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1. Introduction

The core of mathematics is to generalize concepts and results. Therefore, in the pro-
posed research our aim is to generalize some classical and celebrated inequalities including
Jensen’s inequality, Chebysev’s inequality, Andersson’s inequality, Slater’s inequality etc.
For this purpose, we will use the notion of similarly separable vectors in separable Hilbert
spaces. This notion of similarly separable vectors (sequences) was introduced by Marek
Niezgoda in [1]. This concept is a natural generalization of monotone sequences and
synchronous sequences. It plays a central role in proving a class of linear inequalities, such
as Chebyshev’s inequality and Andersson’s inequality.

We begin by recalling the basic integral inequalities for convex functions. Throughout
this article, I and [Bo, B1] are intervals in R.

We recall the integral version of Jensen’s inequality for convex functions [2], p. 58.
It relates the value of the integral of a convex function to that of a convex function of
the integral.

Proposition 1. Let f : [Bo, B1] — R be a continuous function. If ¢ : [Bo,p1] — R isa
nondecreasing, bounded function and ¢(Bo) # ¢(B1); then, the inequality

(f[ﬁo,m f(t)dqo(t)> _ Jipopn 9U )0 (1)
! f[ﬁo/ﬁl] dg(t) a f[ﬁo,ﬁﬂ do(t)

holds for every continuous convex function ¢ : I — R.

M

Steffensen presented a generalized form of Jensen’s Integral inequality, which we refer
to as Jensen—Steffensen’s integral inequality [2], p. 59. This may be stated as:
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Proposition 2. Assume ¢ is continuous or has bounded variation and satisfies ¢(Bo) < ¢(x) <
¢(B1) Yx € [Bo,B1l, ¢(Bo) < @(B1) and f is continuous and monotonic. Then inequality
(1) holds.

For other variants and related generalized results of the topic, we refer the reader
to [1,3-8].

Separable Hilbert Spaces

In this article, we take U as an open subset in a separable Hilbert space H, with
a suitable inner product denoted by (-,-) : H x H — R. It is a known fact that every
separable Hilbert space has a countable orthonormal basis [9]. Separable Hilbert spaces
possess many interesting properties ([9,10]).

Here, we recall some definitions from [7]: let E = {e; : i € N} be an ordered basis
of Hand ® = {d; : i € N} the dual basis of H. For i, j € N, we have (¢;, d;) = J;;
(Kronecker delta), where N C N (the dimensions of H can be finite or infinite). We define

Kronecker delta:
0 ifi#j,
dij = e
1 ifi=j.
In this article, we will be using definitions of E-positive, y, v-separable, and v-separable

vectors as stated below [7]. Additionally, throughout this chapter we assume j; and j, are
index sets with j; U2 = J.

Definition 1. A vector v € H is E—positive if (e;,v) > 0V i wherei € N.
We denote | = N. And j; U, = ] where j; and j, be two sets of indices.

Definition 2. Given p € Rand v € H, a vector z € H is y, v—separable w.r.t. a basis E on |
and jp, if (e;,z — pv) > 0 fori € jy and (ej,z — pv) < 0forj € pp.

Definition 3. A vector z € H is v-separable w.r.t. & on j1 and jp, if z is y, v—separable on j1 and
J2 for some p € R.

Definition 4. A map ¢ : I — R preserves v—separability on jy and j, w.r.t. E, if P(z) is
v—separable on j1 and Jp w.r.t. 2 given that z € H is v—separable on j; and jp w.r.t. E.

Definition 5. Let f, g, v,y € Vand A, y € R. The vectors f, v are said to be similarly separable
wrt. (A, 5 u,y,0)if

(i)  fisA,g—separable w.r.t. Zon j1 and jp,

(i)  vis u,y—separable w.rt. ® on j1 and .

This article consists of primarily three sections. In first section, we recall the basic
definitions and previously proven inequalities. It also provides some basic notions related
to similarly separable vectors. Section 2 presents some important results, which include
the integral version of Niezgoda’s inequality for similarly separable vectors in Hilbert
spaces. Section 3 follows by providing a refinement of our main result, which we proved in
Section 2. Section 4 includes some applications, where we define and compare different
means by making use of our refined inequality.

2. Generalization of Niezgoda’s Inequality

In this section, we generalize Niezgoda’s Inequality using Similarly Separable Vectors
in Separable Hilbert Spaces. For that purpose, we recall Theorem 3.5 of [1]:
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Proposition 3. Take E as a basis of H with inner product defined as {.,.) : Hx H — R, let @ is
the dual basis of E. Let f,g,v, and y be vectors in H. Denote A = (f,v)/(y,v), where (y,v) # 0.
Under these conditions, the following are equivalent:
(i) The vector g is A, y—separable w.r.t. ® on j1 and jy if (y,v) > 0 (or w.r.t. ® on jp and jy if
(y,v) <0).
(ii)  The inequality
8l o) 2 (fy)(8v) 2

holds ¥ vectors f which are v—separable w.r.t. E on j1 and jp.

Remark 1. This result has many important consequences as stated by Niezgoda in [1]. Niezgoda
chose H = R* where N = {1,...,k} for some fixed k € N and standard inner product in
Proposition 3 and stated all the related results and corollaries for the discrete version in [1]. Here,
we are interested in its integral version.

Consider a measure space ([Bo, B1],Z,77). Let w : [Bo, B1] — [0, o) be a measurable
function with w # 0 on a set of nonzero measure. We define the w—weighted L, space
as Ly([Bo, p1], wdn), where wdy means the measure M defined by M(A) = [, w(x)d(x)
and A € X. The inner product for Ly ([Bo, B1], wdn) is

B1

(f28) = o8 rapupiman = [, ©@F@s@dn(a) )

Corollary 1. Let f, g,v, and y be vectors in Ly ([Bo, B1], wdn). Denote A = (f,v) /(y, v) where
(y,v) > 0. Assume that Z is a basis of Ly([Bo, B1], wdy) and © is the dual basis of E.

If
(i)  fis v—separable w.r.t. E on j1 and jp and
(i) g is A, y-separable w.r.t. © on j1 and j,

then
JE @ f@y@dn(e) [£ w@e@@dn(e) < [£ @) f@@dn(e) [§ w@o@y@)d(e). @)

holds.

Remark 2. Take y = 1and v = 1in (4); then, using Lebesgue measure we obtain the well-known
Cebysev inequality [2], p. 197:

Corollary 2. Let f,g : [Bo,B1] — R s.t f and g are monotonic in the same direction. Let
w : [Bo, B1] — [0, 00) be an integrable function. Then

B1

[ o [ wps@a < [ a@a [ owimson O

if the integrals exist.
The reverse inequality (5) holds if ¢ and f are monotonic in opposite directions.
Equality in (5) holds in either cases iff either one of g or f is constant a.e.

Remark 3. The inequality (5) still hold under different assumptions. For detailed discussion on
inequality (5), we refer [2], pp. 198-199.

Now, we recall a few important results from [11] as under:

Proposition 4. A linear functional F in a normed linear space with domain D(F) is continuous
if and only if I is bounded.
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We now state the “Riesz Representation Theorem” [11].

Proposition 5. For each linear functional | that is bounded on a Hilbert space H, there is an inner
product representation written as:
F(t) = (tv), (©)

where v depends upon | and has a unique value. The norm of v is:

F(t
ol = F = sup O

ozten(r) It

If U is an open convex subset in V where V is a normed linear space, then a convex
function ¢ on U generates a supporting hyperplane at every point ty € U [12], p. 128. This
implies the presence of a linear functional / that is continuous on V and is characterized as

¢(t) = ¢(to) +F (t—to) Ve U. @)

The functionals F are known as the support of ¢ at ty, and the subdifferential of ¢ at the
point £ is established through the set d¢(to) of all functionals f .

Now, we consider Hilbert spaces: if V is a Hilbert space, then the continuous linear
functional / as defined in (7) would be bounded by Proposition 4 and hence we fulfill all
the requirements of Proposition 5. Bringing in use the Riesz representation theorem, we
have a unique representation of all such functionals F as F (t) = (t,v) for t € V such that
11 = lvll-

In this case inequality, (7) becomes

p(t) > ¢(to) + (t —to,v) forall te U. (8)

The set of all such vectors v (termed subgradients) constitute the subdifferential d¢(t).
When V is in R¥, the inequality (8) becomes

$(z) > ¢(zo) + (z — 29, P(29)) forall ze U, 9)

where ®(z) = (®(z1),...,®(z)) for z = (zy,...,2z) € RF and the set of all functions ®
(usually called subgradients) constitute of the subdifferential 0¢(zo) (see, e.g., [12,13]).
We now present our first result:

Theorem 1. Consider an open subset U of H. Let 1 : U — R be a convex function defined on U.
Let 0y : U — R be the subdifferential of { and let ¥ € 0. Assume that B is a basis of H with
inner product (-,-) : Hx H — R and © is the dual basis of E. Denote A = (g — f,v)/(y,v)
where f,g,v, and y are vectors in H with (y,v) # 0. If

(i)  fisv—separable w.r.t. E on j and jp,
(ii) g — fis A,y—separable w.r.t. ® on j1 and jp and
(iii) D preserves v—separability w.r.t. Eon j; and j5.

(@) If{(g— f,v) =0, then
(p(g) —9(f),1) =0 (10)

holds.
(b) If{g— f,v) > 0and (®(f),y) > 0 then inequality (10) holds.

Proof.

(a) Using the definition of subdifferential, we have:
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Consider conditions (i) and (iii), we note that the vector ®(f) is v—separable w.r.t. &
on 1 and j». Using Proposition 3, we get

1
Y,

since (y,v) > 0. So, if (g — f,v) = 0, then (10) follows from (11) and (12).

(§—f,®(f) = < ><g—ffv><q>(f),y> (12)

(b) Clearly, (10) holds whenever (g — f,v) > 0 and (®(f),y) > 0 by using inequalities
(11) and (12).
O

Remark 4. Theorem 2.2 of [8] becomes a special case of our result by choosing H = RK with
weighted inner product on R for positive real weights p = (p1, ..., px) and x = (x1,...,%),y =
(y1,---,Yk) € R defined as:

k
(x,y) =Y pixivi, (13)
=

Additionally, we can easily obtain its corollaries and examples. Here, we are interested in one of its
consequences in integral version.

Remark 5. In Theorem 1, by choosing H = L([Bo, B1], wdny) with inner product as defined in
(3), we get the following integral majorization inequality:

Corollary 3. Consider an open interval I of R and let i : I — R be a convex function, and
oy : I — R be the subdifferential of  and ¥ € 0.

Let ([Bo, B1], %, 1) be a measure space with positive finite measure 17, and f, ¢ : [Bo, B1] — I
be two functions s.t. g, f € La([Bo, B1], wdn), where w be a non-negative measurable function on
[Bo, B1] with w # 0 on a set of nonzero measure.

Assume that B is an ordered basis in Ly ([Bo, B1], wdn) and © is the dual basis of E. Let v and y
be vectors in Ly ([Bo, B1], wdn )and the inner product is given by (3). Denote A = (g — f,v) /(y,v)
with (y,v) > 0. If
(i)  fis v—separable w.r.t. Eon 1 and jp,

(i) g — fis A, y—separable w.r.t. © on j; and jp and
(iii) P preserves v—separability w.r.t. E on j1 and jp.
Then:

(@) If{g— f,v) =0, then

[ @t @) < [ ol 11

holds.
(b) If{g— f,v) > 0and (P(f),w) > 0 then inequality (14) holds.

Let us introduce some notations here that will be used in our next result. We denote
this set of assumptions by S.

S: I = U[k(bli,bi), I = [ﬁo,ﬁﬂ\l e Ufill [b;_1,a;] and |I¢| = Zfill(ﬂl — b;_1) where
Bo=byp < a3 <by <apy <by <--+ <ag <by <agyq = By is a partition of the interval

[Bo, B1]-

We now present our main result:

Theorem 2. Consider an open interval U C H and let ¢ : U — R be a convex function. Let
9P : U — R be the subdifferential of  and let ¥ € 9. Let ([Bo, B1], X, 1) and (X, Q, ) be



Foundations 2022, 2

818

|

two measure space with positive finite measures 1 and y, respectively. Let g : [Bo, B1] — U and
f X x [Bo, B1] — U be two functions s.t. g, f € Ly([Bo, 1], wdy), where w is a non-negative
measurable function on [Bg, B1] with w # 0 on set of measure nonzero. Moreover, suppose the
conditions in S hold true. Further, we assume that E, ®, y, and v are as in Theorem 1 and the inner
product is given by (3). Denote A = (g — f(p,-),v)/(y,v) for s € X with (y,v) > 0. If

(i) f(p,-) is v—separable w.r.t. E on jy and j,,

(i) g— f(p,-)is 0,u—separable w.r.t. © on j1 and j,
(iii) (g = f(p,-),0) =0,

(iv) ® preserves v—separability w.r.t. Zon j1 and j,
(v) v(q) =Vt e I where vy is a non-zero constant,

then

1 [/;1 w(7)0(q)g(q)dn(q) — 1/I.w(q)v(q)/Xf(P,q)dV(P)d’?(Q)]>

v [ w(g)dn(q) /g, u(X)
< M(/ﬁfl w(q)y(g(q))dn(q) — y(lx)/Iw(q)/le(f(m))dﬂ(;?)dn(q)) (15)

holds, where (X)), [, w(q)dy(q) > 0.

Proof. For s € X, by (iii) we have (g — f(p,-),v)/(y,v) = 0. Using the aforementioned
conditions, it follows from Corollary 3 that the following inequality holds for each s € X

[ @ < [ o). 6

Bo

Additionally, we consider the fact that, since (g — f(p, ), v) = 0 for each s € X, we have

[/ljlw(q)v(q)g(q)dn(q)—/Iw(q)v(q)f(m)dﬂ(q)} = '/I.Cw(q)v(q)f(p,q)dq(q)
= W/ICw(q)f(p,q)dn(q)-

Now, we consider the L.H.S. of inequality (15). Applying Integral Jensen’s inequality twice
and using the aforementioned fact with inequality (16), we get

1 B1
[ w@anay (,MW [ v

- g J o) [ fepanan|aur) )

_ 1 v
= ICW(q)dn(q)lP(V(X) /X'yf,cw(q)dﬂ(q) /Icww)f(rbq)dn(q)d#(;?))

1 1
< /Icw(q)dﬂ(q)MAIP(M /ICW(Q)f(P/Q)dU(Q)>dV(p)

< A2 L | [ w@p i@y

< L[ w@wts@ana - [o@p( e )

= [ @9 @ina) ~ 55 [0@ [ 9k ).
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The discrete version similar to the above inequality (15) was discussed in [14], which
is stated below.

Corollary 4. Consider an open interval I C R and define ¢ : I — R to be a convex function..
Let 0 : I — R be the subdifferential of  and ¥ € 9y. Suppose b = (by,...,by) € I™
and X = (xy) = (x,) is an n x m matrix s.t. x,, € I and (x,) is a monotonic m-tuple
Vie{l,...,n}, ye{1,...,m}. Letu,v € R"s.t. (u,v) > 0. Foreach 1 € [, if

(i)  x- is v-separable w.r.t. 5 on jy and jp,

(ii) b —x- is 0, u-separable w.r.t. © on j1 and j,

(iii) (b —x-,v) =0,

(iv) ® preserves v-separability w.r.t. E on jy and jp.

Then

m 1 xk—1 n 1 m n
P ( Y epquaby — W Y €pyvy ) Wikiy — wo Y. epyuy Ew,xw>

r=1 =1 =1 my=x+1 =1

n

m 1 x—1
Y pytp(by 7;772 Py Y wip(xiy) — Z pWZw[ W(xy), (17)

=1 ny=x+1 =1

#O0forx € {1,...,m} and w = (wy,wo, ..., wy) are a real
n—tuple s.t. w, represents the weights and satisfies the condition

holds, where € = plv

0<W,<W, for te{l,...,n}, (18)
where W, =Y.' ; w, and W,, > 0.

Remark 6. In Corollary 4, if we simply put x = m and further consider the case of positive real
weights w;, then we will get Niezgoda’s result as stated in Theorem 3.1 of [7].

3. Refinements

Let (X, Q), 1) be a measure space where y is positive finite measure.
Additionally, ¢ € X with u(¢), (&) > 0. We take

wg_”(%, Wee = ]}ig{)) —1- W,

We denote A = [, w(q)dn(q).

Theorem 3. The following refinement of inequality (15) is valid under the conditions of Theorem 2

Av( [ wtwews@ana) - s [o@o [ ieine])
<E(f.89:8) < /ﬁil w(q)p(8(q))dn(q) —V(lx)/IW(EI)/thi(f(r?,q))du(p)dn(q), (19)

where

F(f.g¥:¢) =

ey L ([ w@ostan V(lg / @) [ S paurlin(n) )
s Wy ([ e@es@ana - < [o@e@ [ admiam)]
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Proof. Using proving techniques of [15], we first apply Jensen’s inequality for convex
functions to obtain

AL ([ wwowsane - s [o@oa [ .0 )
Ay 5%4 (/ﬁil w(q)v(9)g(q)dry(q) y(lx) /Iww)v(q)/Xf(p,q)du(;ﬂ)dn(q)ﬂ
vl L ([ w@o@s@ine - s [o@e@ [ feaamnm)]
e L ([ w@e@soin - s [o@o [ .0 )
Wee AIP{;A </ﬁf1 w(q)v(q)g(q)dn(q) — V(lgc)/l (9)o(q) gCf(p q)du(iﬂ)dn(q)ﬂ

for any ¢, which proves the first inequality in (19).
By inequality (15), we also have

we Ay Lo (M wlows@in) - = w0 [ feaamin )]
wee Ay | L ([ v @saan) - i [w@o@ [ aipanm)]
- @ [ oG autn)

Wee /ﬁfl w(g)y(g(q))dn(q) - V(lx)/Iww)/thf(f(nq))du(v)dn(q)

[ @ @) s [0 [ o),

for any ¢; thus, the second inequality in (19) holds. [

Remark 7. Theorem 3 gives us the following inequalities

1 B 1
Aq;(M {/ﬁo w(q)v(q)g(q)dn(q) — V(X)/Iw(q)v(q)/Xf(PIQ)dV(P)d’?(Q)]>
= {§:0<u%?)f<ﬂ(x)} FUf 8. 9:8),
and
sup F(f,g9;¢) <
{G0<p(@)<u(X)}
/};flw(q)tp(g(q))diy(q) - y(lx)/I'w(q)/Xw(f(p,q))dﬂ(p)dn(q)-

4. Applications to Integral Means

Using the integral form of Jensen’s Inequality, Haluska and Hutnik introduced a class
of generalized weighted quasi-arithmetic means in the integral form Mg g, .(w, f) [16].
They used the definition suggested by E. Qi of quasi-arithmetic non-symmetrical weighted
mean [17] stated below.

Let [Bo, B1] C R where By < B1. Denote the vector space of all real Lebesgue mea-
surable functions defined on [By, B1] by C1([Bo, B1]), and the classical Lebesgue measure
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and C; ([Bo, B1]) denote the positive cone of C1([Bo, B1]). Let ||w]| (6o,p,] denote the finite
Cy-norm of a function w € C;" ([Bo, B1])-

Definition 6. Let (w, f) € C; ([Bo, B1]) x C; ([Bo, 1]) and g : [0, 00] — R be a real continuous
and strictly monotone function. The generalized weighted quasi-arithmetic mean of a function f
with respect to weight function w is a number Mg, 4.1 .(w, f) € R where

— o1 1
Migy ) (. ) = 8 (WHM Lo w(x)g(f(x))dx>, 0

where g~ denotes the inverse to the function g.
Means Mg, g1 o(w, f) include various two variable integral means frequently used as special
cases when considering the suitable function w, f and g. For instance:

(@) Weighted Arithmetic Mean: For the identity function g(x) = x = I(x), we obtain

1
- w(x)f(x)dx.
i Sy )

(b) Weighted Harmonic Mean: for g(x) = x~!, we have

M[ﬁo B1l.g (w, f) = A[,Bo B1] (w f)=

-1
1 w(x)
M w,f)=H w,f)=|+F—— ——dx
[ﬁoﬁl],g( f) [ﬂOr.Bl]( f) <|w||[ﬁ0,ﬁl] Aﬁo,ﬁl] f(x) )

(c)  Weighted Power Mean of order r: for g(x) = x”, we obtain

1 1/r
<|z0|[,30,,31]f,5051] w(x)f(x)'d ) ;

Mg, 1(w0,f) = MU (frwia,b) =
J Bo gy W(X) In f (x)dx> )

X —
P kum

When r = 0, we get the weighted geometric mean.

Using the assumptions of Theorem 2 where S € {X, ¢, ¢}, we define the following
notations. Denote A = [ w(q)dn(q).
Arithmetic Mean

I3 w<q>v<q>g<q>dn<q>}

Ay = ’YA ,

ae — L Jie@ela) Js £ p)dn(q)
p(S) %4 '

AS = A/g—As.

Geometric Mean

b1
(q) In(g(q))dn(q)
o - exp(fﬁowq s 77‘7)’
1 Jiw(q) [sIn(f(p,q))du(p)dn(q)
Gs = exp(y(s) L 8 .A >,
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Harmonic Mean

L [ Jf w(@)0(q) L5dn(q)

8 7«4 4
[ Lw(q)v(q)fs,f(;,q)du(p)dm)]‘1
S FTC 1A ’
111

Hs ~ H, Hs

Power Mean

B w(@)0(9)g (9)dn(q)

/ _
M, = %4 ,
ml! 1 [yw(g)o(q) [s f*(p,q)dp(p)dy(9)
S u(S) 7«4 '
M[S”] _ (Mé/Z _M[S”])l/r.

We assume that In and exp have the natural domain.
Using assumptions and refinement from Theorem 3, we obtain relationships between
the following means:

1.  Arithmetic and Geometric mean:
Theorem 4. Under the assumptions of Theorem 3 we have

Gx < A;* AN

gc‘ < AX

Proof. 1In(19),let¥(x) = —In(x) to obtain

(L[ ewe@soi - L [e@e [ i)
< W (=i " wae@staint) - i [0 [ foadpn

e (L [ v - i [a@ew [ 5o

<_(f/il w(g) In(g@)dr(@) 1 J,w(g) fxIn(f(p,g))du(p)dn(q)
- A u(X)’ A

\.—/\_/\_/\_/

Using our defined notations, we have
— In (A — Ax) < Wé h‘l(Ag — AC) Wéc h’l(A/g — Agc)

<_ [ln(ex Sy w(@) In(3(9)d <>)_1n<ex 1 Lw(q)fX1n<f<p,q>>dy<p>dn<q>>]
B A Puxy A

= —II‘IAX < —(ngl’lAg—FWgc ll’lAgc) < —[lnG(’g —lnG)d
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Using the porperty of —In gives us,

_WE .
We +1nA§f) < —-InGyx

—InAx < —(lnAé

=InAx >In(A,°

O

2. Geometric and Harmonic mean:

Theorem 5. Under the assumptions of Theorem 3 we have

1 1 1

< e <
::)r(;(éf In (19) replace g(q) < ﬁ and f(p,q) < % and take ¥(x) =
(L[ et i) - s [e@ot) [ o dnan)] )
< W (=i [ waete) isnta) — i [wl@el) [z surin) )
W (= [ o) gstnta) - s [w@iete) [ o] )
. S w(@)in (g )dnl) L1 i@ fxln(%>dﬂ(md’7(4).

A u(X) A

Using our defined notations, we have

—In[(Hg) ™ — (Hx) ]

< —WeIn[(Hg) ™" — (Hg) '] — Wee In[(Hg) ™" — (Hge) ']

~ [ Je @) (in1 ~Ing(q))dn(g)
- A

(1 Jiw(q) Jx(In1—Inf(p,q))du(p)dn(q)
u(X) A

— ln(Hx)71 < _W§ ln(I:Ig)*l — Wéc 11’1(H§C)71

A n(X)

- (fﬁl DVios@in@) | 1 fole) oS ()dﬂ(q)).

Multiplying the last inequality by (In) (exp), we obtain

—In(x)
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1 1 1
—In——— < —W:ln — Wzeln ———
(B = T E) T (Hy
,Bl h‘l ) (
1 ,q)d d
<_ (—lnex Jpo Ag i +Inexp y(lx),ﬁw(q) Jx nf(AP q)du(p)dy(q)
= —ln— < —In(=)"% — In(=—)"¢ < —[~InG, +In(Gy)].
(Hy) Hg Hge
Using the property of — In we have,
1 1 1 (Gx)
= < - —_— < - .
In i) = (In ng +1n HW‘ZC) < —In Gé
g g
On simplification, we obtain
1 1 1 1
—In-——<—-In(—+—+—) < —In <
B (Hx) — n(HW§ Hwé’”) N nGX
¢ e
1 1 1
= — < ————— < =
Gx HWCHVY?-C Hy
S
O
3.  Power Mean and Arithmetic mean:
Theorem 6. Let all the assumptions of Theorem 3 be valid.
(i) Forr < 1, we have
MY < Wbl + Wl < Ay 1)
(ii)  The above inequalities are reversed in case v > 1.
Proof.
()  In(19), replace g(q) ¢ (g(9)) and f(p,q) > (f(p,q))" and take ¥(x) = x7,
to obtain

vA

1 . 1 .
<we( [ [ [ wa)oa) @) () iy fw@et) [ ) dup)ina)

+W¢c( S @) d1(0) ey [w@ola) [ 7.0 dutp)an(a)

< f’ffw @@ 1@ 1 [l () dulp)dn(a)
= A Cu(x) A '

L '/31w(ci)v(q)g(q)’dn(q)*L w(g)o(q) [ (f(p,q)) du(p)dn(q)
0 u(X) Ji X

Using our defined notations, we have

(M — MY)7 < We(Mf — MUY 7+ Wee (M}, — ML)
B
< e ©@EW@)AN@) 1 Jfwg) [x(f(p.9))du(p)dn(q)
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(ii) Incase r > 1, the inequalities in (21) are reversed since ¥ (x) = x7 is concave.
O

5. Conclusions and Future Ideas

Marek Niezgoda stated all the results in n-dimensional real spaces (finite dimensional
Hilbert spaces). We extended the idea by using separable Hilbert spaces, covering both
the case of the finite dimensional and infinite dimensional, thus providing generalized
integral results related to majorization, Niezgoda, and Cebysév type inequalities. More
concretely, using a concept of similarly separable vectors, Niezgoda stated all the results for
the sequences, i.e., he provided discrete inequalities. We stated these results for functions
taken from weighted L; spaces, i.e., we provided these results for integral inequalities. We
also provided some refinements of these inequalities. Our proved inequalities are directly
related to the Arithmetic, Geometric, Harmonic, and Power Means.

In the future, we can also provide a generalization of Mercer’s inequality [6] using
functions with non-decreasing increments. These results will be the generalization of results
stated in [18].

Additionally, we can further extend all the stated results by using the Isotonic Linear
Functional [2] and hence as an application we may state relations between some generalized
means as given in [15].
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