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Abstract: The Tea Leaf Paradox (TLP) describes unsteady fluid motions which help entrain and
deposit suspended particles at the center of rotation. Various applications depend on the TLP
for particle separations—spanning orders of magnitude in length scales—making it an important
problem in fluid mechanics. Despite papers describing the phenomenon, the efficacy of particle
separation using the TLP remains unclear as to the relative importance of, for example, hydrostatics,
particle-fluid density ratio, wall friction, liquid bath aspect ratio and the rotation speed. The dynamics
involved are notably complex and require a careful tuning of each variable. In this study, we have
investigated the role of the limit of the aggregation dynamics in rotational flows within 3D-printed
vessels of various sizes in tandem with particle imaging to probe the dissipation effects on the particle
motions. We have found that the liquid bath aspect ratio limits how much aggregation may occur
for a particle-fluid density ratio greater than unity (e.g., pp/p > 1), where p, is the density of the
particle and py is the ambient fluid density.
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1. Introduction

As in Einstein’s depiction of the collection of tea leaves in a stirred cup of tea [1],
the apparent paradox of the formation of a cone by negatively buoyant particles due to
secondary flows with weak upward flows (e.g., Tea Leaf Paradox (TLP)) has garnered
significant attention for understanding natural phenomena (e.g., sediment transport in
cylindrical vessels [2] and in side-cavities [3]), spurring various educational endeavors [4—0],
and driving a host of commercial applications. Some of the commercial applications include
the following: microfluidic particle enrichment or separation [7-9]; dissolution testing [10];
whirlpool separation [11-13]; cell transport [14]; and aerogel fabrication [15]. Broadly
speaking, understanding the propagation of unsteady secondary flows is of relevance to
commercial piping systems, hemodynamics, and the meandering of rivers [16]. Across all of
these applications, the physics involved in the TLP notably may span orders of magnitude
in terms of the governing length scales based on the established literature [7,13,17], yet a
comprehensive description of how the TLP forms across length scales and the limitations
therein remains inconclusive in the literature.

At first glance, it is not obvious whether the flow indeed must be steady (e.g., is a
steady Bodewadt flow sufficient for aggregation? [18-20]) or unsteady (e.g., are spin-down
flows a prerequisite for aggregation? [2]). Other questions involving the ambient phase
include the importance of the hydrostatic pressure gradient and the rotation rate and
acceleration. With regard to the walls, how does the roughness and macroscopic features
(e.g., array of posts) change the particle aggregation rate and morphology of the cone?
Also, how does the initial condition of the particle concentration gradient within the vessel
change the final deposition morphology? What is the role of the particle density and shape
on the final cone formation? With these questions in mind, we open up the possibility
of many future studies, which may probe the salient features of the TLP and tune the
hydrodynamics for a variety of applications.
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In light of the many open questions, in this study, we have focused on the role of the
limits of the TLP with respect to the dissipative effects for negatively buoyant fluorescent
solid spherical microplastics (e.g., polyethylene in ethanol), harnessing 3D printing to create
custom cylindrical vessels of various radii. The vessel rotation was set using an Arduino
connected to a stepper motor capable of rotating the vessels at 212 rotations per minute.
The primary objective of this study was to control the height and radius of the fluid bath,
as well as the rotation rate, to probe the dissipation effects in the TLP. Our results show that
the surface area to volume ratio of the ambient fluid (e.g., isopropanol) sets the collection
efficiency of the central aggregation, provided that the alcohol bath dimensions do not
make it easier for the flow to turn into a thin film where lubrication approximation would
dominate and for evaporative effects to be marginal. We have demonstrated herein that
while the TLP is indeed a ubiquitous phenomenon and widely probed, it has surprisingly
rich and rather complicated hydrodynamics, where the simple rotation of a dispersed phase
in a cup does not guarantee the formation of a cone.

2. Materials and Methods

In this study, we developed a rotational system controlled using an Arduino Uno (ELEGOO
UNO R3, Shenzhen, China) board to investigate the Tea Leaf Paradox. The Arduino board
and power source were connected to a digital stepper driver (DM320T, STEPPERONLINE,
Nanjing City, China), which controlled the motor (Nema 17, STEPPERONLINE, Nanjing City,
China) (see Figure la). 3D-printed vessels (with radii R = 1,2,4 cm) using a Formlabs 3+
Stereolithography (SLA) printer (see Figure 1a) were mounted onto the motor shaft to spin
the vessels between n = 76.6 and 212 rotations per minute (rpm). The vessels were spun at
various angular speeds, w = 27tn/60, ranging between 8.02 and 22.2 rad/s. The liquid bath
was isopropanol (IPA) with density p; = 785 kg/m?, and viscosity, s = 2.27 mPa-s. We have
chosen IPA to allow for the particles to sediment. We note that in all subsequent discussion, the
subscript ‘d” is used for the drop, and ‘f’ for the fluid in the vessel. The bath depth, H, varied
between H = 0.2 and 2 cm, which allowed for the control of the surface-area-to-volume ratio as

2H +R
b= "2 M)

B [1/m] allowed us to characterize the TLP such that as  grows larger, we may expect
for the dissipative effects to increase as the surface-area-to-volume ratio increases.

(a) (b)

Cylindrical Cup

Light Filter
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Stepper .
Motor | | Arduino

Figure 1. Schematic representation of the experimental setup and processed images for the TLP ex-
periments (a). A stepper motor rotated a cup filled with IPA fluid, while a DSLR camera recorded the
process from the top. (b) The top view of particle distribution in the rotating cup is shown in the orig-
inal image (top-left). This image was then converted to grayscale (top-right) and further processed
into a binary format by using MATLAB (2022a) to distinguish the particles from the background
(bottom-left). A plot of the particle concentration area, A, emerged in the center of the cup over time
(bottom-right).
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Another important initial condition is the distribution and amount of particles used
in the setup. The total particle mass, mp, was kept constant across different fluid depths,
H (mp ~ 0.03, 0.1, and 0.34 g for R = 1, 2, and 4 cm, respectively). Red polyethy-
lene microspheres (150702—1, Cospheric) with diameter d, ~ 53-63 pum and density
Pp = 995 kg/ m?3 were added to the bath to visualize the flow dynamics in the TLP. Since
keeping the particle concentration, ¢, fixed can make it difficult to image the aggregation,
we have chosen to fix the total particle mass added to the system for each cup instead to
obtain more consistent imaging results. The fluid volume and bulk particle density in our
experiment are shown in Table 1.

Table 1. Volume of IPA in vessel and particle concentration, ¢, over various R and .

R (cm) B (cm~1) H (cm) Vol (cm?) c (%)
1 2.5 2 6.283 0.75
1 3 1 3.142 1.5
1 35 0.66 2.073 23
1 4 0.5 1.571 3
1 45 0.4 1.257 3.75
2 25 0.66 8.294 1.5
2 3 0.5 6.283 1.98
2 3.5 0.4 5.027 2.48
2 4 0.33 4.147 3
2 4.5 0.2857 3.590 3.47
4 25 0.5 25.13 1.71
4 3 0.4 20.11 2.14
4 3.5 0.33 16.59 2.6
4 4 0.2857 14.36 3
4 4.5 0.25 12.57 3.43

For imaging the TLP, a digital single-lens reflex (DSLR) camera (Nikon D3200, Yoko-
hama, Japan) with a 35 mm lens (AF-S DX NIKKOR, Nikon, Yokohama, Japan) was used
for all images and videos. The particles were illuminated by a green LED light (Thorlabs,
Newton, NJ, USA), which was first collimated and directed through a cylindrical lens to
achieve a light sheet which illuminated the fluorescent particles at the bottom of the vessel.
A red filter then allowed the camera to isolate the particles near the bottom of the cup (see
Figure 1a).

The experimental sequence is as follows: (1) the Arduino was used to control the motor
to rotate the cup filled with IPA and particles for 20 s to ensure the rotation of the liquid
bath; (2) the rotation was then halted and the camera started recording with a frame rate of
60 fps and shutter speed of 1/1000 s as soon as the motor stopped; (3) the recorded video
was then processed into individual frames for image processing. For the image processing
steps, each image was converted into grayscale and binarized using the Otsu method on
Matlab. The binarized images were used to measure the area of particle aggregation near
the center of the cup over time. The processing steps are depicted in Figure 1b.

The relevant dimensionless numbers are described next in the context of the time scale
of the particle collection, t = t.. Via the Pi theorem, we suspect that the following variables
are relevant to the TLP:

tC == f(V/W/R/H/g) (2)
where v ~ 2.86 mm?/s is kinematic viscosity of the fluid at room temperature and
¢ = 9.81 m/s? is gravitational acceleration. Since there are two basic dimensions

(e.g., length and time), we expect four dimensionless terms as shown in Equation (3)

2
K:E Re:w(ZR), Fr=w %/ = H

R’ v g tvvw’

(3)
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where / is the dimensionless length scale, Re is the Reynolds number, Fr is the Froude
number, and 7 is the dimensionless time scale of the system. The quantity tr = \/H?/ (vw)
is the Ekman time scale. Based on these dimensionless parameters, the Re of the system is
Re ~ (10%) and thus allows for the fluid inertia to suspend the particles once the rotation
stops. The Froude number varied between 0.36 and 2 and thus gravity effects grow more
dominant at smaller Fr and help disperse the particles at early times.

3. Results

Figure 2 displays the top view of the particle movement within the vessels of various
sizes over time at fixed f and w. At t = 0 s, when the motor shaft ceases to rotate the
vessel, the fluid dynamics changes from rigid body rotation to an unsteady spin-down
process. During rigid body motion, the liquid bath forms a curved interface and sets
the hydrostatic pressure gradient in the radial direction, which will flatten out rapidly.
Moreover, the rotation of the cup for 20 s allows for the particles to be driven outward
due to the centrifugal forcing and sets the initial condition of the proceeding dynamics.
Thus, around ¢ = 0 s, most of the fluorescence signal is from the outer edge of the cup
for all cup sizes. The separation of the particles during the spin-down process is related
to tg since it controls the rotational time scale of the bulk flow. Thus, for the same §, an
increase in the R means a decrease in H and a concomitant decrease in the tf, leading to a
decrease in the spin-down time of the bulk fluid. Consequently, for Figure 2a, while the
separation occurs quickly even by t = 1, tg = 2.5 s and thus there is residual flow beyond
the initial aggregation which drives an asymmetric swirling of the particle aggregate in
t = 3-6 s. Unlike in the case of conventional tea leaves with jagged edges, spherical particles
aggregate and then spread slowly due to more particles sedimenting out and approaching
the Ekman layer (e.g., t = 6 s for Figure 2a). In Figure 2b, since the tr = 0.82 s and an initial
aggregation spot is formed at the center before 1 s, the particles which sediment out to the
Ekman layer do not make it to the central aggregation as the flow has now significantly
stopped. As the cup size is further increased (Figure 2c), we see that now for R = 4 cm,
tg = 0.62 s and more of the particles end up sedimenting out instead of aggregating at the
center, which shows that the TLP is not universal, but depends on §, tg, and the particle
sedimentation rate. Also, while B is fixed, we also note that the ¢ = 1/8 and thus the fluid
bath is more of a film than a bath. We note that even when Re > 1, £ may dictate whether
or not the film enters into the lubrication regime.

(@)

()

()

Figure 2. The top view of the particle movement evolution over time for different vessel radii at

rotation speed w = 22.2 rad/s (over 20 s) and f = 2.5 cm~ 1. The scale bar is 0.5 cm for all pictures.
(@R=1cm;(b)R=2cm;(c) R =4cm.
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Figure 3a,b illustrate the impact of the parameter 5 on the concentration of particles at
the center of the vessel (Ap), normalized by the wetted surface area (As = 7R(2H + R))
and the dimensionless time, 7. At § = 4.5 cm ™! (the lowest depth, H), the Ekman time
(e.g., T = 1) predicts when significant particle accumulation commences, whereas for
the intermediate f values, B = 3-4 cm !, the particle accumulation begins faster than the
Ekman time for R = 1 cm but not for R =2 cm. For R =2 cm, all g < 4.5 cm ! follow
similar aggregation rates. For R = 1 cm, at the lowest 8 = 2.5 cm ™!, the particle separation
is slower than the intermediate f likely due to the fact that this case has ¢ > 1 and the
particle sedimentation time is significantly larger for this case than the other cases.

Figure 3c,d show the influence of the vessel size at § = 3 cm~! (Figure 3c) and
B = 4 cm~! (Figure 3d), where we suspect that the f and not the vessel radius controls the
separation dynamics. In Figure 3¢, as the vessel size gets smaller, the separation occurs
faster, yet the difference is rather small and virtually indistinguishable between 2 and 4 cm
vessels. In Figure 3d, while the central aggregation grows at similar times, the 4 cm vessel
causes a continual growth of the aggregation instead of growing and plateauing as in the
other cases.

(a) (b)
0.05 T T T 0.05 v
e 3=25cm™! e f=25cm™!
e B=3cm™! e f=3cm™!
0.04F » 3=35cm! ] 0.04F o B3=35cm™!
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Figure 3. Effect of R and 3 on the TLP. (a) Effect of B on particle distribution in the vessel at R = 1 cm.
(b) Effect of B on particle distribution in the vessel at R = 2 cm. (c) Effect of R on particle distribution
in the vessel at B = 3 cm ™. (d) Effect of R on particle distribution in the vessel at = 4 cm ™.

Figure 4 exhibits the effect of angular speed w on the TLP at fixed R = 4 cm and
B = 2.5cm™!. The particle aggregation to the center occurs for all cases and as w increases; a
larger number of particles are observed near the bottom of the vessel, as shown in Figure 4a.
We suggest that the breakage in the symmetry of the patterns formed by the particles are
reminiscent of the spiraling due to Ekman spirals, which are more pronounced at larger w
(Figure 4b). The central aggregation spot is smaller at the lower w and it takes longer for
the particle aggregation to develop in size with decreasing w (Figure 4b). For these reasons,
we have selected the highest w for all of our experiments throughout the experiments.
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Figure 4. Effect of w on TLP at R = 4 cm. (a) Evolution of particle movement with different w. The
scale bar is 2 cm for all pictures. (b) effect of w on the particle distribution.

Figure 5 displays the local particle concentration c;, normalized by the initial concen-
tration c. The R = 2 cm and B = 2.5 cm ™! were fixed to examine the particle distribution
during the TLP. Around t = 0.33 s, particles began to converge from the walls towards
the center of the vessel. This initial movement causes the particle distribution to spread
from the walls towards the center, with particles traveling faster from the wall compared to
those closer to the center. As the aggregation progresses, the distribution becomes more
focused around the center as shown in Figure 5a for t = 3.33 s. As time progresses, the
flow near the side wall slows down due to viscous effects. In contrast, particles in the flow
continue to circulate around the center as more particles sediment out to the bottom wall
and form a dense particle aggregation at the center. Eventually, the dense aggregation at
the center also spreads out slowly over time.

(@) t=0.33s t=3.33s

(b)

1 .
0.08  0.09m/s

Figure 5. Particle Tracking Velocimetry (PTV) [21] analysis of flow in the vessel. (a) Normalized
particle density in the vessel over time at R = 2 cm and 8 = 2.5 cm™!; (b) particle velocity magnitude
and direction colormap over time.
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4. Discussion

Driven by the need to understand the various hydrodynamic features which govern
the TLP, we first seek to describe the major constituent parts of the classic TLP which we
may split into three phases: the ambient fluid, the wall, and the dispersed phase (e.g.,
solid particle, immiscible liquid or gas). For the ambient fluid, the rotational flow must
be strong enough to scatter the dispersed phase and the strength of the initial angular
momentum and the time the rotation is applied sets the initial condition of the concentration
gradient of the dispersed phase. For example, if the rotation is below the critical angular
momentum whereby fluid instability drives mixing, the rotation simply acts as a centrifuge
and the centrifugal force from the perspective of the particle leads to outward movement
for negatively buoyant and inward movement for positively buoyant particles, respectively.
The strength of the rotation also sets the hydrostatic pressure balance during steady rotation,
resulting in the rigid body rotation of the fluid bath and a hydrostatic pressure gradient
radially outward. For the wall, the TLP typically has an open top (i.e., free surface boundary
condition) with a bottom and side walls, which impart a viscous boundary layer and wall-
induced lift on the dispersed phase. Moreover, the roughness and macroscopic features
on the walls change the TLP by imparting greater resistance to the flow. For the dispersed
phase, the density ratio between the dispersed phase and the ambient phase sets the time
scale for the particle to sediment out of the ambient phase, which is typically ignored
in studies probing the TLP. The particles also tend to be rough, non-isotropic and non-
Brownian in the classic TLP (e.g., tea leaves). Moreover, in the classic TLP, the spin-down
of a cylindrical vessel allows negatively buoyant particles to experience greater drag at the
walls and especially the bottom wall, where the centrifugal forces are the least strong and
where the decrement in the rotational rate eventually focuses the particles into a cone with
an angle of repose. Outside of this classic understanding of the TLP, many questions arise
as to the limits of the TLP.

We first describe the hydrostatic pressure distribution in the bath during rigid body
rotation [22] in Equation (4):

1
p(r,2) = po — prgz + Sper’w? (4)

where py is the gauge pressure at the origin, (r,z) = (0,0), set at the center of the rotating
bath at the liquid—air interface (r and z are the radial and longitudinal coordinates of the
cylindrical coordinate system). Thus, if z = h is the thickness of the fluid above the bath
height, then & = w?R?/(2¢). When # is large, the sudden change in the liquid height may
be a strong contributing factor to the particle motions due to the conversion of potential to
kinetic energy.

To understand the particle movement within the fluid, we suggest the following force
balance of the particles in both z and r directions. The force balance in the z direction is
shown in Equation (5):

%(mv)z = :‘:PDZ*Fg‘FFBz 5)
where Fp, = 67tj¢rpi is the Stokes drag force (the sign depends on whether the particle
travels upwards or downwards) and where 7, is the radius of the particle and u; is the
velocity of the flow in the z direction. The gravitational force is given by F; = (4/3) nri’,pp g
and the buoyancy force is given by Fg, = (4/3)7r305¢. The density difference between the
particle and the fluid allows for the particles to sediment, where the rate of the sedimenta-
tion is given by Equation (5) under steady conditions

275(0p — 0)8
Uy = - ———. (6)
9 He
u; = 0.018 cm/s and thus the total time to sediment is approximately 13.88-111.11 s
under static conditions. However, the central aggregation generally occurs on the order
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of the Ekman time scale and thus we expect the secondary flows to play a much greater
role in aggregating the particles prior to the complete sedimentation of all of the particles
in solution.

The force balance in the r direction is shown in Equation (7)

d
E(W’)r = +Fpy + Fc — Far, 7)

where Fp; = 67Tp7puy is the drag force in the radial direction (inward or outward depend-
ing on the density ratio). The centrifugal force is given by Fc = (4/ B)Hrf,ppsz and the
buoyancy force Fp, = (4/3) m’}%pfsz. We may thus obtain the radial velocity of a particle
moving radially outward as

2 5 09 Pt
Uy 9yfrpw R(l Pp) (8)
Since u, = 0.009,0.018,0.036 cm/s for R = 1,2,4 cm, respectively, at the highest
rotation rate, the 20 s rotation time allows most of the particles to start out near the walls
prior to stopping the rotation.
Once the rotation is stopped, a viscous boundary layer immediately changes in time,
where the boundary layer thickness may be given by dy (Equation (9)):

3o = \/Z )

As the rotation ceases, the boundary layer grows and the viscous effects grow in impor-
tance in the particle motions. =~ Moreover, since the particle Reynolds number
Rep = Urp/vg = 1 or less, their motions are generally well described by Stokes drag
and based on the Stokes number, St = toU /Jp, the particles follow the streamlines. In a typ-
ical experiment, St = O(1072) < 1 with §y = 0.36 mm and t; = ppd%/(18yf) ~ 0(107?)
(particle relaxation time). The spin down process drives the inward motion of the particles
and once the particles are collected, the blob of particles does not stay still in our experi-
ments, as they form a particle suspension which is mobile (which is less likely for jagged,
non-isotropic particle geometries).

Once the particles are collected at the center of the vessel, assuming that the blob
spreads roughly in a monolayer, the flow rate of the particles, Q, at the contact line is given
by Equation (10):

Q =4mnr,R dﬁg{) (10)

LT
where Ry, is the initial radius of the blob and ¢ = Vj/ 4, denotes the volume fraction of the
spherical particles within the blob where 1} is the total volume of the particles and V;, is
the volume of the blob. The blob is presumably cylindrical with height I, and radius, Ry,.

From mass conservation, the following scaling may describe the radius of the blob
with time:

Q o5

R ~
b 4nrpd

(11)

We may obtain the flow rate, Q, from the momentum balance by presuming that the
initially collected particle blob is free to spread in time. Lubrication theory applied to
the blob with an unknown suspension viscosity, 11*, and density, p*, spreads by gravity.
Lubrication theory is justified on the grounds that /;, is small compared to R}, where
the equation which describes the gravitational settling of the particle blob is given by

aa—l: ~ y*g%‘. Since P = p*ghy, and hy, ~ W,/ R%, we have attained a scaling law for the

velocity of the particle flow of the blob:

*VS
uNPgb

Ly (12)
WR]
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Substituting u with dR}, /dt in Equation (10), the scaling between the radius of the blob
with time is then given by
Rp ~ t1/8. (13)

Thus, the area of the blob, which was recorded in Ap = HR%, would scale with t1/4, which
was plotted in Figure 6. The scaling Ap ~ a11%?> describes the slope of the experimental
particle collection area well after the initial aggregation time (where a; can be estimated
from Q and y*). During earlier periods, the particle aggregation rapidly grew according to
Ap ~ t*, which we attributed to the complex unsteady flows at the early stages of the spin
down process. Simulations may greatly aid in building upon these rather simple scalings
and provide greater insights to the TLP in future studies.

Ay /Ag

I e R=1cm,3=3cm™!
1072} e R=1lcm,f=35cm " 1
R=lcm,3 =4cm™!

e R=2cm,3=3cm™!
b e R=2cm,3=35cm!
p e R=2cm,3=4cm™!

107! 10° 10!
T

Figure 6. Log—log plot of particle distribution in the vessel over time. Two scalings line:
Ap ~ 21192 (solid line) with aq = 0.022 as fitting parameter, and Ap ~ ayt* (dash line) with
ay = 0.4 as fitting parameter.

5. Conclusions

In this study, we investigated the viscous effects in the Tea Leaf Paradox to study
microparticles aggregation and separation in rotational flows in small vessel geometries.
When the fluid depth is shallow (e.g., when the fluid depth is only a few millimeters),
viscous forces grow increasingly important, significantly inhibiting the TLP. This dominance
of viscosity disrupts the expected radial motion of particles towards the center. On the
other hand, once particles aggregate at the center of the vessel, the area of particle collection
evolves over time. Given sufficient time, this collection area spreads according to a time
scale characterized by 1925, reflecting the underlying dynamics of particle distribution
and aggregation in a viscous fluid. These results shed light on the viscous effects which
influence both the onset and progression of the TLP and it may be of interest for future
studies to probe the influence of microgravity environments, electrokinetics, fluid bath
stratification, and wall roughness effects—among many others.
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