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Abstract: For massive monolithic foundation slabs, the problem of early cracking due to the intense
heat release of concrete during the hardening process is relevant. The purpose of this article is to
develop a simplified method for determining thermal stresses during the construction of massive
monolithic foundation slabs. The proposed technique is based on the hypothesis of parabolic
temperature distribution over the thickness of the structure at each moment of time. In addition to the
parabolic distribution, the half-wave cosine distribution is also used. A hypothesis is also introduced
about the same conditions of heat exchange with the environment on the lower and upper surfaces
of the foundation. As a result, formulas are obtained that establish a direct relationship between
thermal stresses and the temperature difference between the center and the surface. The solution to
the test problem for the foundation slab is presented and compared with an alternative technique that
does not use the hypothesis about the character of the temperature distribution over the thickness.
Also, the inverse problem of determining the allowable temperature drop between the center and the
surface of the structure is solved, at which the stresses on the upper surface at each moment of time
will not exceed the tensile strength of concrete.

Keywords: reinforced concrete; foundation slab; temperature stresses; internal heat release; early
age cracking

1. Introduction

Concrete is a durable and reliable material, which is one of the most commonly
used in construction today throughout the world. Reinforced concrete structures have
many positive qualities, including high load-bearing capacity, durability, fire resistance, etc.
Concrete also has a competitive price due to the possibility of using local raw materials.
However, concrete is characterized by volumetric instability in the hardening phase, due to
temperature effects and shrinkage, which is one of its unfavorable properties [1]. Volumetric
instability and a tendency to early cracking are exacrbated in massive structures made from
concretes with a low water–cement ratio and a high cement content [2]. Early cracking
leads to the fact that water and aggressive ions can penetrate the cracks, which causes a
loss of functionality, durability and aesthetics. Cracks that have arisen at the hardening
stage also lead to a decrease in the rigidity and bearing capacity of reinforced concrete
structures [3]. In some cases, intense cracking at the stage of hardening may even call into
question the possibility of further operation of structures [4].

Monolithic foundation slabs are one of the widely used types of massive reinforced
concrete structures. The massiveness of the structure predetermines the need to develop
special technological solutions to control the parameters of heat and mass transfer, the
rate of concreting, as well as the selection of concrete mix formulations to eliminate the
risk of early cracking [5]. The choice of rational technological solutions can be carried out
based on computer simulation methods [6]. The solution to the problem of determining
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the stress–strain state in massive monolithic reinforced concrete structures during the
construction process requires the calculation of a non-stationary temperature field in the
presence of internal sources of heat release, as well as taking into account the dependence
of material characteristics on time when calculating internal stresses [7].

The problem associated with the cracking of hardening concrete structures caused by
the heat of hydration has long been known. This problem has been around for probably
as long as concrete has been used as a building material [8]. During the construction of
massive dams, this was especially noticeable in the first days after their concreting [9].

It is known that thermal stresses leading to cracking occur only in the presence of
deformation constraints. These restraints can be divided into internal and external [5,10].
Internal restraints are due to the fact that with uneven heating, each elementary layer of the
slab tends to obtain its own thermal deformation. At the same time, each vertical section of
the slab must remain plane, i.e., total deformation, which is the sum of thermal deformation
and deformation caused by thermal stresses, must be constant throughout the thickness of
the slab. Therefore, to equalize the total deformation, tensile stresses will appear on the
surfaces of the slab, and compressive stresses in the middle.

Tensile stresses on the slab surfaces will lead to surface cracks. These cracks tend to
close later in the cooling phase when the core also cools down [11], but they are nonetheless
the initial damage that reduces the bearing capacity of the structure and acts as a weak
point for further climatic influences.

External restraints are usually associated with the construction of working seams, i.e.,
when the hardening structure is limited in deformation by rigid, already-hardened adjacent
structural elements [12]. The classic example is a wall placed on a rigid base/slab. During
the cooling phase, the wall tends to shrink in size, but it is limited by a rigid base. The
stresses that arise in this situation are usually longitudinal.

The first step in the analysis of the stress–strain state of massive monolithic foundation
slabs is the calculation of the temperature field caused by internal heat sources. A significant
number of publications are devoted to the solution of this problem.

The main tool in determining the temperature fields in the construction of massive
monolithic structures is currently the finite element method. Finite element modeling
shows good agreement with the results of field temperature measurements [7].

As for the determination of thermal stresses caused by the heat release of concrete
and the heat exchange of the structure with the environment, two approaches should be
distinguished here. The first approach involves finite element modeling in ready-made
software products (Midas Civil, ANSYS, Abaqus, etc.) and is used, for example, in [6,13,14].
However, in ready-made FEM complexes, it is not possible to take into account the change
in the physical and mechanical characteristics of concrete over time, as well as to take into
account the shrinkage of concrete, and the results will only be of an estimated nature.

The second approach involves determining thermal stresses using a simplified
formula [15–17]:

σ(t) = kTE(t)α∆T, (1)

where kT is the restraint coefficient, E is the modulus of elasticity of concrete, α is the
coefficient of linear thermal expansion, and ∆T is the temperature difference between the
center and the surface of the structure.

This approach is applicable only to objects such as foundation slabs and walls. It
does not allow taking into account the fact that the stress state can be biaxial or triaxial.
In addition, the question arises of determining the coefficient kT , which depends on the
rigidity of the base, the dimensions of the structure being concreted, and many other factors.

Another way to monitor the structural health of building structures is machine learning
methods, in particular artificial neural networks [18]. However, their use requires a large
experimental base for training. Currently, the existing experimental data on temperature
fields and stresses in massive monolithic foundation slabs are still insufficient.

Ref. [19] propose a method for determining thermal stresses in massive monolithic
foundation slabs caused by internal restraint. It is assumed that the friction forces along
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the base of the foundation do not have a noticeable effect on the stress–strain state. To
confirm the reliability of the method, a comparison is carried out by [19], with the results of
finite element modeling in the ANSYS software package in a three-dimensional setting at a
constant modulus of elasticity of concrete. This technique also makes it possible to take
into account the time variation in the characteristics of concrete, the presence of creep and
shrinkage deformations, and the coefficient of reinforcement of the structure. When taking
into account the dependence of the elastic modulus of concrete on time, the picture of the
stress–strain state changes significantly. The disadvantage of this technique is that it does
not directly relate thermal stresses to the temperature difference between the center and
the surface of the structure.

The purpose of our work is to develop a simplified method for calculating thermal
stresses from the temperature difference between the center and the surface of the founda-
tion slab based on the resolving equations obtained in [19].

2. Materials and Methods

The increment of stress for a moment of time ∆t without taking into account creep
and shrinkage deformations based on the technique presented in [19] is determined by
the formula:

∆σ(z) =
E(z, t)
1− ν

(∆ε− α[T(z, t)− T(z, t− ∆t)]), (2)

where T is temperature, ν is Poisson’s ratio, and ∆ε is total strain increment.
The factor (1− ν) in the denominator in Formula (1) takes into account that the concrete

in the foundation slab is in conditions of biaxial tension (compression). In Formula (2),
shrinkage deformation is not taken into account, since it is constant over the thickness of
the slab and, in the absence of external restraints, does not cause stress.

Based on the hypothesis of plane sections, the value of ∆ε is assumed to be independent
of the z coordinate and is calculated by the formula:

∆ε =
α
∫ h/2
−h/2 E(z, t)[T(z, t)− T(z, t− ∆t)]dz∫ h/2

−h/2 E(z, t)dz
. (3)

The zero point of the coordinate z here, in contrast to the work by [19], is taken in the
median plane of the foundation slab.

The diagram of temperature distribution and the corresponding diagram of normal
stresses in the foundation slab due to its uneven heating caused by the internal heat release
of concrete and heat exchange with the environment are shown in Figure 1.
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Figure 1. Diagrams of temperature (a) and temperature stresses (b) distribution in the foundation slab.

To obtain a simplified dependence that establishes a relationship between thermal
stresses and the temperature difference between the center and the surface of the structure,
the temperature distribution over the thickness at each moment of time will be taken
according to the parabolic law:

T(z) = Az2 + Bz + C. (4)
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The assumption is also introduced that the heat transfer conditions on the upper and
lower surfaces of the slab are the same, i.e.,

T(h/2) = T(−h/2) = Tup. (5)

Substitution of condition (5) into (4), as well as the condition T(0) = Tmid, allows us to
determine the constants A, B and C and write the law of temperature change across the
plate thickness in the form:

T(z) = −4z2

h2

(
Tmid − Tup

)
+ Tmid. (6)

In addition to the hypothesis about the same heat transfer conditions on the surfaces
of the slab, it is also assumed that the modulus of elasticity of the slab does not change
along the thickness. Then, Formula (3) will take the form:

∆ε =
α

h

h/2∫
−h/2

[T(z, t)− T(z, t− ∆t)]dz. (7)

The value 〈T〉 = 1
h

∫ h/2
−h/2 T(z)dz is the average temperature over the slab thickness, so

Formula (7) can be written as:

∆ε = α(〈Tt〉 − 〈Tt−∆t〉). (8)

For the law (6), the value 〈T〉 as a result of integration will take the form:

〈T〉 = 2
3

Tmid +
1
3

Tup. (9)

As a result, the increment of the total deformation will be written in the form:

∆ε = α

(
2
3
(Tmid(t)− Tmid(t− ∆t)) +

1
3
(
Tup(t)− Tup(t− ∆t)

))
. (10)

Substitution of (10) into (2) allows us to obtain the following formulas for stress
increments on the upper surface of the slab and in the middle of the thickness:

∆σup =
2
3
· E(t)
(1− ν)

α
{

Tmid(t)− Tup(t)−
[
Tmid(t− ∆t)− Tup(t− ∆t)

]}
; (11)

∆σmid = −
∆σup

2
. (12)

The expression in curly brackets in Formula (11) represents the increment in the
temperature difference between the center and the surface of the structure over the time
interval ∆t.

The modulus of elasticity of concrete is determined as a function of compressive
strength using the empirical formula given in [19]:

E(R) = 1000
0.04R + 57
1 + 29

3.8+0.8R
, MPa (13)

The compressive strength of concrete is calculated as a function of its degree of
maturity DM using the formula presented in [19]:

R = R28 exp

(
0.35

[
1−

(
15, 800− 122.5T

Tt

)0.55])
, (14)
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where R28 is the strength of concrete at the age of 28 days, T = DM/t, t is the age of concrete
in hours, DM is the degree of maturity of concrete, determined by the integral:

DM =

t∫
0

T(τ)dτ, (15)

where T(τ) is the concrete temperature at time τ.
The tensile strength of concrete Rt is also determined by us as a function of the

compressive strength R using the formula proposed in [20]:

Rt = 0.29 · R0.6. (16)

Poisson’s ratio of concrete ν is taken constant and equal to 0.2.

3. Results and Discussion

The first stage of our study was the verification of the relations (13)–(16) on the
experimental data presented by [21]. In this work, the hardening of the samples occurred
with a complete limitation on their deformation, and temperature and stress measurements
were performed at various points in time. The scheme of the experimental setup is shown
in Figure 2.
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When compared with experimental data, autogenous shrinkage deformations were
also taken into account, which were determined by the formula

εsh(t) = −(0.2B− 2)(a ln t− b) · 10−5 ≤ 0, (17)

where t is time, B = R28 − 12 is the class of concrete (MPa), a = 0.31 and b = 0.4 are the
empirical coefficients.

Tests in [21] were carried out for concrete specimens with strength at a design age of
28 days R28 = 80 MPa. Figure 3 shows a graph of temperature changes over time for one of
the tested samples.

Figure 4 compares the stress values at different points in time, obtained experimen-
tally, with the results of numerical simulation using relations (13)–(17). Figure 4 shows a
satisfactory agreement between the experimental results and theory.

In [21], for the samples under consideration, a curve of change in tensile strength
with time is also given. A comparison of the curve presented in [21] with the curve Rt(t)
constructed using dependences (14)–(16) is shown in Figure 5. The presented graph shows
a good agreement between the results.
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To verify the developed methodology, a test problem was also solved for a massive
foundation slab 1 m thick. The initial temperature of the concrete mixture and the ambient
temperature were taken equal to 20 ◦C, the heat transfer coefficient on the upper surface
was 8 W/(m2·◦C), the thermal conductivity coefficient of concrete λ = 2.67 W/(m·◦C),
concrete density ρ = 2500 kg/m3, specific heat capacity c = 1000 J/(kg·◦C). The heat release
function for 1 m3 of concrete based on [22] was taken as:

Q(t) = Q28 · exp
[

k ·
(

1−
(

28
t

)x)]
, (18)

where t is time in days, Q28 = 130 MJ⁄m3, k = 0.13, x = 0.42.
The presented parameters Q28, k, x correspond to B25 class quick-hardening concrete

(R28 = 37 MPa) according to Russian standards.
The temperature field was determined from the solution of the heat conduction

differential equation by the finite element method in a one-dimensional setting according
to the procedure given in [19,23]. The thickness of the slab was divided into 100 finite
elements, and the number of time steps was taken equal to 800.

Figure 6 shows graphs of temperature changes over time on the surface of the structure,
as well as in its center. Figures 7 and 8 show the change in time of the modulus of elasticity
of concrete and its tensile strength at z = h/2.

Figure 9 shows the graphs of stress changes over time on the upper surface, as well as
in the center of the structure. The solid lines correspond to the solution according to the
method proposed in [19], and the dashed lines correspond to the simplified method. From
Figure 9 it can be seen that the stresses on the upper surface first increase and then decrease
and become compressive. In the center of the structure, the trend is reversed. The moment
of stress growth on the upper surface corresponds to the heating of the foundation, and
their decrease occurs during cooling. As a result of uneven heating of the structure during
its hardening, there are always residual stresses. The character of the stress change curve in
the center of the structure coincides with the experimental results presented in Figure 4.

The results obtained by the two methods are quite close. The deviations can be
explained by the fact that at the initial stage, the temperature distribution over the thickness
of the structure differs from parabolic (Figure 10). The advantage of the method proposed
in this article is that it allows one to estimate thermal stresses directly from the temperature
difference between the center and the surface of the structure, which can be measured
directly at the construction site.
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Note that the function of temperature change with thickness in the method proposed
by us can be specified not only in the form of a square parabola. So, when the distribution
is given in the form of a cosine wave

T(z) = Tup +
(
Tmid − Tup

)
· cos

πz
h

(19)

the average temperature over the thickness can be represented as:

〈T〉 = ωTmid + (1−ω)Tup, (20)

where ω = 2/π.
Then, the formulas for stress increments on the upper surface and in the center of the

slab are written as:

∆σup =
ωαE(t)
(1− ν)

{
Tmid(t)− Tup(t)−

[
Tmid(t− ∆t)− Tup(t− ∆t)

]}
; (21)

∆σmid =
(ω− 1)αE(t)

(1− ν)

{
Tmid(t)− Tup(t)−

[
Tmid(t− ∆t)− Tup(t− ∆t)

]}
. (22)

Formulas (11) and (12) can also be represented as (21) and (22) if we assume ω = 2/3.
Table 1 shows a comparison of the stresses at the upper surface and in the center of

the foundation at different points in time, obtained by the method proposed in [19], as well
as by a simplified method at ω = 2/3 and ω = 2/π.

From Table 1 it can be seen that when approximating the temperature distribution
curve over the thickness with a cosine wave (ω = 2/π), the approximate technique better
predicts maximum stresses at the initial time, and when approximating with a square
parabola (ω = 2/3), the approximate technique gives better results at the final time.
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Table 1. Comparison of stresses at the top surface and in the center of the structure, calculated by the
method presented in [19] and the simplified method.

t, Hours
σup, MPa σmid, MPa

Method [19] ω = 2/3 ω = 2/π Method [19] ω = 2/3 ω = 2/π

10 0.5907 0.6389 0.6101 −0.2900 −0.3195 −0.3483

20 0.8558 0.9676 0.9240 −0.5479 −0.4838 −0.5274

30 0.8587 1.0017 0.9565 −0.6022 −0.5008 −0.5460

40 0.7373 0.8935 0.8533 −0.5569 −0.4468 −0.4870

50 0.5625 0.7248 0.6922 −0.4709 −0.3624 −0.3951

60 0.3678 0.5331 0.5091 −0.3698 −0.2666 −0.2906

70 0.1702 0.3368 0.3217 −0.2652 −0.1684 −0.1836

80 −0.0216 0.1456 0.1390 −0.1630 −0.0728 −0.0793

90 −0.2027 −0.0357 −0.0340 −0.0661 0.0178 0.0194

100 −0.3710 −0.2044 −0.1952 0.0240 0.1022 0.1114

110 −0.5256 −0.3596 −0.3434 0.1068 0.1798 0.1960

120 −0.6666 −0.5012 −0.4786 0.1822 0.2506 0.2732

130 −0.7943 −0.6297 −0.6013 0.2505 0.3148 0.3432

140 −0.9095 −0.7456 −0.7120 0.3121 0.3728 0.4064

150 −1.0131 −0.8499 −0.8116 0.3674 0.4250 0.4633

160 −1.1060 −0.9436 −0.9011 0.4170 0.4718 0.5143

170 −1.1892 −1.0275 −0.9812 0.4614 0.5137 0.5600

180 −1.2637 −1.1025 −1.0528 0.5010 0.5512 0.6009

190 −1.3301 −1.1695 −1.1168 0.5364 0.5848 0.6375

200 −1.3895 −1.2294 −1.1740 0.5679 0.6147 0.6701

Based on a relation to (21), one can obtain the formula for the total stress on the upper
surface at time t. To do this, let us omit the “up” index and write the stress increment in
the form:

∆σ(τ) =
∂σ(τ)

∂τ
dτ =

ωE(τ)
1− ν

α
∂(∆T(τ))

∂τ
dτ, (23)

where ∆T(τ) = Tmid(τ)− Tup(τ).
The total stress at time t is the sum of the increments over the time interval from τ0 to

t (τ0 is the initial time):

σ(t) =
t∫

τ0

∂σ(τ)

∂τ
dτ =

ω

1− ν
α

t∫
τ0

E(τ)
∂(∆T(τ))

∂τ
dτ. (24)

Let us apply the integration-by-parts formula
∫

udv = uv−
∫

vdu in (24), setting
u = E(τ), dv = ∂(∆T(τ))

∂τ dτ. As a result, we obtain:

σ(t) =
ωα

1− ν

E(t)∆T(t)− E(τ0)∆T(τ0)−
t∫

τ0

∆T(τ)
∂(E(τ))

∂τ
dτ

. (25)
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Taking into account the fact that at the initial moment in time, there is no temperature
difference between the center of the foundation and the surface (∆T(τ0) = 0), the final
expression for the stress on the upper surface will take the form:

σup (t) =
ωα

1− ν

E(t)∆T(t)−
t∫

τ0

∆T(τ)
∂(E(τ))

∂τ
dτ

. (26)

To obtain the stress formula in the center of the structure, it is sufficient to replace the
factor ω in Formula (26) by ω − 1. The coefficient ω/(1 − ν) can be denoted as the restraint
coefficient kT . Then, Formula (24) will take a form similar to (1) with the only exception
that Formula (1) does not take into account the history of changes in the concrete elasticity
modulus and temperature until the time t.

Based on Formula (21), one can also obtain a solution to the inverse problem, which is
formulated as follows. For the given curves of change in time of the modulus of elasticity
of concrete E(t) and its tensile strength Rt(t), it is required to find how the temperature
difference ∆T between the center and the surface of the structure should change over time
so that the stresses on the upper surface do not exceed Rt.

To construct a curve for the allowable value of ∆T(t), it is assumed that at each moment
in time, the increment in stress on the upper surface is equal to the increment in tensile
strength of concrete:

∆σup =
ωE(t)
(1− ν)

α{∆T(t)− ∆T(t− ∆t)} = Rt(t)− Rt(t− ∆t). (27)

From (27) one can obtain a recursive formula for constructing the curve ∆T(t):

∆T(t) = ∆T(t− ∆t) +
1− ν

ωαE(t)
[Rt(t)− Rt(t− ∆t)]. (28)

The curves constructed by Formula (28) at ω = 2/3 и ω = 2/π are shown in Figure 11.
When constructing these curves, the values of the modulus of elasticity of concrete and
tensile strength were taken from the upper surface of the slab. Obviously, the allowable
difference between the center and the surface of the structure is not a constant value, as
postulated in [24,25], but depends on the age of the concrete.
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Note that our calculations are still of an estimated nature, since Formula (16) gives
reliable results when the age of concrete is more than 1 day. From Figure 2 it can be seen
that at t = 0, the elastic modulus calculated by Formula (16) is not equal to zero. Although
it should be very close to zero at the initial moment in time. Since the most intensive
temperature increase occurs at the initial moment in time, the modulus of elasticity of
concrete at an early age will have a significant impact on the resulting thermal stresses. Our
further research will be aimed at clarifying the dependence of the elasticity modulus of
concrete on time at an early age, as well as expanding the experimental base for temperature
fields and stresses in hardening massive monolithic structures.

4. Conclusions

1. The approximate method for determining thermal stresses during the construction
of massive monolithic foundation slabs is proposed based on the hypothesis of parabolic
and cosine temperature distribution over the thickness of the structure. The introduced
hypothesis made it possible to directly express the temperature stresses in terms of the
difference between the center and the surface of the structure. The proposed method is
quite simple and can be used for engineering calculations. It also allows one to assess the
risk of early cracking based on field temperature measurements in the foundation slab.

2. The calculation dependences used are verified by comparison with experimental
data for specimens hardening at 100% strain limitation.

3. It has been established that when using the cosine law of temperature distribution
over the thickness, the approximate method better predicts the maximum stresses at the
initial time, and in the case of a parabolic law, it gives better results for residual stresses.

4. The formula has been obtained that directly establishes the relationship between
stresses and the temperature difference between the center and the surface, and also takes
into account the history of changes in temperature and modulus of elasticity of concrete
over time.

5. The inverse problem of determining the allowable temperature difference between
the center and the surface of the foundation, which excludes early cracking of the concrete,
has been solved. It is shown that the allowable temperature difference “center-surface”
depends on the age of the concrete.
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