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Abstract: A new method for implicit integration of the Mohr-Coulomb non-smooth multisurface
plasticity models is presented, and Koiter’s requirements are incorporated exactly within the proposed
algorithm. Algorithmic and numerical complexities are identified and introduced by the nonsmooth
intersections of the Mohr-Coulomb surfaces; then, a projection contraction algorithm is applied to
solve the classical Kuhn-Tucker complementary equations which provide the only characterization
of possible active yield surfaces as a special class of variational inequalities, and the actual active
yield surface is further determined by iteration. The basic idea is to calculate derivatives of the
yield and potential functions with the expressions in the principal stresses and perform the return
manipulations in the general stress space. Based on the principal stress characteristic equation,
partial derivatives of principal stresses are calculated. The proposed algorithm eliminates the error
caused by smoothing the corner of Mohr-Coulomb surfaces, avoids the numerical singularity at the
intersections in the general stress space, and does not require the stress transformation needed in the
principal stress space method. Lastly, several numerical examples are given to verify the validity of
the proposed method.

Keywords: Mohr-Coulomb criterion; elastoplastic; complementary problem

1. Introduction

In geotechnical engineering, plastic models possessing non-smooth multiple yield
surfaces are widely used in engineering applications, among which the Mohr-Coulomb
criterion is the most typical. As is well known, the Mohr-Coulomb yielding surface is an
irregular hexagonal cone in the principal stress space, which is composed of six facets with
six edges and one apex. When the orthogonal law is applied at a point on an edge of the
yielding surface, the normal is not unique and the final active yield surface is unknown,
which introduces severe algorithmic and numerical complexities.

Huge efforts have been paid to the constitutive integration of plasticity with Mohr-
Coulomb criterion. By applying the loading criterion for each yield surface of the singular
point separately, Koiter proposed the evolution of plastic strain for multiple yield sur-
faces [1], which sets the foundation for the calculation of non-smooth multisurface plasticity.
In order to overcome the serious numerical singularity at the corner of the Mohr-Coulomb
criterion, the methods mentioned in the existing literature can be divided into three cat-
egories: (1) substitution method, Zienkiewicz et al. suggested that the suitable smooth
yield criterion should be used to replace the yield criterion with singularity [2], that is, the
Drucker—Prager criterion should be used to replace the Mohr-Coulomb criterion; near the
corner of Mohr-Coulomb criterion, Owen and Hinton used the Drucker-Prager criterion to
calculate the increment of plastic strain [3], so as to cut the corner of the Mohr-Coulomb
yield surface. Marque [4] adopted a similar processing method, but such substitution
would result in inaccurate numerical calculation results and affect the convergence speed of
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the overall equilibrium equation. (2) corner rounding method: Zienkiewicz and Pande [5]
modified the Mohr-Coulomb yield surfaces and obtained a new yield criterion in the form
of a curve, which eliminates the corners of Mohr-Coulomb on the meridional plane and
7 plane; Sloan and Booker [6] proposed a similar modified Mohr-Coulomb criterion for
rounding corners, which is continuous and differentiable for all stress components; Abbo
and Sloan [7] also smoothed the corners of Mohr-Coulomb, and the approximate yield func-
tion obtained is not only continuous but also second-order differentiable. Although these
methods smoothed the Mohr-Coulomb yield surfaces approximately, the rapid change of
derivative gradient near the corner point would lead to the instability of the numerical
calculation. (3) principal stress space method: Larsson and Runesson [8] may be the first
to perform the stress return in the principal stress space to avoid the singularity of Mohr-
Coulomb functions expressed by invariants; then, Peri¢ and de Souza Neto [9] extended
this method to incorporate hardening; in the works of de Souza Neto et al. [10], the above
method is further elaborated and extended to various common yield criteria and advanced
yield criteria, such as modified Cam-clay and capped Drucker-Prager models.

Meanwhile, in order to handle the problem of unknown final active yield surfaces,
the methods adopted in the literature can also be divided into three categories: (1) stress
indicator method, De Borst proposed the concept of stress indicator factor to determine
which group of yield surfaces are finally activated according to its sign [11]. Pankaj and
Bi¢ani¢ further developed this technology [12]. The generality of this method is limited
because stress indication factors corresponding to different yield functions are different.
(2) geometric method, according to the geometric properties of Mohr-Coulomb yield
surfaces in the principal stress space, Clausen et al. [13] derived the corresponding stress
return geometry method, and this idea was later extended to other plastic models [14].
(3) Kuhn-Tucker method, Kuhn-Tucker complementarity theory has been widely used in
an elastic-plastic constitutive integral [15,16]. Simo et al. adopted the mathematical idea of
convex programming and, combined with the nearest point projection algorithm, the final
active surface can be determined by iteration [17]. This method was continuously improved
and applied to more complex elastic-plastic models [18-20]. The last method is the most
widely used method at present because it provides a general and robust framework.

Based on Koiter’s rule and the Kuhn-Tucker complementarity condition, a constitutive
integral method suitable for the Mohr-Coulomb criterion is proposed in this paper. Koiter’s
rule determines the evolution of plastic strain and Kuhn-Tucker conditions characterize
the possible active yield surfaces. The Kuhn-Tucker complementary equation is treated as
a special class of variational inequalities and solved by a projection contraction algorithm.

Partial derivatives of principal stresses are calculated on the basis of the characteristic
equation; then, the stress is returned in the general stress space, which not only avoids the
singularity at the corner, but there is also no need for spectral decomposition and coordi-
nate transformation. The algorithm can accommodate various widely used non-smooth
multisurface plasticity models; single surface plasticity is also included. To avoid unnec-
essary algorithmic complexity, we restrict ourselves to the case of perfect plasticity. The
generalization to isotropic hardening (or softening) can be made without any conceptual
difficulties.

2. The Causes of Corner Problem of Mohr-Coulomb Criterion
The classical Mohr-Coulomb criterion can be expressed in the following form:

T=c—oytan¢ 1)

where T represents the shear stress; 0y, represents the normal stress; ¢ is cohesion; ¢ is the
internal friction angle. The geometric interpretation of Equation (1) is shown in Figure 1,
and the Mohr-Coulomb yield function can also be expressed as follows:
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which, rearranged, gives

0 + Omi 0 — Omin .
max 2 min max 2 min sin ¢) tanfp

(0max — Omin) + (Omax + Omin) Sin¢ = 2c cos ¢

O, O,

Figure 1. The Mohr-Coulomb criterion.
Letting o7 > 02 > 03, Equation (3) can be written as

(01 — 03) = 2ccos¢p — (01 + 03) sin¢

le] o O

@

®)

4)

Complete yield surface can be obtained after considering all possible stress combina-
tions. Generally, the Mohr-Coulomb yield function expressed by the invariant instead of

the principal stress is used in calculation, namely

i 1
V/J2(cos by — sin¢ sinfy) + =I;sing —ccos¢p =0 — % <6, < %

V3 3
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Tzx Tzy 0z — 00
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According to Koiter’s law, when the Mohr-Coulomb criterion is used to calculate
plastic strain, we have

el = Z 'szaaftx(a) (11)
a=1

Here, 7y, represents the plastic multiplier corresponding to the yield surface a. A partial
derivative of the Mohr-Coulomb yield function to stress component can be calculated based
on the chain derivation rule:

of _9foh , 9f 9, 9f 9]

90 0L o0  9J, 90 93 d¢ (12)
in which
of .
= = c0s 0,[V/3(1 + tan 6, tan 36, + sin ¢(tan 36, — tan 6, )] (13)
2 2V3]>
of _ ﬂ(ﬂtanﬂg +sin¢) (14)

dJ3  2J,cos 36,

As we can see, when 0, = £ 7% (the corner of Mohr-Coulomb yield surface), tan 36, and
coslii%eg in Equations (13) and (14) are undefined, that is, singularity arises from undefined
partial derivatives.

On the other hand, when the Mohr-Coulomb criterion is used for calculation, the final
active yield surface at its corner is unknown. In the incremental form of the elastoplastic
constitutive integral, after the strain increment is applied, whether the stress point is
in elastic state or plastic loading state is judged in the form of test stress based on the
following conditions:

an+1

otfiiqa}rl > 0 forsome « € (1,2,---,6) = plastic state

{ trial < 0 for all a€(1,2,---,6) = elastic state (15)

where Dt‘r,ﬂl represents the test state of yield surface « corresponding to the strain increment,

and the specific calculation method is introduced later.
It should be noted that, if only one yield surface is activated, namely, only one
> 0, then the yield surface is the final active yield surface, that is, f, ,+1 > 0. How-

trial
an+1

ever, when multiple yield surfaces are activated, fi*al

an+1

surface is the final active yield surface, namely, there may be f;ail > 0but f, 4,41 <0. As

we can see in Figure 2, N 1 and N2 are the normal direction of yield surface f; and f,, C1, Cp,

and Cjp form the corner cone of f; and f, together. When Ufff‘ll € Cqp, we have fltrﬁl >0

and fztr;ﬁlrl > 0; at the same time, the plastic multiplier Ay* > 0,& = 1, 2; therefore, the

> 0 cannot guarantee that the yield

activated yield surfaces f1 and f, both are the final active yield surfaces; when (Tfffll € Cyor

otrial € Cy, although f{1ial, > 0 and £, > 0 can be obtained, it can be seen that Ay? < 0
in C; and Ay! < 0in Cy, that is, although the activated yield surfaces are two, there is only

one final active surface in the end.
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(b) (c)

Figure 2. Geometry at a corner point. (a) definition of C;, C; and Ciy; (b) region Cy: Ayt >0,
AY? < 0; (c) region Cyy: Ayl >0,A9% > 0.

3. Algorithm and Implementation

3.1. Constitutive Integral for Mohr-Coulomb Criterion

The elastoplastic constitutive equation can be written as the following form:
oc=D(e—¢P) (16)

Here, 0, €, and ¢ represent stress, strain, and plastic strain, respectively, and D is the
elastic matrix. The plastic strain &” is determined according to Koiter’s rule in Equation (11),
and the plastic multiplier satisfies the Kuhn-Tucker complementarity equation:

fa(o) <0
>0 (17)

Y falo) =0
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For the Mohr-Coulomb model with multiple yield surfaces, it is necessary to define
the elastic space, which can be represented by E, and defined as:

E, ={o|fa(c) <0,a €[1,2,...,6]} (18)

Furthermore, Equation (18) can be analytically written in terms of the principal stresses
01, 02, 03 as:

f1= (01 —03) + (01 + 03) sin¢ — 2c cos ¢
fo= (0’2 —0'3) + (0’7_ +03)singb — 2ccos ¢
f3 = (01 — ) + (07 + 02) sin¢g — 2c cos ¢ (19)
fa = (03 —01) + (034 01) sing — 2ccos ¢
f5 = (03 — ) + (03 4+ 02) sing — 2ccos ¢
f6 = (02 — 1) + (02 + 01) sin¢g — 2c cos ¢

Considering a time discretization of interest, and letting {O’n, sn,sz} be the initial

stress and strain, then, given an incremental strain Ae and applying an implicit backward
Euler difference to Equations (11) and (16), we have

€y11 = €n + Ag
Ous1 = Dlen1 —€,1) (20)
S]Z-&-l =&+ LAY 00 fa(0nt1)

Accordingly, the discrete form of Equation (17) is expressed as:

fﬂt (‘Tn+1) S 0
AYE >0 (21)

AY fa(0n41) =0
Finally, by setting Ay* = 0 in Equations (20) and (21), the trial state is obtained formally:

trial  __ P
il = ey — el
trial __ trial
Un+l - Dse,nJrl (22)
trial  _ SP
pn+l — N

o = (ol

A yield surface f, ,,+1 is termed active if the condition f, ,,+1 > 0 holds; once the trial
state is obtained, an initial set of trial constraints of Mohr-Coulomb model is defined as:

€

1t = {ae (2, 6)| £, (o) > o} 23)

If JWal — &, it indicates that it is currently in an elastic state, and the test state is the
real stress state. Then, assuming plastic loading, it holds that J&12! 5 &; the trial stress state
(T;rjrall lays beyond the elastic region E. and is considered inadmissible. The solution ¢;,11 to
the discrete problem can be expressed as:

m

a=1

Substituting (24) into Kuhn-Tucker conditions (21), we have
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m
A')’aftx(o'n + DAe — Z DA'Y’Xana (Un+1)) =0 (25)
a=1
Equation (25) can be solved by a project contract algorithm (PCA) introduced in

Section 3.3. By enforcing the Kuhn-Tucker conditions iteratively, the solution constructs a

working set of constraints at each step, denoted as J gci The working set of constraints is

considered fixed during the iteration. It should be noted that the plastic multipliers Ay*
(k)

obtained by PCA are non-negative, when all constraints f, (k)l = 0 are satisfied for « € J,,
admissibility of the solution is naturally satisfied, namely, Ay®) >0 foralla € J g’;{
summary, the iteration performed on each Gauss-point proceeds by the following steps:
1 Compute elastic predictor

afffll = D(En+1 - s’f,) =0y, + DAe

il = fa(omal), fora € {1,2,...,6}
2 Check for plastic process

If frial < Oforalla € {1,2,...,6},Set 0,41 = nrf‘ll, e’ 1= eh, Exit

an+1 n—+
E(los)e
Jad = {ae (1,2, my| il > 0}

0

;ZLH = &pns A%E( =0

3  Evaluate stress at iteration (k)

k k
‘Tr(z+)1 = D(ens1 - 8;,21+1)

4 Check convergence

k k
£ g = ful@l)y) fora e 1Y
1f £ | < ToL =0.1foralla € J1¥, Exit
Else continue

5  Computate plastic multiplier

A'y“ fa (an + DAe — Z DA’ya agfa( n+1)> =0
Call PCA in Section 3.3 — A'y,g )
6  Update plastic strain

k+1
57:1_—1—)1 _SP/”—’_ Z A,Y aaf’x( n+1)

Setk=k+1, Got03

In elastoplastic computations using the finite element method, the load is applied
incrementally. By performing the above iteration, the stress state after applying the strain
increment is obtained.

3.2. Partial Derivatives of Principal Stresses with Regard to Stress Components

For Mohr-Coulomb surfaces, which have sharp corners and can be explicitly expressed
in terms of principal stresses,c;, i = 1, 2, and 3. While calculating plastic strains, knowing
partial derivatives of principal stresses with regard to stress components will give us
great convenience.

Principal stress o; satisfies the following characteristic equation:

P —Lo?—Lo—I3=0 (26)
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where the coefficients I, I, and I3 are functions of the six stress components oy, 0y, ...,
Txy, defined as
L =0x+0y+0; (27)

I = —(oxoy + 0y0z + 020%) + T,%y + Tyzz + 12 (28)

Ox  Txy Txz
L=ty 0y Ty (29)
Tzx Tzy Oz

Differentiating Equation (26) with regard to one of oy, Ty v s Tay, WE have
30%0' —[[o? — I - 200" — Tho — Lo’ — I, =0 (30)

with the single quote " associated with a quantity denoting the derivative of the quantity
with regard to one of 0y, 0y, ... , Tay, O, equivalently,

(30% — 250 — L)' = [0 + Lo + I} (31)

Thus, we have
) o2+ Lo+ 14

302 —2Lo — (32)
with
b =1 gh =052 = —(oy +02),
% =2Tyy, % = oyo; — T;‘Z, a%j = Ty Tox — 203 Ty, etc.

Similarly, we can obtain the second derivative of the principal stress with regard to oy,

Oy, -+, Ty
/ / apej 1" 1"
o 41 + (2 — 60)0’ + 2L )0’ + 1, + 15 (33)
302 —2Ljo— I,
with
L _
a0z 0
Ph oy L _ 1 L L
ooz — “/doxdoy 'aT,%y T 0Ty 0Ty
Pl o L il O Pl _ P
02— Voo, — Y aman. *ZTerTT;y = —20z, 57,57, = Tex elC

3.3. Algorithm PCA

Given a subset K of Euclidean n-dimensional space R" and a mapping F : K — R",
the variational inequality finds a vector x € K such that

(y—x)"F(x) >0, Vy e K (34)

Given a mapping F : R", — R", the nonlinear complementarity problem is to find a
vector x € R" satisfying
0<xLF(x)>0 (35)

In fact, when the subset K in the variational inequality is non-negative, the nonlinear
complementarity problem is equivalent to the variational inequality [21]. As a method for
solving convex optimization problems under the framework of variational inequalities, just
as the name implies, the projection contraction algorithm is a contraction algorithm based
on projection. Here, we only refer to the algorithm part; for more details, see [22].

Rewrite complementary equation system (21) to vector form:

0 < AyLF(Ay) >0 (36)
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in which Ay = (Ay1,...,Avm), F(Ay) = (—fi(A71), ..., — fu(AYm)). As we can see from

Equation (35), the complementary system in (36) can be summarized as a typical nonlinear

complementarity problem, which can be solved by the projection contraction method.
The projection contraction algorithm (PCA) is invoked in this way:

(Ay) = PCA(A°, F) (37)

The input arguments of A4 is the initial guess of plastic multiplier Ay. In general,
AyY =0.

The pseudocode of PCA is listed as follows, and He proposed [22] three parameters in
PCA as ¢ =0.9,17 =04, and A = 1.9, which is also adopted in this paper. It should be noted
that the parameters have little effect on the result.

Step 0: Let step size f = 1; k = 0; error tolerance ¢ = 0.1%

Step 1: F = FA(Ay); Ay = max[Avy — BF, 0]

d(Ay, Ay) = Ay — Ay

if |d(Ay, AY)| < e then Ay = A%; break

F = FA(AY); F(8y,07) = F— Fr = Gernl;

whiler > ¢

B=07xpx min(l, ;); A% = max[Ay — BF,0]; F = FA(A7);

A —F_ T A — _ Am. e — BIF(AYAY)],
F(A’Y/ A'Y) =F P’ d(A’)’, A’Y) - A’Y A’)’/ r= Hd(A%A?)Hz ’
end(while)

1T -
D(Ay, A7) = d(Avy, AY) — BE(Ay, AY); o = [4(A,A7)] D(A’Y,A’Y)/.
(A, AY) = d(Ay, AY) — BE(Ay, A7) « D7 A2

Ay = Ay — Aad(Ay, AY);
ifr <ythenp =15x%p;
Step 2. k=k +1; go to Step 1.

4. Numerical Examples

The practical application of the proposed algorithm is illustrated in this section by
two different numerical examples. For all the examples, four node isoparametric elements
with four Gaussian points are adopted, and the error tolerance for unbalanced force in the
equilibrium iteration is 0.1%.

4.1. Strip Footing Collapse

The bearing capacity of a strip footing is calculated under undrained conditions by
the proposed method. The soil is assumed weightless, isotropic, and is modeled as a Mohr-
Coulomb perfectly plastic material. There is no friction at the footing/soil interface. The
computational model and discretized mesh are shown in Figure 3. The material parameters
are assumed as follows: Young’s modulus: E = 107 MPa, Poisson’s ratio: v = 0.48, cohesion
¢ =490 kPa, and internal friction angle ¢ = 20°. A plane strain state is assumed.

The strip footing is subjected to a vertical pressure P and the aim of present analysis is
to obtain the limit pressure Py;y,. A solution to this problem has been derived by Prandtl
and Hill [23]:

Py, = ¢ {e”mnq’ tan?(45° + g) - 1} cot ¢ (38)

The pressure P is increased incrementally to failure and corresponding load /settlement
(average) curves obtained are plotted in Figure 4.
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Figure 3. Strip footing: (a) problem geometry; (b) adopted mesh.
| P —— —————— e S T =
——Obtained solution
-~ -Prandtl solution:14.8
o 10~ B
g-‘n
g
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Settlement,u/m «107
Figure 4. Pressure versus displacement.
The limit loads obtained are N
Plﬂ ~ 15 (39)
c
This value is in good agreement with Prandtl’s solution (1.2% above)
P
“lim . 14.82 (40)

The equivalent plastic strain at the failure load is shown in Figure 5. As we can see
from Figure 5, at the moment that the foundation enters flow, the global shear failure of the
foundation develops downward to a certain depth and extends to the ground The failure
mechanism captured in the finite element analysis is in good agreement with the slip-line
field of strip footing as shown in Figure 6 [24].
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0 1 2 3 4 5

Figure 5. Equivalent plastic strain at the failure load.

Figure 6. Slip-line field of strip footing.

4.2. Slope Stability

In this example, the plane strain analysis of a slope subjected to self-weight is carried
out. To assess the safety of the slope shown in Figure 7, the strength reduction method is
adopted. Table 1 lists the mechanical parameters. The materials comply with the perfectly
Mohr-Coulomb criterion. Horizontal displacements are fixed for nodes along the left and
right boundaries while both horizontal and vertical displacements are fixed along the
bottom boundary.
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Figure 7. Slope stability: (a) problem geometry; (b) adopted mesh.

Table 1. Parameters for soil.

Soil 7(kN/m?3) E(MPa) v c(kPa) ¢(°)
S 18 4 0.4 10 13.6
Sy 19.2 4 0.38 20.8 15.1
Ss 17.5 35 0.42 16.1 9.3

For slopes, the factor of safety Fs is traditionally defined as the ratio of the actual
shear strength to the minimum shear strength required to prevent failure. An obvious
way of computing Fs with a finite element or a finite difference program is simply to
reduce the shear strength until collapse occurs. This technique was used as early as 1975
by Zienkiewicz et al. [25], and has since been applied by Naylor [26], Matsui and San [27],
Ugai and Leschinsky [28], Dawson et al. [29], and many others. There are a variety of
criteria of the limit equilibrium state, see [30]. The differences of the factors of safety based
on different criteria are small.

The initial reduction factor is set as 1, then increases gradually until the slope collapse.
It is noteworthy that Young’s modulus E and Poission’s ratio, v are rectified based on [31]
while using the strength reduction technique.

The horizontal displacement at the top corner of the slope with the reduction factor is
shown in Figure 8; when the reduction factor F = 1.35, there is an obvious inflection point
on the displacement curve. At this time, the distribution of the plastic zone is shown in
Figure 9, the plastic zone is just go-through.
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Figure 8. The horizontal displacement versus reduction factor.

Figure 9. Distribution of equivalent plastic strain at the top corner of the slope.

If the reduction factor at the inflection point is taken as the safety factor, then Fs = 1.35;
if the reduction factor when the calculation fails to converge is taken as the safety factor,
then Fs = 1.38. The gap between the two results is very small. Figure 9 shows that, once an
earth slope is led to the limit equilibrium state by means of the strength reduction technique,

a plastic zone will go through the slope from the toe to the top.

The slope safety factor obtained by Spencer is Fs = 1.33, and the corresponding critical
slip surface is shown in Figure 10, in which green line represents the slip surface and
three colors top-down represents different soils in Table 1; due to the obeservation that the
critical slip surface within the plastic zone will consist of the points at which the equivalent
plastic strain takes the local maximum in the vertical direction [32], we can see that the
obtained critical sliding surface by the Spencer method is in good agreement with the

failure mechanism shown in Figure 9.
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Figure 10. The critical slip surface of Spencer.

A comparison about computational efficiency is made between the PCA and the classic
mapping return method in [17]. Integral points that are undergoing plastic deformation are
selected. A comparison is made based on the computation time for 10,000 stress returns,
and is implemented in Matlab on a computer with Intel(R) Core(TM) i5-3230M 2.60 GHz
processor. Table 2 lists the results.

Table 2. Comparison of time spending.

Number of Activated Surface Time (Classic) Time (Present) Ratio
1 1.692 1.373 1.232
2 2.438 1.464 1.665

It can be seen that the present PCA is substantially more efficient than the classic
mapping return method, especially when more than one yield surface is ever activated.

5. Conclusions

Based on the complementarity theory, the elasto-plastic complementarity equation is
established. The corner problems of multiple surfaces are unified into a set of complemen-
tary equations by using Koiter’s law, and then solved by using the projection contraction
algorithm. The theory and examples show that: the projection contraction algorithm for the
complementary equation with multiple yield surfaces avoids the accuracy and convergence
problems caused by corner smoothing; the stress return operation is carried out in the
general stress space, and the partial derivative of the corresponding stress component is
calculated in the principal stress space, which not only avoids the numerical singularity at
the corner, but also eliminates the stress transformation of the stress return in the principal
stress space.
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