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Abstract: Experiments to measure a single molecule/particle, i.e., an individual molecule/particle,
at room temperature or under physiological conditions without immobilization—for example, on
a surface or without significant hydrodynamic flow—have so far failed. This failure has given
impetus to the underlying theory of Brownian molecular motion towards its stochastics due to
diffusion. Quantifying the thermodynamic jitter of molecules/particles inspires many and forms the
theoretical basis of single-molecule/single-particle biophysics and biochemistry. For the first time,
our simulation results for a live cell (cytoplasm) show that the tracks of individual single molecules
are localized in Brownian motion, while there is fanning out in fractal diffusion (anomalous diffusion).

Keywords: individual molecule tracking; individual molecule; single molecule; diffusion; thermody-
namic jitter; live cell; cytoplasm; liquids; room temperature; continuous-time random walk (CTRW);
Brownian motion; anomalous motion; computer simulation

1. Introduction

Transport and binding of individual molecules to specific targets appear to be involved
in the assembly and function of supramolecular structures in living cells. There is broad
consensus that analyses of these processes in vitro and in vivo are of central importance in
life sciences. In cellular compartments, transport is often driven by diffusion, which tends
to equalize local concentration gradients. Diffusion behavior has been studied in recent
decades using various experimental technologies, mainly based on fluorescence techniques
such as confocal or far-field optics including nanoscopy [1]. In order to identify localization-
specific dynamics and interactions of fluorescently labeled species, time-resolved protein
mobility data are linked to images of cellular structures measured by fluorescence laser
scanning microscopy [2]. The spatial resolution of mobility and interaction is no longer lim-
ited by the diffraction-limited size of the excitation volume (observation/detection volume),
as is the case in confocal fluorescence microscopy/spectroscopy setups. Green fluorescent
protein (GFP) and its spectral relatives are selected for many of these approaches due to
their high fluorescence yield and photobleaching properties in the intracellular environ-
ment [3], and they can be fused to proteins in vivo [4,5]. As a result of these technological
and biotechnological developments, single-molecule studies in liquids and live cells have
emerged without immobilization or hydrodynamics. Such studies refer to measurements
of individual molecules (individual particles), but cannot be equated with them [6]. In
the present research article, significant progress has been made in the biophysics and
biochemistry of single molecules/particles by demonstrating localized Brownian motion
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and fractal diffusion in crowded living cells with computer simulation experiments. The
“Introduction” and “Methods” sections provide comprehensive background information
and a detailed description of the methodology used. For free diffusion-controlled reactions
or systems, there are physical criteria to make a clear decision about whether a single
molecule/a single particle (an individual molecule/an individual particle) is detected or
not, as summarized in Table 1.

Table 1. Experimental conditions that must be set up in the single-molecule/single-particle experi-
ments in liquids, living cells and in artificial as well as biological membranes without immobilization
or without significant hydrodynamic flow. The derivations of the equations and formulas can be
found in the original research articles [7,8] as well as in the ref. [9] for the first time. The proper use
of the formulas is demonstrated in the refs. [10,11].

Experimental Criteria Formulas
Criterion 1:
N is the absolute number of the specific molecules/particles
(labeled, studied) in the observation/detection volume.

N ≤ 1,
which is the Poisson probability of detecting single
molecules/single particles of the same kind in the
observation/detection volume.

Criterion 2:
C denotes the (true) mean value of the population
(subpopulation) of specific (e.g. fluorescent) molecules/particles
of the same kind (the average molecule/particle number) in the
observation/detection volume.

2·lnC − ln2 − C,
which describes the analytical sensitivity that the
observation/detection volume contains a single molecule/a
single particle of the same kind.

Criterion 3:

P

(
2⋂

i=1
Ai

)
denotes the selfsame molecule likelihood estimators which are
the probabilities that a second molecule/a second particle of the
same kind (e.g., a second fluorescent molecule) is outside a
boundary q = ζ(t) at time t, meaning outside the lower limit of
distance, for example ζ = ωxy of the observation/detection
volume.
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2
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}
∼= 1 − N

2π ,
which is the likelihood to really see (measure) the selfsame
molecule that is the individual molecule/the individual particle
in the observation/detection volume.
Tm is the meaningful time for measuring just one molecule at a
time that is the individual molecule/individual particle (see
Scheme 2), D stands for the diffusion coefficient of the
molecule/particle.

Molecule number fluctuations are currently of interest. The fundamental results are
due to Markov processes, which are the gateway to dynamical systems whose number
of molecules fluctuates. The probability of separating two individual molecules or two
individual particles as independent molecular entities during the measurement time is
criterion 3, as exemplified in ref. [11] (see Table 1 contained therein for various experimental
conditions) and Table 1 of this article.

Schemes 1 and 2 summarize important theoretical results for the measurement of
just one molecule at a time, e.g., in liquids at room temperature or living cells under
physiological conditions, without immobilization or significant hydrodynamic flow. We
have already gained extensive experience with single-molecule detection in liquids and
living cells (see Section 3.1). Here, we want to make a contribution to the field of ‘single-
molecule tracking’ for the benefit of researchers in molecular sciences such as biophysics,
physical chemistry and biochemistry. We provide an analysis of the new findings by
connecting them to broader theoretical concepts. The importance of thermodynamic jitter
and implications for single-molecule studies are well established.
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Scheme 1. Upper Panel: Three different molecular scenarios in diluted liquid are schematically 
shown for an observation/detection volume in the x-y plane (upper part) and for observed intensity 
fluctuations (lower part). N denotes the molecule number in the probe region and <N> is the average 
molecule number. If the observed N value becomes 𝑁 ≤1, then N stands for the Poisson probability 
of finding a single molecule/single particle in the observation/detection volume (‘arrival’ probability 
of single molecules/single particles in the observation/detection volume, criterion 1). Under the 
condition N ≤  1, <C> = C is the average frequency in which the observation/detection volume 
contains single molecules/single particles. For C << e−C, C equals N. I(t) is the fluorescence intensity, 
<I> stands for the mean intensity and T is the measurement time for data collection. Completeness 
includes criterion 2, which is the sensitivity for measuring single molecules/single particles, i.e., the 
‘departure’ probability of a single molecule/single particle in the observation/detection volume. For 
details, see the original research articles [8,9] as well as the reference [10]. Lower Panel: An example 
of meaningful reentries is depicted. The individual molecule (selfsame molecule) is located inside 
the observation/detection volume ΔV and diffuses from its state of motion i, which is the 
thermodynamic state i, to another state of motion outside the detection region, which is now the 
thermodynamic state n − 1. It then diffuses from its state of motion n − 1, which is the thermodynamic 
state n − 1, to n within the detection region. During the time interval [s, t), the random variable X(t) 
accomplishes the transition from X(s) = i to X(t) = n − 1. Afterward, the transition from X(t) = n − 1 to 
X(t + Δt) = n is done during the time interval [t, t + Δt). These transitions are reentries, which 
contribute to the measured fluorescence intensity fluctuations. They are the number of reentries that 
result in a useful burst size. For details see the original research article [7]. 

Scheme 1. Upper Panel: Three different molecular scenarios in diluted liquid are schematically
shown for an observation/detection volume in the x-y plane (upper part) and for observed intensity
fluctuations (lower part). N denotes the molecule number in the probe region and <N> is the average
molecule number. If the observed N value becomes N ≤ 1, then N stands for the Poisson probability
of finding a single molecule/single particle in the observation/detection volume (‘arrival’ probability
of single molecules/single particles in the observation/detection volume, criterion 1). Under the
condition N ≤ 1, <C> = C is the average frequency in which the observation/detection volume
contains single molecules/single particles. For C << e−C, C equals N. I(t) is the fluorescence intensity,
<I> stands for the mean intensity and T is the measurement time for data collection. Completeness
includes criterion 2, which is the sensitivity for measuring single molecules/single particles, i.e., the
‘departure’ probability of a single molecule/single particle in the observation/detection volume. For
details, see the original research articles [8,9] as well as the reference [10]. Lower Panel: An example
of meaningful reentries is depicted. The individual molecule (selfsame molecule) is located inside the
observation/detection volume ∆V and diffuses from its state of motion i, which is the thermodynamic
state i, to another state of motion outside the detection region, which is now the thermodynamic state
n − 1. It then diffuses from its state of motion n − 1, which is the thermodynamic state n − 1, to n
within the detection region. During the time interval [s, t), the random variable X(t) accomplishes the
transition from X(s) = i to X(t) = n − 1. Afterward, the transition from X(t) = n − 1 to X(t + ∆t) = n
is done during the time interval [t, t + ∆t). These transitions are reentries, which contribute to the
measured fluorescence intensity fluctuations. They are the number of reentries that result in a useful
burst size. For details see the original research article [7].
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at a time in liquids or live cells without immobilization or without hydrodynamic flow, for example, 
with Nℓmax ≥ 1. A head start is the proven theory, e.g., proven mathematically, that turns knowledge 
into strength, even at odds with the mediocre mainstream (see also [11–14]). 

2. Methods 
Our simulations presented in this research article are based on the generator g24 from 

ref. [15], which simulates the fractal structure in a crowded biological cell, e.g., in its cyto-
plasm [15]. A limited continuous time random walk (LCTRW) is then performed on this 
structure (generalized 3D Sierpinski carpet) to assess the statistical properties of the dif-
fusion process. The continuous time random walk (on this 3D geometric structure) is 
based on a distribution function that is freely configurable. Theoretical considerations for 
simulation and analyzing mobility data in this way for live cells and their compartments 
such as the cytoplasm are given in ref. [15].  

The theoretical and simulation details from Ref. [15] clearly showed that randomness 
in cellular systems can be either spatial (anomalous) or temporal (heterogeneous). We lim-
ited our analyses to generalized Sierpinski carpets (GSC), which eliminated no more than 
50% of the generator’s components in d dimensions. We created a generator in this man-
ner, designating it with 24 sub-cubes in three dimensions, which we indicated with g24, 

Scheme 2. The scheme depicts the main theoretical results for measuring just one molecule/particle
at a time in liquids or live cells without immobilization or without hydrodynamic flow, for example,
with Nℓmax ≥ 1. A head start is the proven theory, e.g., proven mathematically, that turns knowledge
into strength, even at odds with the mediocre mainstream (see also [11–14]).

2. Methods

Our simulations presented in this research article are based on the generator g24
from ref. [15], which simulates the fractal structure in a crowded biological cell, e.g., in its
cytoplasm [15]. A limited continuous time random walk (LCTRW) is then performed on
this structure (generalized 3D Sierpinski carpet) to assess the statistical properties of the
diffusion process. The continuous time random walk (on this 3D geometric structure) is
based on a distribution function that is freely configurable. Theoretical considerations for
simulation and analyzing mobility data in this way for live cells and their compartments
such as the cytoplasm are given in ref. [15].

The theoretical and simulation details from Ref. [15] clearly showed that randomness
in cellular systems can be either spatial (anomalous) or temporal (heterogeneous). We
limited our analyses to generalized Sierpinski carpets (GSC), which eliminated no more
than 50% of the generator’s components in d dimensions. We created a generator in this
manner, designating it with 24 sub-cubes in three dimensions, which we indicated with
g24, also called fractal generator g24. The GSC design specifications are contained in [15].
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The collection of these GSCs may be seen as idealized representations of a region with a
wide range of sizes of diffusion barriers. Molecular crowding represented by geometric
spatial constraints of the fractal support may impede the movements of proteins. Widely
used experimental methods such as fluorescence fluctuation spectroscopy like fluorescence
correlation spectroscopy (FCS) reveal apparent values of the diffusion coefficients and the
scaling exponents. In the examples chosen so far in ref. [15], a good agreement between
the measured apparent diffusion coefficients in the cytoplasm of a living cell and the
known molecular weights showed that our predictions are reasonable, for example, on the
3D fractal support indicated with “g24 generator”. Here, we used an apparent diffusion
coefficient of Dapp ≈ 0.1 × 10−10 [m2/s], given in Figure 9 of ref. [15]. Figure 9 in ref. [15]
showed three examples for simulated data of the selfsame molecule from which MSD
(mean square displacement) and the power law behavior can be evaluated. The distribution
function of a CTRW running on the fractal support, for example, the g24 generator, may be
chosen to imitate energetic landscapes. In the present article, we thus take a closer look at
the motion as a set of tracks performed on a fractal support. Examples of three-dimensional
random walk tracks with Gaussian (normal) and gamma distributions in the CTRW are
shown in Figures 1 and 2 of the present article. These two distributions represent two
distinct processes. Clarifying the behavior of random walks on fractal supports is of great
interest (see Section 3).

The distribution function of a CTRW may be chosen to simulate the differences be-
tween Brownian and anomalous diffusion, which makes the investigated tracks typical
(see Section 3); this means that the examined distribution functions characterize the tracks.
A conceptual framework for crowded and heterogeneous environments like biological
cells and their cellular compartments is translational anomalous, sub-diffusive motions of
bio-macromolecules due to geometric and/or energetic disorder [15].
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Figure 1. The CTRW simulation uses a normal distribution with mu = 0 and sigma = 1. The
10 pathways are arranged around the origin.
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Figure 2. The CTRW simulation employs a gamma distribution with parameters alpha = 3/4 and
beta = 1. The fractal’s 10 routes are all presented around the origin.

To highlight the disparities in the distribution function of the fractal structure, we
investigated two scenarios in this original research article, each consisting of typical tracks.
All pathways have one thing in common: they are placed in the coordinate origin that
we have chosen for utilization, which is within the femtoliter measurement volume (de-
tection/observation volume, ’chamber’) that is the focus of a laser used for excitation
and detection of fluorescent molecules (for further theoretical and simulation details, see
ref. [15]).

3. Results
3.1. Evaluation of Single-Molecule Detection: A Brief Narrative on the Motivation of the Simulation
Experiments and Their Design as an Experimental Starting Point for the Obtained Results

The basic idea of single molecule/single particle detection is simple. A single molecule/
single particle experiment is, strictly speaking, an experiment that studies the prop-
erties of an individual molecule/particle that is the same molecule/particle (selfsame
molecule/selfsame particle) only. Two facts are of great importance: first, only one probe
molecule/probe particle should diffuse into the excited detection volume, and second, the
light emitted from this individual molecule/individual particle should be distinguishable
from the experimental noise. So far so simple, but it becomes much more difficult when
the scenario is quantified based on the temporal movement (time resolution) of individual
molecules/individual particles. The thermodynamic concept of diffusion fluctuations,
also called thermodynamic jitter due to the individual molecule/individual particle (self-
same molecule, selfsame particle), was developed in refs. [7–10,12]. The way from the
mathematical core to the physical theory of single-molecule/single-particle biophysics and
biochemistry based on the stochastic nature of diffusion is exemplified in refs. [11,16,17];
particle means each physical molecule. The conceptual and theoretical basis of thermo-
dynamic jitter has been established in this series of publications and it was considered
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pioneering work [18]. In the present study, the concept of thermodynamic jitter was utilized
to analyze the motion of single molecules within the cytoplasm of live cells. By simulating
these movements and observing the resulting tracks, we were able to demonstrate that
individual molecules exhibit localized Brownian motion and fanning-out patterns typical
of fractal diffusion (see below in Section 3.2).

To decide whether there is a single molecule/particle (an individual molecule/individual
particle) or not, physical criteria are required, which we summarized as a compact and short
introduction in Scheme 1 for interested readers who want to get the mathematical details
and the original derivations of these formulas. Criteria 1 to 3 then result in the time resolu-
tion of a single molecule/single particle (individual molecule/individual particle), which
represents criterion 4 in the optical microscopy/nanoscopy and spectroscopy shown in
Scheme 2, which covers the most important families of dynamic systems with randomness.

The main question addressed by the research article is well-defined in the title. Special
attention deserves the potential applicability of the study. The measurement of the indi-
vidual molecule over several milliseconds to seconds and even minutes is considered one
of the most demanding research trends in spectroscopy, microscopy and nanoscopy. The
way to understand what occurs during the diffusion of an individual molecule/individual
particle in the observation/detection volume embedded into a bulk phase without im-
mobilization or significant hydrodynamics (hydrodynamic flow) is by looking deeper
into this theory of single-molecule/single-particle detection of the same molecule/particle
(the individual molecule/individual particle) [15,19], and that is exactly what the short
introductory presentation in Schemes 1 and 2 is for. They outline the challenge of mea-
suring single molecules/particles at room temperature or under physiological conditions
without immobilization or significant hydrodynamics by mentioning the theory of single-
molecule/single-particle biophysics and biochemistry based on the stochastic nature of
diffusion in liquids and live cells without immobilization on artificial or biological sur-
faces/membranes or significant hydrodynamic flow (hydrodynamics).

Next, let us now shed some light on tracking single molecules (individual molecules)
for live cells by simulations. In live cells or their compartments, such as the cytoplasm or
membranes as well as the nucleus, the movements of molecules are complicated due to the
large crowding and expected heterogeneity of the intracellular environment compared to
liquids. The simulation approaches that we use are continuous time random walks (CTRW)
on a fractal support of a generalized 3D Sierpinski carpet representing a live cell, e.g., its
cytoplasm (see Section 2).

3.2. Single-Molecule Tracking

Let us say, we have diffused to about 1 nanometer from another protein. Our encounter
has begun, and in roughly a nanosecond, we will either touch the surface of the other
protein or be repelled by it. For the first time, we studied the effects of randomly distributed
diffusivities using two distribution models that run on the fractal structure representing
the cytosol in a living cell (see Section 2). The more widely spread Gaussian (normal)
model was compared with the gamma model. The Gaussian distribution is a parametric
distribution that depends on two variables: the mean and the standard deviation of the
diffusion coefficient. The main motivation for using the gamma distribution is that the
gamma distribution may potentially be more informative than the Gaussian distribution
due to an additional parameter and the representation of time intervals between events
(see Section 2).

In Figure 1, the simulated diffusion of a protein with a diffusion coefficient of Dapp ≈
0.1 × 10−10 [m2/s] is shown for a Brownian motion. In Figure 2, the simulated diffusion of a
protein with a diffusion coefficient of Dapp ≈ 0.1 × 10−10 [m2/s] is shown for an anomalous
diffusion. The colors indicate 10 different tracks for individual molecules/individual
particles. The CTRW steps (continuous-time random walk steps) employed two distribution
functions: the standard Gaussian distribution for Brownian diffusion (Figure 1) and, as
an example, the gamma distribution for anomalous diffusion processes (Figure 2). The
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created pathways look similar, yet they differ in significant aspects, which are depicted in
Figures 1 and 2. It is evident that the Gaussian distribution yields pathways that are quite
similar to each other. The gamma function, which produces a fractional diffusion, provides
pathways that are quite diverse from one another and diverge significantly from those
of the Gaussian distribution. However, the most remarkable feature is that the Gaussian
distribution generates pathways that are close to the measurement origin and concentrated
around it. The situation with the gamma distribution is fundamentally different; here,
paths emerge that have a certain localization around the measurement origin but are also
delocalized in more than 60%. In other words, the pathways become looser and have
large leaps, which are typical of fractional diffusion. This form of unwinding is typical of
fractional diffusion.

4. Discussion

The concept of thermodynamic jitter was applied to analyze the motion of single
molecules (individual molecules) within the crowded cytoplasm (see Section 2). The simu-
lations of the movements and the resulting tracks showed that individual molecules can
carry out localized Brownian movements and fanning patterns typical of fractal diffusion
in live cells. What theoretically happens occupied several publications. We got into the
ergodic hypothesis where it was clear ‘single molecule’/’single particle’ behavior should
not be extrapolated to all molecule/particle behavior [19].

The minimum variation occurs if the number of randomly selected single molecule
traces is Nℓmax = 32, as found by computer simulations. All other values of Nℓ deliver
only a local minimum of a global minimum [19]. The plots also showed (see Figure 1 in
Ref. [19]) that the variation approaches a stable value as Nℓ approaches large values, i.e.,
only a small subpopulation of individual molecules provides minimal variation. In other
words, the most striking feature of ensemble averaging in sparse subpopulations of single
molecules is the same average obtained in an ergodic system composed of many molecules
when the number of randomly selected single molecule traces is Nℓmax = 32 [19]. Therefore,
broken ergodicity and unbroken ergodicity can no longer be distinguished. Furthermore, if
averaging procedures are performed without knowing whether the underlying molecular
system behaves ergodic or non-ergodic, any measurement may be associated with ergodic
or non-ergodic behavior unless one can identify the individual molecule/individual particle
(single molecule/single particle) fingerprint of non-ergodicity [19].

The single-molecule/single-particle fingerprint of non-ergodicity is the thermody-
namic fingerprint (signature of thermodynamic jitter) of a single molecule/single particle in
liquids or living cells without immobilization or hydrodynamic flow [14]. The novel physi-
cal theory offers a new way to understand molecular behavior when individual biomacro-
molecules/molecules in living cells are trapped in interactions with their neighboring
ligands or reactants in a crowded environment at room temperature or physiological condi-
tions and their cellular compartments [13]. Therefore, single-molecule/single-particle stud-
ies may be contrasted with measurements on an ensemble or bulk collection of molecules. It
clearly follows from these results that the biggest breakthrough in microscopy/nanoscopy
and spectroscopy would be a breakthrough in sensitivity in the time domain for measuring
an individual molecule over several milliseconds to seconds and even minutes (up to an
hour) without the immobilization of artificial surfaces or biological structures (membranes),
as well as without significant hydrodynamics.

The meaningful time is the measurement time for measuring just one single molecule
(individual molecule, selfsame molecule) or one single particle (individual particle, selfsame
particle) in contrast to the measurement times for the many-molecule measurements. We
simplify its discussion by focusing on the most critical points. We distinguish three types
of meaningful points in time:

1. the meaningful time as single-molecule/single-particle time resolution is discussed
here (for mathematical details see: ref. [12]),
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2. the meaningful times as the mathematical (physical) limits of the measurement time,
which should not be exceeded in order to track the same individual molecule/particle
with high probability in one, two or three dimensions (for mathematical details see:
the Table 1 in ref. [11]) and

3. the meaningful time as a quantitative measurement of the meaningful reentries of the
same individual molecule/same individual particle into the observation/detection
volume (for mathematical details see: Equation (12) in ref. [7] and Equation (2a–c) and
(3) in ref. [8]).

The dimensions of the meaningful times are the dimensions of the diffusion times.
The measurement of the individual molecule or particle is one of the most demanding

research trends in spectroscopy, microscopy and nanoscopy. This is not least the case
because individual molecules (oligonucleotides and single-stranded DNA sequences) were
first theoretically described in chemical oligonucleotide syntheses on solid supports after
their release from the solid phase as early as 1994 [20], but corresponding measurements
are not yet possible today. A head start is the mathematically proven theory that turns
knowledge into strength, even at odds with the mediocre mainstream; for example, ref. [21],
with additional examples found in ref. [11]. What new insights can be gained from the
foundation of the theory on ‘single-molecule/single-particle biophysics and biochemistry
based on the stochastic nature of diffusion’, that is, the new physical theory for quantifying
the thermodynamic jitter of molecules/particles without immobilization on an artificial
surface, on a biological structure or without significant hydrodynamic flow? For example,
the thermodynamic signatures of single molecules and single particles in liquids and live
cells (cytoplasm, membranes, nucleus) without immobilization or hydrodynamic flow
were found in ref. [14] and shown by simulations in Figures 1 and 2 of the present article.
There may be too much thermodynamic jitter in the experiments with live cells and diluted
liquids without immobilization or significant hydrodynamic flow under physiological
conditions or at room temperature [22].

Taken together, this article presents a significant advancement in single-molecule/particle
biophysics and biochemistry through simulations demonstrating localized Brownian mo-
tion and fractal diffusion. The introduction and methods sections provide a thorough
background and detailed methodology. Of course, there are many types of live cells. The
study does not differentiate between them, but this could be achieved by using more
specific values for underlying fractal structures and distribution functions.

5. Conclusions

The formulas and relationships specified in this article apply. They are straightforward
and safe for determining how many molecules are averaged during measurement times.
They must be used to validate that only a single molecule/a single particle (an individ-
ual molecule/an individual particle; the (self)same molecule/the (self)same particle) is
measured with high probability during the measurement times. The obtained results are
directly linked to the call for increased sensitivity in the time domain of measurements.

6. Addendum

Due to plagiarism and illegal publications of an earlier manuscript draft by the open
access journal ‘Systematic Reviews in Pharmacy’, which contained wrongly typeset, in-
correct mathematical–physical formulas and relationships as well as a fake author (as the
main author), we changed the content and made linguistic changes and improvements
in this original research article. Now, all formulas and physical relationships are correct
and confirmed by both authors. We are very grateful for the support and help of the
US Prepint.org team in this very unpleasant situation caused by the open-access journal
‘Systematic Reviews in Pharmacy’. Preprint.org supported us by uncovering this copyright
scandal from an ethical perspective and Preprint.org was very helpful in dealing with it
correctly (email correspondence).
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