captures section forces and moments in static EDT scenarios. 
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(a) (b) (c) 

Figure 15. Bending moment about the about 𝐞ොଶ-axis for the three beams of the example use case. 
The experimental values show the means and total range of measured values for three experiments. 
Taken at maximum actuator stroke (100 mm) and 30 N load. (a) Beam 1. (b) Beam 2. (c) Beam 3. 

For all beams, static results for normal stresses in the 𝐞ොଵ-direction are plotted in Fig-
ure 16. Stresses are shown for the top and bottom webs of all beams. Again, the figure 
shows results for a maximum actuator stroke of 100 mm; at actuator strokes of 28 mm and 
64 mm, all results revealed similar behavior (Appendix A Figures A3 and A4). Compari-
son with the numerical FEM model shows a high degree of agreement along most parts 
of the beam but with some deviations observed in close proximity to load introduction 
points, such as hinge joints. In order to facilitate the interpretation of the results, sketches 
of all beams, including the respective connecting elements, are shown above each plot. 

The deviations between the FEM model, on the one hand, and the analytical model 
and EDT TMM, on the other hand, are caused by an abstraction inherent in all analytical 
beam implementations; the beams of the lab-scale demonstrator are implemented as hav-
ing a continuous cross-section and running exactly from the first to the last joint. Conse-
quently, this simplification neglects some details, such as linking elements, as well as holes 
for the hinge joints. These details are present only in our FEM model, which provides us 
with locally resolved stresses at load introduction points. At linking elements, the FEM 
also shows the effect of these elements on stresses in the beam webs, while the analytical 
models and the EDT TMM ignore this effect. The analysis of normal stresses highlights 
both the good agreement of the EDT TMM implementation with established methods, as 
well as its limitations when it comes to reflecting local stress distribution around complex 
load introduction points. The consequences of this behavior are further discussed in the 
next section. 

   

   

(a) (b) (c) 

Figure 16. Stresses along the top and bottom webs for the three beams of the example use case. Top 
webs are under tension in this load case. Taken at maximum actuator stroke (100 mm) and 30 N 
load. Side views are shown on top. (a) Beam 1. (b) Beam 2. (c) Beam 3. 
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4.3.2. Dynamic Results 

Figure 17 shows results for bending moments about 𝐞ොଶ-axes at the strain gauge po-
sitions, as well as a visualization of the actuator stroke. The plots show a maximum to 
minimum stroke scenario (100–28 mm); plots for the experiment and the corresponding 
EDT scenario are given. Note that a bending moment of zero is equivalent to the empty 
bucket load (0.51 kg) at the position of the maximum stroke. The step plot at the start of 
the experiment shows the initial loading with 3.06 kg of water bottles. The actuator move-
ment starts at around 01:00 min after the start of recording and lasts for 12 s. In the actuator 
stroke plot, the actuator movement of the EDT model has been shifted by one minute, so 
the moments of the actuator start aligning. 

  
 

(a) (b) (c) 

Figure 17. Bending moments at strain gauge positions for the three beams of the lab-scale demon-
strator use case. Taken from a dynamic scenario, running from maximum to minimum actuator 
stroke (100–28 mm) and 30 N load. (a) Actuator stroke comparison, EDT TMM stroke shifted by 1 
min. (b) Experimental results (c) EDT TMM results. 

From a qualitative perspective, the plots for the experiment and the EDT TMM seem 
to agree in Figure 17b,c. The bending moment at strain gauge positions B to E shows an 
almost linear, decreasing behavior over time, although with varying steepness. The bend-
ing moment at position A differs in shape: We see a convex curve with a maximum abso-
lute bending moment at around half the actuator stroke. For a quantitative comparison, 
we plot the values for the strain gauges and the simulated values in the same plots in 
Figure 18. Again, the EDT TMM seems to reflect the experiment of the use case very well. 
We carried out the same analysis for the maximum to half to minimum stroke scenario, 
which showed a similar, excellent degree of agreement (see Appendix A Figures A5 and 
A6). 

 

Figure 18. Bending moments about the 𝐞ොଶ-axis over time for all strain gauges and their respective 
positions in the dynamic EDT scenario of the example use case. The scenario represents an actuator 
movement from maximum actuator stroke (100 mm) to minimum actuator stroke (28 mm), with a 
weight of 3.57 kg at the tip. From left to right:Beam 1, strain gauge A. Beam 2, strain gauge B. Beam 
2, strain gauge C. Beam 3, strain gauge D. Beam 3, strain gauge E. 
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5. Discussion 
We discuss the validation experiments described in Sections 3 and 4, as well as the 

limitations of the method that we observed during our studies. Reflecting these benefits 
and limitations, we discuss potential application scenarios. 

Overall, our implementation of the EDT TMM showed excellent agreement with all 
static and dynamic experiments. It also showed excellent agreement with all static analyt-
ical benchmark tests. Deviations when comparing established models existed for Example 
6 in Section 3 and when comparing local stresses at load introduction points with the FEM 
for the use case in Section 4. When it comes to practically applying the EDT TMM in en-
gineering, we consider these kinds of deviations manageable, although engineers must be 
aware of the effects that cause these deviations. The validation examples showed that the 
TMM is a suitable tool for investigating forces, moments, and torques acting within a sys-
tem using an EDT. 

We want to point out three main limitations when using the EDT TMM; they also 
include the reasons for the above-described deviations: 

• Limited performance in dynamic scenarios with high accelerations; 
• Limited local resolution; 
• Use in statically determinate systems only. 

The last two points were expected; as the TMM is an implementation of the analytical 
solution of equilibrium equations of a single Bernoulli beam, it cannot exceed the capabil-
ities of the original analytical solution. Therefore, it cannot represent local stresses around 
holes and other points of discontinuity. Although feasible in principle, an expansion of 
the TMM to statically indeterminate systems would be a much more complex challenge, 
requiring the consideration of stiffnesses and deformations; deformations are not calcu-
lated in the present approach. Therefore, it was not considered in this study to keep the 
focus on the integration into an EDT on a system level. 

The first point, limited performance in highly dynamic scenarios, is a consequence of 
how inertia forces are calculated; as the inertia forces are calculated from the accelerations, 
their accuracy highly depends on the acceleration accuracy. As the acceleration is calcu-
lated over a finite step length of the RBD, a step length that is chosen too long results in a 
low accuracy of inertia forces. These inaccuracies build up over the beam length since 
transfer matrices with small deviations are multiplied. It is the engineer’s responsibility 
to ensure a reasonable trade-off between accuracy (smaller time steps better) and compu-
tational speed (larger time steps better) for dynamic scenarios. 

Overall, the limitations confirm what also holds for any other model or process in 
engineering design; it is the users’ responsibility to ensure that their model is suitable for 
the specific purpose. In particular, that means that the EDT TMM is only applicable where 
the EDT’s RBD is applicable since the TMM relies on the RBD results. As such, its appli-
cation is limited to scenarios where structural flexibility can be disregarded. Examples of 
where the combination of EDT RBD and TMM is not a good choice for force simulation 
include elements of a truss bridge (as this is usually a statically indeterminate system), a 
connector shaft in a piston engine (as high accelerations are involved), or systems that 
require an analysis of vibrational modes (as deformations are non-negligible). When 
aware of these limitations, the EDT TMM can be a useful tool for engineers. 

So, what would be a suitable application for the EDT with a TMM-based force and 
stress simulation? We believe the capability to operate within a simulation on a system 
level is where the strength of the approach lies. Engineers could benefit from this as fol-
lows: 
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• Improved load assessment in the early engineering design process. In EDTs acting as 
virtual prototypes, load assumptions can be derived from simulations of entire sys-
tems in virtual scenarios; 

• Parametric studies on a system level and thus for optimization on a system level, e.g., 
by assessing the impact of control parameters on beam loads; 

• Detection of unforeseen and undesirable behavior, e.g., by combining stress calcula-
tions with fatigue estimation algorithms. 

Industries that could benefit are all those with high operational complexity and un-
certain loading conditions, e.g., heavy equipment manufacturers in construction, agricul-
tural engineering, and plant engineering. 

A concern that will arise when scaling the approach to these more complex applica-
tions is the demand for additional computational resources that the coupling of EDT and 
TMM will create. Until today, all computations have been performed on standard com-
puters. As the TMM works continuously along the model, computational resources and 
time should be growing with order O(N) regarding the number of structural elements. 
During preliminary tests conducted by the authors on more complex models, i.e., load 
cases for several parts of a forestry machine, computational resources did not pose a prob-
lem. Nonetheless, more research on the computational performance of our approach for 
statically determinate systems of higher complexity is needed to support this assumption. 

All the above-described applications for EDT TMM have in common that they do not 
replace current well-established methods of structural analysis but rather amend them to 
gain insights at a different stage of the engineering design process. Future research should 
focus on systematically exploring how EDT can be effectively integrated into existing 
structural design workflows. 

6. Conclusions 
This paper presented investigations on the transfer matrix method (TMM) as a tool 

to simulate forces and stresses for statically determinate beam structures in Experimenta-
ble Digital Twins (EDT), with a focus on its abilities in system-level simulations. The au-
thors implemented a coupling between rigid body dynamics (RBD) and TMM into an ex-
isting EDT framework. In separated scenarios that were chosen to be verifiable by straight-
forward analytical calculations, we validated the ability of the TMM to handle concen-
trated, gravitational, and inertia forces in static and dynamic scenarios. 

In static and dynamic experiments, a lab-scale demonstrator represented a system 
with an actuator and a multi-beam mechanism as an example use case. Investigations of 
an EDT for this use case system and a comparison of results of the TMM implementation 
against a numerical model and experimental strain measurements revealed the TMM’s 
ability to accurately reflect forces and stresses in beams in system-level scenarios. 

The discussion section highlights potential application scenarios and limitations for 
force and stress simulations in EDT using the TMM. Potential application scenarios in-
clude load estimations in virtual prototypes of systems, optimization on a system level, 
and detection of unforeseen and undesirable behavior. Among the limitations of our ap-
proach are a limited performance in highly dynamic scenarios, a coarse resolution of 
stresses unsuitable for local phenomena, and the limitation to statically determinate sys-
tems. Co-simulation of detailed structural simulations and other physical simulations re-
mains a major challenge in industry and academia, and our contribution is intended to be 
a helpful tool for certain engineering applications on a system level. 

The findings discussed in this paper provide a strong basis for further exploration, 
and the authors are optimistic that the insights achieved will contribute to future devel-
opments in simulation-based engineering. Future upgrades to the EDT framework can 
include a direct usage of TMM results in further calculations on runtime, e.g., by 
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combining it with tools for notch concentration factors and fatigue estimation. Future ac-
ademic research should aim to investigate ways to seamlessly incorporate EDT into estab-
lished structural design processes. 
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https://doi.org/10.5281/zenodo.14686400 (Schmid, S. (2025). Force and stress simulation in Experi-
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Appendix A 

   

(a) (b) (c) 

Figure A1. Bending moment about the 𝐞ොଶ-axis for the three beams of the example use case. The 
experimental values show means and total range of measured values for three experiments. Taken 
at half actuator stroke (64 mm) and 30 N load. (a) Beam 1. (b) Beam 2. (c) Beam 3. 
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(a) (b) (c) 

Figure A2. Bending moment about the 𝐞ොଶ-axis for the three beams of the example use case. The 
experimental values show means and total range of measured values for three experiments. Taken 
at minimum actuator stroke (28 mm) and 30 N load. (a) Beam 1. (b) Beam 2. (c) Beam 3. 

   
(a) (b) (c) 

Figure A3. Stresses along at top and bottom webs for the three beams of the example use case. Top 
webs are under tension at this load case. Taken at half actuator stroke (64 mm) and 30 N load. Side 
views are shown on top. (a) Beam 1. (b) Beam 2. (c) Beam 3. 

   
(a) (b) (c) 

Figure A4. Stresses along at top and bottom webs for the three beams of the example use case. Top 
webs are under tension at this load case. Taken at minimum actuator stroke (28 mm) and 30 N load. 
Side views are shown on top. (a) Beam 1. (b) Beam 2. (c) Beam 3. 

  
 

(a) (b) (c) 

Figure A5. The bending moment at strain gauge positions for the three beams of the lab-scale de-
monstrator use case. Taken from a dynamic scenario, running from maximum to half to minimum 
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actuator stroke (100–64–28 mm) and 30 N load. (a) Actuator stroke comparison, EDT TMM stroke 
shifted by 1 min. (b) Experimental results. (c) EDT TMM results. 

 

Figure A6. Bending moment about the about 𝐞ොଶ-axis over time for all strain gauges and their re-
spective positions in the dynamic EDT scenario of the example use case. The scenario represents an 
actuator movement from maximum to half to minimum actuator stroke (100–64–28 mm), with a 
weight of 3.57 kg at the tip. From left to right:Beam 1, strain gauge A. Beam 2, strain gauge B. Beam 
2, strain gauge C. Beam 3, strain gauge D. Beam 3, strain gauge E. 
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