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Abstract: The effect of nuclear quadrupole coupling of a single nucleus on the rotational spectra of
diatomic molecules is given. By careful selection of examples, procedures are given for the analysis of
successively more complicated spectra. The microwave spectra of some alkali halides, interhalogen
diatomics, and deuterium halides provide excellent examples for analysis and for student exercises.
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1. Introduction

In Part I, the basic theory of microwave spectroscopy for diatomic molecules was
given [1]. The photon energies correspond to transitions between states with different
angular momenta, and information about the dipole moment and moments of inertia of
a gas-phase molecule can be gleaned [2]. By analysis of the microwave spectra of the
molecules CO, CsI, CsBr, CsCl, CsF, RbI, RbBr, KI, KCl, and NaCl with a suitable model,
once the rotational quantum number J is determined, the rotational constant B = ℏ2/2µr2

may be determined. The models expand on the basic formula of Equation (1) (Model 0):

Model 0 : ∆E = 2B(J + 1). (1)

The techniques presented in Part I [1] show us how to analyze multiple isotopologues
and account for the effects of centrifugal distortion (De) and vibration–rotation interaction
(αe, γe) via Equations (2)–(5) (Models 1–4):

Model 1 : ∆Ev,J = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
, (2)

Model 2 : ∆Ev,J = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− 2γe(J + 1)

(
v +

1
2

)2
, (3)

Model 3 : ∆Ev,J = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− 2De(J + 1)3, (4)

Model 4 : ∆Ev,J = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− 2γe(J + 1)

(
v +

1
2

)2
−

2De(J + 1)3.

(5)

While these models suffice for the molecules listed above, at higher resolution or for
other molecules, it will be shown that the effect of nuclear quadrupole coupling (hyperfine
splitting) must be taken into account.
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2. Materials and Methods

The aim below is to present simpler spectra from the literature and analyze them
using the models above, followed by progressively more complicated spectra, in order
to introduce concepts and tools on an as-needed basis. Microsoft Excel [3] is used with
Solver [4] to analyze the spectrum in each case, with the spreadsheets given as supporting
information. In the older literature, often only the frequency and not the intensity is
reported, so the simulated spectra are necessarily one-dimensional. Another approach is
to use specialized programs to predict and/or fit spectra [5], but these often have a steep
learning curve that might deter some students and/or instructors.

3. Results
Sodium Iodide (NaI)

Both sodium and iodine are monoisotopic (Appendix E, Table A1). The predicted
value of 2B from the electron diffraction [6] distance is 6200 MHz (see Supplementary
Materials, Excel file NaI.xlsx). The spectrum of sodium iodide in the region 20.6–21.2 GHz
was measured [7] at 650 ◦C, and the frequencies observed (error 0.2 MHz) are given in
Figure 1. Inspection of the 25 frequencies demonstrates that there appear to be five major
groupings of frequencies, as determined by cluster analysis [8]. Cluster analysis is an
automated method to assign each datum to a cluster average. If there are N data, then if
you pick the number of clusters (or groupings) 1 ≤ k ≤ N, the method assigns each datum
to a cluster j = 1, . . ., k with cluster average xjk. If k = 1, then the cluster average is just the
average itself. If k = N, then each datum forms its own cluster and is equal to its cluster
average. Typically, the optimal number of clusters corresponds to a break in slope of a
plot of the sum of squared errors (difference between each datum and its assigned cluster
average) versus the number of clusters.
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Figure 1. The spectrum of sodium iodide (Grouping 0), and the cluster averages for k = 1–5.

The range is too narrow to permit more than one possible value of J. The value of
J + 1 may be estimated by taking the maximum frequency (or group frequency) and
dividing it by the estimated 2B, which gives 3.4. The estimated 2B from electron diffraction
measurements is typically too small, giving an estimate for J + 1 that is too large. We can
therefore surmise that J = 2, and that each cluster corresponds to a vibrational progression
of a single isotopic species. We assign these clusters as v = 0–4 and suppose that there is
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some additional structure. The residuals of the fits to Models 1 and 2 are shown in Figure 2.
It is clear that adding γe only slightly improves the agreement (sum of squared errors
(MHz2), SSE decreases by <10%, Table 1), and that most of the splitting from the average is
still unaccounted for. The residuals in both models form a series of parabolic curves that
seem to be consistently spaced. We must return to the theory to explain this.
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Table 1. Model parameters for sodium iodide (MHz) (23Na127I, n = 25). Be is the rotational constant
at the equilibrium distance, αe and γe are the first two terms of the rotation-vibration interaction,
eQq is the nuclear electric quadrupole moment, and SSE is the sum of squared errors for the model.
n/a = not applicable.

Model Be αe γe eQq SSE

1 3530.486 19.218 n/a n/a 8741.1
1-1 3531.567 19.226 n/a −268.133 8.099
2 3532.010 21.298 −0.452 n/a 8260.4

2-1 3531.736 19.465 +0.052 −266.624 2.033
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Table 1. Cont.

Model Be αe γe eQq SSE

1-2 3531.553 19.219 n/a

−268.5
−271.9
−270.0
−267.2
−258.9

5.597

2-2 3531.715 10.450 0.050

−265.7
−271.1
−267.3
−264.7
−259.9

0.187

4. Basic Theory of Nuclear Quadrupolar Coupling

In much the same way that the electron orbital angular momentum l couples with
the electron spin angular momentum s to give the total electron angular momentum j, the
rotational angular momentum J may couple with the nuclear spin angular momentum I of
a given single nucleus to give a total angular momentum F, which can range from |J − I|
to J + I. No effect is observed if I = 0, 0.5. If we let:

C = F(F + 1)− I(I + 1)− J(J + 1), (6)

then we can define Casimir’s function f [2,9] as:

f (I, J, F) =
3
4 C(C + 1)− I(I + 1)J(J + 1)
2I(2I − 1)(2J − 1)(2J + 3)

. (7)

The energy levels are then split (to first order) by:

E = −eQq f (I, J, F). (8)

where e is the electronic charge, Q is the nuclear quadrupole moment, and q is the average
second derivative of the potential energy (the electric field gradient) at the nucleus along
the internuclear axis [2,10]. The term eQq is collectively called the nuclear quadrupole
coupling constant. The selection rules are ∆J = ±1; ∆F = 0, ±1.

The nuclear quadrupole interaction is a result of a nonspherical distribution of nu-
clear charge (i.e., the nucleus cannot be treated as a point charge Ze) combined with a
nonspherical distribution of electronic (and other nuclear) charge, giving rise to an electric
field gradient at the nucleus [2,11,12]. It can be shown classically that assuming a uniform
distribution of nuclear charge Ze/VN in a small spheroid of volume VN gives an intrinsic
nuclear quadrupole moment Q∗ = 1

e
∫
(Ze/VN)

(
3z2 − r2)dxdydz, and EQ = 1

4

(
∂2V
∂z2

)
0
eQ∗.

The intrinsic nuclear quadrupole moment is a measure of the deviation of the nuclear shape
from spherical symmetry. If Q∗ > 0, then the nucleus is elongated along the spin axis z
(prolate spheroid), whereas if Q∗ < 0, then the nucleus is flattened along the spin axis z
(oblate spheroid). If Q∗ = 0, the nucleus is spherical.

The electric field gradient (because it is the second partial derivative of the potential
which already has an inverse dependence on the electron-nuclear distance) is proportional
to 1/r3 and is therefore a sensitive probe of electron density near a nucleus. For example,
it can be used to help predict the solid-state 51V-NMR of vanadate compounds, which
possess a very diverse structural chemistry [13].
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5. Results
5.1. Sodium Iodide (NaI, Reprise)

For 23Na, I = 1.5, and for 127I, I = 2.5. Both nuclei could potentially couple. The
residual pattern suggests that there are at least eight sub-bands of this J = 2 transition.
Which nucleus is responsible for the observed quadrupole splitting?

We examine the possible splitting patterns to decide (Figure 3). It is clear that for
I = 1.5, there are not enough predicted sub-bands to account for the (at least) eight sub-
bands observed. However, for I = 2.5, the eight smallest sub-bands predict the splitting
pattern very well. We therefore conclude that the nucleus responsible for the splitting has
spin I = 2.5 (i.e., 127I). We can modify Models 1 and 2 by adding the nuclear quadrupole
coupling term (Equations (9) and (10), Models 1-1 and 2-1, respectively):

Model 1-1 : ∆Ev,J,F = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− eQq∆ f (I, J, F), (9)

Model 2-1 : ∆Ev,J,F = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− 2γe(J + 1)

(
v +

1
2

)2
− eQq∆ f (I, J, F) (10)
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Figure 3. The Casimir function differences for J = 2 and I = 1.5 and 2.5.

The residuals for models 1-1 and 2-1 are plotted in Figure 4. By including the nuclear
quadrupole coupling, the SSE is reduced by three orders of magnitude (Table 1), and the
individual residuals are reduced to about 1 MHz. The quadratic pattern in the error is still
visible in Model 1-1 but disappears in Model 2-1. However, in both models, the residual
range seems to follow an hourglass shape. What this suggests is that q may be a function of
vibrational quantum number v, which is reasonable due to anharmonicity giving slightly
larger bond lengths for larger v. This would slightly affect the average electric field gradient
at the iodine nucleus. Further improvement to the models can be realized by incorporating
this dependence (Equations (11) and (12); Models 1-2 and 2-2, respectively).

Model 1-2 : ∆Ev,J,F = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− eQqv∆ f (I, J, F), (11)

Model 2-2 : ∆Ev,J,F = 2Be(J + 1)− 2αe(J + 1)
(

v +
1
2

)
− 2γe(J + 1)

(
v +

1
2

)2
− eQqv∆ f (I, J, F). (12)

The SSE is not reduced much on going from Model 1-1 (8.099) to 1-2 (5.596), because
the quadratic error is still present. However, it is reduced a further order of magnitude on
going from 2-1 (2.033) to 2-2 (0.187). For Model 2-2, the residual errors are now on the order
of the error of the experiment. The predicted re is 2.711456 Å.
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The pedagogical goals achieved here are showing that for NaI, calculating effective
molecular constants using only Models 1 and 2 cannot reproduce the spectrum and that
a model of the quadrupole coupling is required. Two models for nuclear quadrupole
coupling are introduced, one in which eQq is constant and another in which it depends
(weakly) on the vibrational state.
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5.2. Lithium Iodide (LiI)

Lithium has two isotopes in approximately a 12:1 ratio, so two isotopologues should
be observable in natural samples. The predicted value of 2B of the most abundant isotope
from the electron diffraction distance is 24,500 MHz (see Supplementary Materials, Excel
file LiI.xlsx). The spectrum of lithium iodide in the region 25–31 GHz was measured [7] at
600 ◦C, and the frequencies observed (error 0.1–0.4 MHz) are given in Figure 5. Inspection of
the 14 frequencies demonstrates that there appears to be two major groupings of frequencies
centered at 26,209 and 30,498 MHz. The difference of these is 4289 MHz. The clustering
could be due either (a) to different values of J for a single isotopologue or (b) to the same
value of J for two isotopologues.

If the groupings were due to different values of J of the heavier isotopologue, then
division of the cluster averages by the difference gives J + 1 values of 6.111 and 7.111, sug-
gesting that the groupings are due to transitions from J = 5 and J = 6, respectively. Using the
highest frequency in each cluster, and dividing by that difference (4160 MHz), gives values
of 6.364 and 7.364. Using highest cluster frequency instead of average cluster frequency
is usually more accurate (closer to integers), not less. The nearly six-fold difference in the
predicted 2B (24,500 MHz) and either the cluster difference (4289 MHz) or highest frequency
difference (4160 MHz) is cause for alarm. We may, however, continue the analysis under
this assumption (Model 0, Be = 2181.675 MHz, SSE = 476,090). Within each cluster, there
appears to be a vibrational progression, assigned as v = 0–2 for the lower frequency cluster
and v = 0, 1 for the higher frequency cluster (Model 1, Be = 2201.097 MHz, αe = 15.642 MHz,
SSE = 157,984). The deviations for the two clusters (values of J) are predominantly opposite
in sign (Figure 6), suggesting that there must be a huge centrifugal distortion constant
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(Model 3, Be = 2201.097 MHz, αe = 15.642 MHz, De = −0.865 MHz, SSE = 8113). Further
splitting is due to nuclear quadrupole effects. The lack of agreement between the predicted
2B and difference between clusters, along with the huge centrifugal distortion constant
needed to fit the data (about 105 too big) suggests that the clustering is not due to different
values of J.
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Figure 5. The microwave spectrum of lithium iodide (Grouping 0), and the cluster averages for
k = 1–2.

If the groupings were due to two different isotopologues but the same value of J,
then comparison of the predicted 2B with the measured spectrum strongly suggests that
J = 0. The ratio between the two highest frequencies of each cluster is 1.1571 (the underline
indicates the significant figure agreement with the predicted value), whereas the predicted
isotopologue mass ratio should be 1.157679. These ratios are strong evidence for this
hypothesis. Fitting to Model 1 gives a Be ratio of 1.15736, SSE = 6050 (7Li127I) + 2058
(6Li127I), with a residual pattern suggesting that nuclear quadrupole effects are the next
major source of variation (Figure 7). For lithium, I = 1 (6Li) or 1.5 (7Li), but it is iodine (127I,
I = 2.5) that is responsible for the observed splitting, as the Casimir function differences for
J = 0, I = 2.5 support this assignment. Model 1-1 gives a Be ratio of 1.157702, SSE = 7.820
(7Li127I) + 0.203 (6Li127I), approximately three orders of magnitude smaller. Comparisons of
Models 2-1, 1-2, and 2-2 indicate that improving the description of the nuclear quadrupole
model first is most advantageous (Table 2). The values for re are 2.391920 (7Li127I, Model
2-2) and 2.391956 Å (6Li127I, Model 1-2), which is excellent agreement.

The pedagogical goals achieved here show that for LiI, two models for the primary
variation can be entertained and that the two-isotopologue, one-J model is better.
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Table 2. Model parameters for lithium iodide (MHz) (6Li127I, n = 5; 7Li127I, n = 9).

Model Be αe γe eQq SSE
6Li127I

1 15,377.363 142.544 n/a n/a 2058
1-1 15,380.614 151.044 n/a −199.993 0.203

1-2 15,380.779 151.369 n/a −206.8
−199.4 0.0002

2-1 15,380.977 152.012 0.484 −199.993 0.203
7Li127I

1 13,286.504 121.179 n/a n/a 6050
1-1 13,285.474 121.179 n/a −206.141 7.820

1-2 13,285.532 121.218 n/a
−213.9
−206.1
−198.4

2.101
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Table 2. Cont.

Model Be αe γe eQq SSE

2-1 13,286.240 122.632 0.484 −206.140 5.945

2-2 13,286.303 122.678 0.486
−213.7
−206.5
−198.2

0.218
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5.3. Interhalogen Diatomics

Table 3 gives the internuclear distances in the known crystal structures of the interhalo-
gen diatomic molecules. In most cases, the X-ray crystal structure determination of these
reactive species was carried out after the gas-phase microwave spectra were measured and
serve as an independent check.

Table 3. The internuclear distance in interhalogen diatomics.

MX R (Å) 1 T (K) Ref.

ClF 1.628(1) 85 [14]
BrF 1.822(2) 2 123 [15]
IF 2.0 (est.)
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Table 3. Cont.

MX R (Å) 1 T (K) Ref.

BrCl 2.178(2) 3 133 [15]
2.205(1) 4

ICl 2.37(4), 2.44(4) 5 195 [16]
2.351, 2.440 6 253 [17]

IBr 2.521 293 [18]
1 X-ray diffraction. 2 CH3Cl solvate. 3 Ordered. 4 Disordered. 5 α-ICl. 6 β-ICl.

5.4. Chlorine Monofluoride (ClF)

Fluorine is monoisotopic. Chlorine has two isotopes in approximately a 3:1 ratio, so
two isotopologues should be observable in natural samples. The spectrum of chlorine
monofluoride is given in Figure 8 [19]. The spectrum forms four clusters (see Supplementary
Materials, Excel file ClF.xlsx). The range is too narrow to be due to be due to multiple
values of J. We assume that the spectrum is due to J = 0, which would give a predicted Cl-F
distance of 1.63 Å, which is very close to the observed X-ray structure (Table 3). Are these
four clusters due to (a) one isotopologue, vibrational progression v = 0–3 or (b) two distinct
isotopologues with a vibrational progression v = 0, 1?
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The four clusters are not quite evenly spaced, which one would expect if they formed
a vibrational progression. One can carry out an analysis assuming that the four clusters
correspond to v = 0–3, but a zig-zag pattern is obvious in the residuals (Figure 9). The
cluster frequency ratios are 1.00854, 1.01937, 1.02800, 1.01074, 1.01929, and 1.00846. Two of
these are close to the expected isotopologue mass ratio of 1.01938, which strongly suggests
that the clusters at 30,580 and 30,841 are due to 35Cl19F, whereas those at 30,001 and 30,255
are due to 37Cl19F (due to a v = 0, 1 progression). The reduction in error on going from
the one isotopologue and four vibrational states (SSE = 9777) to two isotopologue anf two
vibrational states (SSE = 2687.4 + 4332.3 = 7020) is not large, however.
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Table 4. Model parameters for chlorine monofluoride (MHz) (35Cl19F, n = 6; 37Cl19F, n = 6). 
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35Cl19F     
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Figure 9. Residual analysis of ClF.

The isotope 19F will not give a nuclear quadrupole coupling because I = 0.5, but both
35Cl and 37Cl will because I = 1.5. For J = 0, F = 1.5 (one level), but for J = 1, F = 2.5, 1.5, and
0.5 (three levels). For each transition, a triplet of signals should be observed, consistent with
experiment. The spacing of the triplets allows for unambiguous assignment (F’). The values
for re (Model 1-1), 1.628314 (35Cl19F) and 1.628313 Å (37Cl19F) are in excellent agreement
with each other (Table 4) and the X-ray result of 1.628 Å. This makes an excellent student
exercise (see Appendix A).

The pedagogical goals achieved here are to demonstrate that for ClF, it is difficult but
not impossible, to distinguish between a single-isotopologue, four-vibrational-state model
and a two-isotopologue, two-vibrational state model by examining patterns in the residuals.
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Table 4. Model parameters for chlorine monofluoride (MHz) (35Cl19F, n = 6; 37Cl19F, n = 6).

Model Be αe eQq SSE
35Cl19F

1 15,486.061 130.666 n/a 4332
1-1 15,483.628 130.666 −145.968 0.018

37Cl19F
1 15,191.085 126.958 n/a 2687

1-1 15,189.169 126.959 −114.964 0.002

5.5. Bromine Monofluoride (BrF)

Bromine has two isotopes in approximately a 1:1 ratio, so two isotopologues should
be observable in natural samples. The spectra of bromine monofluoride is given in
Figure 10 [20]. There is no obvious pattern, although the narrow range suggests that
only a single value of J is being observed. Assuming J = 0 gives an re = 1.77 Å, which is
slightly shorter than the observed X-ray structure (Table 3), so this is a safe assumption
(see Supplementary Materials, Excel file BrF.xlsx). Through trial and error, the spectrum of
12 frequencies can be assigned (Figure 10), but there is a more systematic way to assign
this using knowledge of theory. Because of the lack of an obvious pattern, it is clear that
splitting effects due to isotope shifts, vibrational progressions, and nuclear quadrupole
effects are about the same.
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for bands with the same F but different v. The higher frequency of each difference corre-
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Now that the vibrational quantum number has been assigned and the spectrum sep-
arated into two groups (v = 0 and v = 1), these can be analyzed separately. Nuclear quad-
rupole splitting into three frequencies is expected because both isotopes of bromine have 
I = 1.5. The ratio of the splitting is 1.00, 2.25, and 1.25 (dividing by the smallest splitting) 

Figure 10. The microwave spectrum of bromine monofluoride (Grouping 0), and the assignment via
trial and error. Each grouping corresponds to a different isotopologue and vibrational state.

The first step is to create a list of all of the possible frequency differences (12 × 13/2 =
69 differences) and then plot a series of histograms with narrowing bin ranges. For this
spectrum, the largest difference is just over 700, so we take the total range as 720 and then
subdivide. No patterns are noticed for bin size 360 (N = 2), 180 (N = 4), and 100 (N = 8), but
deviations from a monotonic decrease in frequency begin to appear for bin sizes 50 (N = 15),
40 (N = 18), 30 (N = 24), 20 (N = 36), and 10 (N = 71). For bin size 10 (Figure 11), prominent
peaks for bin ranges [90,100], [130,140], [150,160], [210,220], and [270,280] are noted. For bin
range [150,160] with a frequency of 6, the differences correspond to all twelve frequencies
(no overlap) with a range 155.8–157.0. This is the pattern that one would expect for bands
with the same F but different v. The higher frequency of each difference corresponds to
v = 0, whereas the lower frequency corresponds to v = 1. Analysis of frequency ratios gave
no discernible pattern.
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Figure 11. Tools for the assignment of bromine monofluoride. In the top plot, a histogram of frequency
differences is shown, with 6 differences in the [150,160] bin. In the middle plot, the v = 0, 1 pairs
are grouped together. In the lower plot, the v = 0 frequencies are grouped together along with the
v = 1 frequencies.

Now that the vibrational quantum number has been assigned and the spectrum
separated into two groups (v = 0 and v = 1), these can be analyzed separately. Nuclear
quadrupole splitting into three frequencies is expected because both isotopes of bromine
have I = 1.5. The ratio of the splitting is 1.00, 2.25, and 1.25 (dividing by the smallest
splitting) or 0.444, 1.000, and 0.556 (dividing by the largest splitting). If we take the
differences above and calculate their ratios, we find that difference ratios of states with the
same J but different F will match the patterns above, allowing us to assign F. Division by
an unrelated state will not give a matching pattern. In this way, we can determine which
differences correspond to the same J of the same species and reproduce what can be found
through trial and error (Figure 10). Because we have already broken the problem into
v = 0 and v = 1, we only have to deal with 6 × 6 matrices of difference ratios instead of
12 × 12 matrices.
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All that remains is to assign the frequencies to specific isotopologues. Within each
of the six frequencies for constant v (assumed to be two Casimir triplets from each iso-
topologue), it is the central frequency of the triplet that would be least affected by nu-
clear quadrupole coupling. Examining the frequency ratios and comparing with the
expected isotopologue mass ratio of 1.004814, the closest values are 1.00436, 1.00434, and
1.00478, corresponding to the frequency pairs at {21,110.4, 21,202.6}, {20,954.6, 21,045.6}, and
{20,828.9, 20,928.4}, respectively. The last pair can be excluded because they correspond
to different values of v. Of the first two pairs, the higher frequency should belong the
lighter isotope. We have thus finished the assignment. Referring to Figure 10, Grouping 1
is 79Br19F, v = 0; Grouping 2 is 79Br19F, v = 1; Grouping 3 is 81Br19F, v = 0; and Grouping 4 is
81Br19F, v = 1. The nuclear quadrupole splitting is somewhat smaller for the heavier 81Br19F
isotopologue. The values for re (Model 1-2, Table 5) of 1.758940 (79Br19F) and 1.758933 Å
(81Br19F) are in excellent agreement with each other and in good agreement with the X-ray
result of 1.822 Å (Table 3).

Table 5. Model parameters for bromine monofluoride (MHz) (79Br19F, n = 6; 81Br19F, n = 6).

Model Be αe eQq SSE
79Br19F

1 10,649.717 78.267 n/a 241,356
1-1 10,667.875 78.267 +1089.5 1.49

1-2 10,667.851 78.243 +1090.2
+1088.8 1.39

81Br 19F
1 10,601.692 77.950 n/a 168,159

1-1 10,616.848 77.950 +909.4 0.12

1-2 10,616.838 77.939 +909.7
+909.1 0.10

The pedagogical goals achieved here are that for BrF, (a) a spectrum with no obvious
pattern can appear; (b) by examining a histogram of frequency differences and looking for
higher than normal occurrences, the vibrational structure can be assigned; (c) by comparing
ratios of frequency differences to the predicted Casimir function differences, the F quantum
number can be assigned; and (d) by comparing the frequency ratios of the frequencies least
affected by nuclear quadrupole coupling, the isotopologues can be assigned.

5.6. Iodine Monofluoride (IF)

Only one isotopologue should be observable in natural samples. The spectra of iodine
monofluoride is given in Figure 12 [21]. There are two groupings centered at 16,754 and
33,258 MHz. The difference between the groupings is 16,503 MHz, which is close to the
center of the first grouping, so these may confidently be assigned to J = 0 and J = 1 transitions
(see Supplementary Materials, Excel file IF.xlsx). The predicted re is approximately 1.93 Å,
which falls in line with the expected crystal structure distance of approximately 2.0 Å.

The plot of the Model 0 residuals is given in Figure 13. The J = 0 frequency deviations
match the expected Casimir function difference pattern quite nicely. The value of eQq is
large and approximately equal to −3400 MHz (Table 6). Because eQq should not strongly
depend on J, we may use the same value for J = 1 to assign the spectrum. Clearly, most of
the deviation is due to the nuclear quadrupole coupling. However, the 19 frequencies must
belong to at least three vibrational progressions (at most 9 frequencies per v). These can
be assigned by overlaying the Casimir function difference plot for J = 1 onto the spectra.
The SSE is reduced by an order of magnitude upon going from Model 0 to Model 0-1
amd less than 10% upon going from Model 0 to Model 1, but three additional orders of
magnitude upon going from Model 0-1 to 1-1. The estimated error in each frequency is
only 0.04–0.08 MHz, but the residuals for Model 1-1 are still on the order of 0–10 MHz.
Some minor improvement in SSE is achieved by including De and/or γe (Models 2-1, 3-1,
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and 4-1), but the lack of pattern in the variation of the residual with J and v indicates that
there is a bigger reason for the discrepancy. The reason is evident when one compares
the magnitude of eQq and B. The quadrupolar coupling can no longer be regarded as a
small perturbation.
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The pedagogical goals achieved here are that for IF, (a) a spectrum with quadrupolar
coupling and multiple values of J and v can be analyzed, and (b) even though the quadrupo-
lar coupling is ~40% of the value of B, the assignments can still be made even if the residuals
are large and the spectroscopic parameters thus derived would not be as accurate.
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Table 6. Model parameters for iodine monofluoride (MHz) (127I19F, n = 22). De is the centrifugal
distortion constant.

Model Be αe γe De
1 eQq SSE

0 8317.031 n/a n/a n/a n/a 4,605,220
0-1 8326.929 n/a n/a n/a −3406.72 352,033
1 8371.848 51.862 n/a n/a n/a 4,309,414

1-1 8386.775 56.567 n/a n/a −3430.00 335.828
2-1 8386.464 55.877 0.285 n/a −3430.15 332.485
3-1 8389.135 56.449 n/a 0.640 −3429.45 294.911
4-1 8388.806 55.580 0.358 0.656 −3429.64 289.642

1 Centrifugal distortion constants have been multiplied by 106.

5.7. Deuterium Iodide (DI)

The spectrum of deuterium iodide (2H127I) was measured [22] and given in Figure 14
(Grouping 1). If we assume that J = 0, then the predicted r is 1.62 Å, in excellent agreement
with the liquid neutron diffraction result [23] of 1.625 ± 0.015 Å (see Supplementary
Materials, Excel file HI.xlsx). It is not immediately obvious whether the splitting around the
average of 195,083 MHz is due to nuclear quadrupole effects or to a vibrational progression,
v = 0, 1, 3 (with v = 2 missing). Fitting to Model 1 gives Be = 97,708, αe = 91 MHz, SSE = 114.
Model 2 exactly reproduces the spectrum (Be = 97,699.5, αe = 77.3, γe = −3.3 MHz, SSE = 0)
but gives a negative γe. Model 0-1 fits the spectrum to within the error but only requires
two parameters (B0 = 97,532.3, eQq = −1809.3 MHz, SSE = 14.58, r0 = 1.61664 Å). A more
precise spectrum was also measured [24] (Figure 14, Grouping 2) and the same gap for
the purported v = 2 was noticed, suggesting that the splitting is actually due to nuclear
quadrupole effects. The same models with the more precise spectrum gave: Model 1,
Be = 97,711.4, αe = 91.8 MHz, SSE = 229; Model 2, Be = 97,698.8, αe = 72.2, γe = −4.72 MHz,
SSE = 0; Model 0-1, B0 = 97,534.1, eQq = −1822.6 MHz, SSE = 0.264, r0 = 1.61662 Å. These
make excellent student exercises (Appendices B and C).
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Figure 14. The microwave spectrum of deuterium iodide from two sources.

The pedagogical goal achieved here is to show that that, for HI, (a) the nuclear
quadrupole coupling can sometimes appear to be a vibrational progression with a missing
v, (b) proper model fitting can support one model over the other, (c) a lower residual does
not necessarily mean a better physical model.
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5.8. Deuterium Bromide (DBr)

The spectrum of deuterium bromide (2HBr) was measured [25] and given in Figure 15.
If we assume that J = 0, then the predicted r is 1.44 Å, in excellent agreement with the liquid
neutron diffraction result [26] of 1.446 ± 0.002 Å (see Supplementary Materials, Excel file
HBr.xlsx). Because the bromine isotopes are in nearly equal abundance, both isotopologues
should be observable. While the isotopologues can be separated by trial and error, the
calculated frequency ratios are instructive as well. The predicted reduced mass ratio is
1.000614. Of the frequency ratios, four are close: 1.000687 (254,812/254,638), 1.000527
(254,812/254,678), 1.000597 (254,678/254,526), and 1.000522 (254,572/254,439). Of these, the
first, third, and fourth encompass all of the data points, and we can provisionally separate
the higher and lower frequencies of these sets as belonging to two different isotopologues:
254,812, 254,678, and 254,678 MHz (Grouping 1) belong to 2H79Br, and 254,638, 254,526,
and 254,439 (Grouping 2) belong to 2H81Br. In this case, the magnitude of the remaining
splitting is small enough to keep the frequency ratios close to the mass ratio.
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Figure 15. The microwave spectrum of deuterium bromide (Grouping 0), and its grouping into
isotopologues.

The splitting in each of these is not quite even, so each triplet could be assigned to a
vibrational progression of v = 0, 1, 2, if γ was sufficiently large or to nuclear quadrupole
splitting. All of these models are presented in Table 7. The B ratios of the four models are
Model 0, 1.000601; Model 1, 1.000725; Model 2, 1.000738; and Model 0-1, 1.000614. Only
Models 0 and 0-1 give the correct B ratios. Although Model 2 is exact, the γ values are quite
large, and there are three parameters, whereas Model 0-1 is quite good, but only has two
parameters. We therefore choose Model 0-1 over Models 1 and 2. Analysis of the ratios
of the frequency differences and comparison with the expected Casimir triplet pattern
confirms the analysis, but there are many false positive matches as well. This makes an
excellent student exercise (Appendix D).
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Table 7. Model parameters for deuterium bromide (MHz) (2H79Br, n = 3; 2H81Br, n = 3).

Model Be αe γe eQq SSE
2H79Br

0 127,343.95 n/a n/a n/a 29,098
1 127,434.21 60.175 n/a n/a 129.7
2 127,445.26 81.100 6.975 n/a exact

0-1 127,352.87 n/a n/a 534.87 0.222
2H81Br

0 127,267.35 n/a n/a n/a 19,817
1 127,341.82 49.65 96.0
2 127,351.33 67.650 6.000 n/a exact

0-1 127,274.71 n/a n/a 441.49 0.620

The pedagogical goals achieved here is that, for HBr, (a) if the hyperfine splitting is
small, then frequency ratios can be used to separate spectra into isotopologues, and (b) the
hyperfine splitting can look like a normal vibrational progression with a large value of γ.

5.9. Sodium Bromide (NaBr)

The spectrum of sodium bromide (NaBr) was measured [7] at 780 ◦C and given
in Figure 16. There are two main groupings, centered at 17,886 and 26,720 MHz (dif-
ference 8835 MHz). The predicted value of 2B from the electron diffraction distance is
8200–8300 MHz (see Supplementary Materials, Excel file NaBr.xlsx). This suggests that
the observed transitions correspond to J = 1 and J = 2, as does dividing the cluster av-
erages by the cluster difference. There does appear to be one frequency that is too low
(17,082.50 MHz). Based on an analysis of the effective rotational constants (Figure 17), we
believe that this is a misprint and that the correct value is 17,982.50 MHz. Upon first glance,
the grouping into five clusters appears to be a vibrational progression of v = 0–4 of a single
isotopologue (Be~4534.2 MHz, αe~27.3 MHz), with some fine structure.
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We now fit our data to Model 1 (one isotope), with the understanding that there is some
unexplained fine structure that could be due to a combination of isotopologues and nuclear
quadrupole coupling (Be = 4534.177, αe = 27.286 MHz, SSE = 1445). Examination of the
residuals reveals no obvious pattern as a function of J, but there does seem to be a clustering
of positive and negative residuals as a function of v. When the points corresponding
to these residual clusters are fit to two separate models with the same J, v assignments
(Be = 4533.367, αe = 27.529 MHz, SSE = 107; Be = 4537.004, αe = 27.698 MHz, SSE = 37.8),
the error is reduced by an order of magnitude, but the Be ratio (1.0008) is too small for it to
be due to isotopologues (1.0056).

Our next step is to calculate all possible frequency ratios (common J) to see if any match
the expected Be ratio of 1.005601. For J = 1, there are six ratios within a 0.0002 tolerance,
but at most, three of them correspond to isotopic pairs because three of the frequencies are
common. There are four possible ways to do this (reassigning v of 23Na81Br is required); the
one with the lowest combined SSE is taken. This gives 18,080.13, 18,070.07, and 17,968.42
for 23Na79Br, and 17,980.48, 17,971.00, and 17,868.49 for 23Na81Br. The isotopic separation is
about the same as the vibration–rotation interaction, which is what makes the assignment
so difficult. When this is done, we try to assign the remaining J = 1 frequencies. Clearly the
high frequency at 18,095.95 MHz belongs to 23Na79Br, establishing it as part of a Casimir
triplet v = 0. Similarly, the frequency at 17,982.50 MHz must belong to the same species
for v = 1. The assignment of the lower frequency at 17,856.57 could arise from a Casimir
grouping for 23Na81Br, v = 1 or for 23Na79Br, v = 2. The latter assignment is preferred
because of the slightly lower SSE. Fortunately, the nuclear quadrupole coupling is small
enough not to affect the frequency ratios too much. We carry out a similar procedure for
the J = 2 frequencies and can assign 10 of the 11 frequencies. Fitting to the same model,
starting with J = 1 Be and αe, resulted in no change to these parameters. The low frequency
at 26,455.80 MHz could be assigned to either 23Na81Br v = 3, or to 23Na79Br, v = 4, with the
latter giving a much better residual.
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Now that we have assigned all frequencies to the specific isotopologues v and J, all
that remains is to assign the hyperfine splitting. This is initially challenging because
only 1–3 frequencies are observed of the possible seven. Fortunately, consideration of
which signals should be most intense allows for the assignment of the frequencies to
specific F, which can be checked against the splitting pattern. The Be ratio for all models
with hyperfine splitting included is 1.00560 ± 0.00002, in excellent agreement with ex-
periment, whereas without hyperfine splitting included, the values are slightly too high
(1.0059–1.0063, Table 8). The equilibrium bond distances re are 2.502037 (23Na79Br) and
2.502035 Å (23Na81Br), in excellent agreement.

Table 8. Model parameters for sodium bromide (MHz) (23Na79Br, n = 12; 23Na81Br, n = 8).

Model Be αe γe De
1 eQq SSE

23Na79Br
1 4534.486 27.868 n/a n/a n/a 514.10

1-1 4533.933 27.718 n/a n/a 55.351 12.89
2-1 4534.451 28.278 −0.114 n/a 55.865 3.18
3-1 4534.148 27.672 n/a 0.042 54.983 10.95
4-1 4534.465 28.261 −0.111 0.0048 55.812 3.15

23Na81Br
1 4507.996 27.170 n/a n/a n/a 74.44

1-1 4508.673 27.454 n/a n/a 43.525 5.06
2-1 4509.110 27.932 −0.109 n/a 48.461 3.67
3-1 4508.992 27.402 n/a 0.052 46.984 4.01
4-1 4509.213 27.790 −0.085 0.033 49.545 3.32

1 Centrifugal distortion constants have been multiplied by 106.

The pedagogical goals achieved here for NaBr are (a) that the spectrum is rather
difficult to analyze because the isotopic separation is about the same as the vibrational
dependence and many possible models may need to be examined before settling on just
one, starting with the simplest models and building from there and (b) that it is sometimes
a good idea to analyze a single value of J first and then expand the model.

5.10. Lithium Bromide (LiBr)

The spectrum of lithium bromide (LiBr) was measured [7] at 680 ◦C and given in
Figure 18. There are two main groupings, a single frequency at 38,113 MHz and a cluster
centered at 32,876 MHz (difference 8835 MHz). The predicted value of 2B from the (esti-
mated) electron diffraction distance is 31,000 MHz (for the lighter isotope). This suggests
that the observed transitions correspond to J = 0 and that the clustering is due to the large
isotope effect of lithium (see Supplementary Materials, Excel file LiBr.xlsx). Because of the
natural abundance of lithium, mostly 7Li isotopologues should be observed.

There are four possible isotopologues: 6Li79Br, 6Li81Br, 7Li79Br, and 7Li81Br. Exam-
ination of frequency ratios suggests that the frequency at 38,113 MHz is from 6Li81Br
(r0 = 2.176390 Å), the three-frequency cluster at 33,130 MHz is due to 7Li79Br, and the
three-frequency cluster at 33,065 MHz is due to 7Li81Br. Similarly, the bands at 32,462 and
32,397 MHz can be assigned to 7Li79Br, and 7Li81Br. The final cluster at 32,730 MHz is nearly
in the middle of the two clusters due to 7Li81Br, and these form a vibrational progression
(the corresponding v = 1 cluster of 7Li79Br was not observed, Figure 18 lower panel). The
hyperfine structure is easily assigned, giving re (Model 1-1) of 2.170483 Å (7Li79Br) and
2.170487 Å (7Li81Br). An order of magnitude SSE improvement is gained by including γ

(Model 2-1), and the vibrational dependence of eQq, (Model 2-2), but these are somewhat
dependent on one another.
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The pedagogical goal achieved here is, for LiBr (in the absence of additional data) the
variation of eQq with vibrational quantum number and the effect of γ can mimic each other,
making these parameters somewhat dependent on each other during fitting procedures.

6. Conclusions

The microwave spectra of NaI, LiI, ClF, BrF, IF, HI, HBr, NaBr, and LiBr are presented
and procedures for their analysis discussed. By the use of either additional information
(electron or X-ray diffraction) or cluster analysis of the spectra, the approximate value of 2B
can be determined, followed by the assignment of the frequencies to rotational quantum
number J (Model 0). Once J has been assigned, a combination of comparing the spectra to
Casimir function differences, comparing frequency ratios, comparing frequency difference
ratios, and statistical analysis of frequency differences is applied, which allows assignment
to isotopologues, v, and F’. Then, the spectra are fitted to models to determine the rotational
constant Be, bond length re, vibration–rotation interaction constant αe, and the nuclear
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quadrupole splitting eQq. (Model 1-1). In some cases, other spectroscopic constants (De, γe)
can be determined.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/spectroscj2030006/s1, Microsoft Excel spreadsheets Isotopes.xlsx,
NaI.xlsx, LiI.xlsx, ClF.xlsx, BrF.xlsx, IF.xlsx, HI.xlsx, HBr.xlsx, NaBr.xlsx, and LiBr.xlsx.
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Appendix A. Analysis of the Microwave Spectrum of Chlorine Monofluoride (ClF)

The microwave spectrum of chlorine monofluoride in the range 29.8–31.0 GHz has
transitions at 29,974.47, 30,003.218, 30,026.195, 30,228.369, 30,257.159, 30,280.107, 30,545.994,
30,582.614, 30,611.761, 30,807.413, 30,843.948, and 30,873.004 MHz, corresponding to transi-
tions from J = 0 to J = 1. These transitions correspond to two isotopologues in the ground
and the first excited vibrational state. (a) Assign these bands to isotopologue and vibra-
tional states. (b) Assign the hyperfine structure (F’). (c) Calculate (in MHz) Be, αe, and eQq.
(d) Give a precise value of re.

[Ans: (a) In order of increasing frequency, the four triplets are: 19F37Cl, v = 1; 19F37Cl,
v = 0; 19F35Cl, v = 1; 19F35Cl, v = 0 (b) Within each triplet, in order of increasing fre-
quency, F’ = 1.5, 2.5, 0.5 (c) 19F37Cl: Be = 15,189.169, αe = 126.959, eQq = −114.964; 19F35Cl:
Be = 15,483.628, αe = 130.666, eQq = −145.968 (d) re = 1.62831 Å].

Appendix B. Analysis of the Microwave Spectrum of Deuterium Iodide (DI)

A low-resolution microwave spectrum of deuterium iodide in the range 194.7–195.4 GHz
has transitions at 194,776 ± 8, 195,152 ± 8, and 195,320 ± 15 MHz, corresponding to
transitions from J = 0 to J = 1. These transitions correspond to the v = 0 vibrational state.
(a) Assign the hyperfine structure (F’). (b) Calculate B0 and eQq. (c) Give a precise value
of r0.

[Ans: (a) F’ = 2.5, 3.5,1.5 (b) B0 = 97,532.3, eQq = −1809.3 MHz (c) r0 = 1.61664 Å].

Appendix C. Analysis of the Microwave Spectrum of Deuterium Iodide (DI)

A medium-resolution microwave spectrum of deuterium iodide in the range
194.7–195.4 GHz has transitions at 194,776.40, 195,159.68, and 195,323.02 (±0.3) MHz, cor-
responding to transitions from J = 0 to J = 1. These transitions correspond to the v = 0
vibrational state. (a) Assign the hyperfine structure (F’). (b) Calculate B0 and eQq. (c) Give a
precise value of r0.

[Ans: (a) F’ = 2.5, 3.5,1.5 (b) B0 = 97,534.1, eQq = −1822.6 MHz (c) r0 = 1.61662 Å].

Appendix D. Analysis of the Microwave Spectrum of Deuterium Bromide (DBr)

A medium-resolution microwave spectrum of deuterium bromide in the range
254.4–254.9 GHz has transitions at 254,439.4, 254,526.7, 254,572.2, 254,638.0, 254,678.6,
and 254,812.9 (±0.5–1.5) MHz, corresponding to transitions from J = 0 to J = 1. These
transitions correspond to the v = 0 vibrational state of two isotopologues. (a) Assign each
frequency to an isotopologue (b) Assign the hyperfine structure (F’). (c) Calculate B0 and
eQq. (d) Give a precise value of r0.

[Ans: (a) 2H79Br, 254,572.2, 254,678.6, 254,812.9; 2H81Br, 254,439.4, 254,526.7, 254,638.0
(b) F’ = 0.5, 2.5, 1.5 (c) 2H79Br, B0 = 127,352.87, eQq = +534.87; 2H81Br, B0 = 127,274.71,
eQq = 441.49 (d) r0 = 1.421464 Å].

https://www.mdpi.com/article/10.3390/spectroscj2030006/s1
https://www.mdpi.com/article/10.3390/spectroscj2030006/s1
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Appendix E. Some Relevant Isotopic Data

Table A1. Some relevant isotopic data. Z = atomic number, m = atomic mass, I = nuclear spin,
Q = nuclear quadrupole.

Isotope Z m (amu) Abundance (%) I Q (barn)
2H 1 2.014101777844 0.03 1 +0.0028578
6Li 3 6.015122795 7.59 1 −0.000806
7Li 3 7.016004550 92.41 1.5 −0.0400
19F 9 18.998403220 100.00 0.5 −0.0942

23Na 11 22.989769281 100.00 1.5 +0.104
35Cl 17 34.968852721 75.76 2.5 −0.0817
37Cl 17 36.965902590 24.24 2.5 −0.0644
79Br 35 78.9183371 50.69 1.5 +0.3087
81Br 35 80.9162906 49.31 1.5 +0.2579
127I 53 126.904473 100.00 2.5 −0.688
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